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1. Introduction

In this paper X denotes a complex Banach space and B(X) the complex
Banach algebra of all bounded linear operators on X. A function C(t) from
R = (-00, +00) into B(X) is a cosine operator function if C(0) = I (I — the
identity operator on X) and if

1) C(t+s) + C(t — s) = 2C()C(s), (t,s € R).

We will assume that C(t) is strongly continuous, i.e. that the vector function
C(t)x is continuous on R for all z € X. It is well known that there exist
constants K > 1 and w > 0 for which

2) IC@H)]| < Kel'l, (¢ €R).

By A we will denote the infinitesimal operator of the function C(t), by D(A)
its domain and by R(A) its rank. It is well known that D(A) is the set of all
x € X for which

lim QM
t—0 12

exists. For « € D(A) we define

Az — lim 2 ST =2
t—0 t2

The infinitesimal operator A of the strongly continuous cosine function C(t)
is closed and D(A) = X. This operator is bounded only in the case that the
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function C(t) is uniformly continuous. The spectrum of this operator is, as
already known, included in the set

{\? |Re(\) < w, \ - complex number}.
If w = 0 then we have to deal with a bounded cosine function:
ICHI <K (teR).

In this case the spectrum of A is contained in the half-line (—oo, 0].

In Section 2 of this paper we consider a bounded, strongly continuous cosine
operator function C(¢) for which K = 1. In the Section 3 we give a relationship
between cosine functions and Hilbert transforms.

2. The Family F,, a > 0

Here we consider a strongly continuous cosine operator function C(t) for
which
Icoll <1, (teR).

The family Fy,, a > 0 was introduced in [2], and a detailed investigation of its
properties was given in [3] and [4]. In [3] F, , a > 0 is defined by

Fox =1lim F, (o
al0

where for x € X

a a a+iu
1 L
Foo= /E%axdu = —/ / [ARA\) + AR(N)]x dX | du, o +iy= A
T
0 0 \oti0

Here R(\) denotes the resolvent of the operator A : R(A\) = (A\2] — A)~L.

It is easy to see that for all a > 0 ||F,|| < a and £22 — 2 when a — +o0
(see [2], [3] and [4]).

Using this family we can define f(A) as follows:

a

(3) f(A)F,z = f(—a2)Fax + / ((a — u)f(—u2))ZuFu:r du, z€ X.
0

where f(—u?) (u > 0) is a twice continuously differentiable function.

The operator f(A) is defined on the set of all those vectors that can be
written in the form F,x, x € X and a > 0. This set is dense in X.

Now we are going to prove that this definition is correct, namely that
f(A)F,x does not depend on the form of the vector F,x.
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First let us rewrite (3) in a somewhat different form. In [3] it is proved that
for0<a<b

(4) F.,F, = F,F, = 2/Fudu + (b—a)F,.
0
From there, dealing sightly freely, we get that for 0 <u < a

(5) F,dF, = dF,F, = Fydu+ (a — u)dF,.

But if we perform the partial integration in (3) we get

a

JA) P = — / ((a — w)f(~u?)) dF,z
0
- - / (a— u)(f(—u2)) dFu + / f(—u?)dF,z
0 0

which, together with (5), gives

a

(6) f(AF,x = f(—a*)F,x 7/(f(7u2))'dFuFax.
0
Let us now assume that F,z = Fpy and let, for example, a < b . Then from
(4) it follows that F,dF, = F,du for a <u <b.
Based on this and on (6) we have

b
f(A Ry = f(_bZ)Fby—/(f(—uQ))'dFuFby

oa b

= f(=0)Fx— | (f(—u?)) dF, Fox — ) dF, Fyx
j Juc

— ftFa - [ (5 ))dFFx—/(f( )Y duFya
0 a

= f(-a®)Fx— | (f(—u?) dF,Fox
/

= f(A)F,z.

This proves the correctness of the definition of the operator f(A).
It was shown in [4] that

a

(7)C(t)Fyx = cosatFx + / ((a — u) cosut)” Fyx du for a > 0,t e R,z € X.
0
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From here, by differentiating twice and by putting ¢t = 0, we get

a

(8) AF,z = —a*F,x + / (6u — 2a)F,x du.
0

This can be also proved by putting f(u) = u in (3).
Let us put f(u) = v/u in (3). We get an operator which we will denote by

VA or Az

9) A%Fax =iaF,x — 21'/Fux du, a>0,x € X.
0

Since according to (4), F? = 2 [ F,du, we can write (9) in the form
0

(10) A*F,x = iaF,x — iF2a.

Let us show that the operator A2 defined in this way can be closed. If we
put in (3)
_ 1
A=V

then we get an operator By defined by

fw) for u € (—o00,0] and Re(A) >0

a

1 1
B\F,x = AiFa:r + / ((a —u) ) Fya du.

—ia A—iu
0
By dividing this by a and letting a — 400 we obtain the operator By defined
on the whole space X by

“+ o0

Fyux
Byar=-2 | —“du.
e /()\—iu)3 !
0

It is obvious that the operator B) is bounded and therefore it is closed. From
(3) it is easy to see that for all @ > 0 and for all x € X

1
BA(M — A%)Foz = (M — A2)ByF,z = F,x.

This means that the operator By (on the set |J F,(X)) is the inverse operator
a>0

of the operator M — Az, Since the operator B) is closed, it follows that A\I — A
and therefore A2 can be closed. The domain of the closure of the operator Az
consists of all those z € X for which there exists

172
lim (Fo — 2~

a——+00 a

).
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2
Fix

=), where the closure of the operator Az

For all such x, A2z =i lim (F,z —

a——+00
is denoted by A% too.
From [4] it is easy to see that for all z € D((A2)?), (A2)%z = Az. In fact,
it can be shown that A = (A2)2
The following lemma is easy to prove.

Lemma 1. If x € D(A) then

“+o0
1 21 I—-C(t)x
(11) Abg =2 / %dt.
0

71'
Proof. 1t is obvious that for all z € D(A) the integral on the right side of (11)

exists. Particularly, it exists for F,z (a > 0, € D(A)). Using the equation
(7), after some calculation we get

+oo
21 I— F
i Mdt:iaFax—iFfm
™ t2

0

From here, using (10) and the fact that £22 — z if a — +o0, (11) easily follows.
O

Let z,y € X. It is known that there exists

2 2
def .o+ ty||” — ||z
= .
(z,y) im o

The following theorem was proved in [5]:

Theorem. Suppose X is a real Banach space. Then the “Riesz representation
theorem” holds: Given 6 € X* there exists x5 € X such that

(%) lzsll = [16]] and (zs,y) = d(y) for ally € X

if and only if X is reflezive with a Gateaux differentiable norm.

Furthermore x5 is unique (and the mapping § — x5 is continuous from the
norm topology on X*to the weak topology on X) if and only if X is also strictly
convez. In addition to that, the mapping 6 — x5 is also continuous from the
norm topology on X *to the norm on X if and only if X is also weakly uniformly
convet.

From now on, let X be a complex Banach space. Let

@) Y (w,y) —i (@, iy)

Then a similar theorem holds for X. Here the role of the function (x,y) is
taken by the function (x,y). Specifically, if X is a reflexive, strictly convex
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space with a Gateaux differentiable norm, then |(z,y)| < ||z| - [ly|| and (z,y) is
a continuous linear functional relative to y (for fixed z € X). If we denote by ¢

*
the transformation § — x5 we can introduce a new operation “4” in X by

z+y=p(e (@) +9 1)

Then, the function (z, y) is antilinear in X relative to the operation “—T—”. We will

denote (if necessary) the space X provided with the operation i by (X, T ),
and by (X, +) we will denote the space X provided with the operation “+7.

Lemma 2. Suppose that X is a reflexive, strictly convex Banach space with
a Gateaur differentiable norm and let A be the infinitesimal operator of the
bounded cosine function C(t), (||C(t)|| < 1). Then the point 0 is not contained
in the residual spectrum of the operator A.

Proof. Suppose that the set A(D(A)) is not dense in X. Then there exists
y € X, y # 0 such that

(y, Az) =0, z € D(A),

and we have (because of (8))
—a® (y, Fax) + / (6u — 2a) (y, Fux)du=0, z¢€ X,a>0.
0

a

If we put (y, F,z) = ¥(u) we have a*¢(a) = [ (6u — 2a)(u)du.
0

Since ¥(u) is a continuous function, it follows from here that 1 has deriv-
atives of all orders (for ¢ > 0). From the last equality we get ¥"'(a) = 0. It

follows from here that 1(a) = aa + 3.
Since (0) = 0, we have f = 0, and since wga) = (y, FZ“"> — (y,x) if

a — 400 , we get @ = (y,x). It means that (y, Foz) = (y,z)a for all z € X
and a > 0. This implies

(v, Fay) = aly|?

and further

2 2 .
allyll” < llyll - [[Fayll < allyll”, ie. [[Fayll = allyl.

We see that (y, Fay) = [yl - [[Fayll.

Since X is strictly convex, this gives F,y = ay.

From this and from (8) we get y € D(A) and Ay = 0.

So, the number 0 is a point of the point spectrum of the operator A. The
lemma, is proved. O

For the dual cosine function C*(¢) of the function C(¢) we have a similar
result.
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We still assume that X is a reflexive, strictly convex Banach space with a
Gateaux differentiable norm. It is known that in a reflexive space X the dual
semigroup T™*(t) of a Co—semigroup T'(¢) is also a Cp-semigroup. It is true for
the cosine operator functions too. In our case we can get it in the following way:

First, we are going to prove two lemmas.

Lemma 3. Let X be the Banach space with the same properties as in Lemma

2. Then the set L
X;D(Er fl az0,fex?)

is dense in X*.

Proof. Let us assume that X7 is not dense in X*. Then, because of reflexivity
of the space X, there exists g € X, g # 0 for which (F} f)(zo) = 0, a > 0,
feXx*.

It means that f(F,z0) =0,a >0, f € X*.

From here and from £af0 — 24 if ¢ — +o0 it follows f(zo) = 0(Vf € X*),
i.e. z9 = 0, which is a contradiction. It proves that X7 is dense in X™*. O

Lemma 4. For all sufficiently small h > 0, the following holds
4
|Foxn — Fa—nll < ;(a +e)h |lnh|.

Proof. According to [2], we have

2+m'2t
Sin- a
F,== C(2t)dt
W/ Lo

0

and further

1 +o0
4 [ |sinat sin ht| 4 |sin at sin ht|
“Fa+h_Fa—h||§;/Tdt+;/Tdt
1

(here we used ||C(t)]| < 1).
From here, for all a € (0,1) we obtain

||Fa+h* a— hH < —

“+o0o
4ah 4h~ / dt  4ah 4h«
T t (1 — )
1

For all h € (0,e~!) the function % has a minimum eh|lnh| at the point

a=1+ 7 € (0,1) and from the last inequality we get

4
|Futn = Fanll < —(a+e)h[lnhl. O
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From Lemma 4 it immediately follows that
* * 4
|Fien = Faonll < —(a+ )l inp]

(for small h > 0), and the function F},a > 0 is uniformly continuous.

We can identify the space X* with (X, J*r) and we will do so in the sequel.
Now, from (7) we have, for z € X and a > 0

C*(t)Fx =cosat Fz + /* ((a — u) cosut)” Fxdt
0

a
where [* means that the integration was performed relative to the operation
0

*
LL+77 .

Now, the uniform continuity of the function F}, the boundedness of the
function C*(¢) and Lemma 3 show that the function C*(t) is strongly continu-
ous. .

It is not difficult to see that X = (X, +) is strictly convex. Namely, let us
put

o) il =Ll e E )= e
’ 10 2t t10 t '
Then for ||| = 1 we have
e oyl =l (et a)— 1
=1 I >lim —FF—— = .
(z,y) i . = lim " (y, )

If we put here —y instead of y we get (z,y)" < (y,z) and further (z, )" = (y, z).
Now we see that from |(z,y)"| = ||z|| - [|y||, because of strict convexity of the
space X (see [5]), follows that y = Az, A € R. But this is equivalent to the strict
convexity of the space X*. .

From the equality (z,y)" = (y,z) it follows that the space X* = (X, +) has
a Gateaux differentiable norm (see [5], Theorem 2).

We have seen that the space X* and the function C*(¢) satisfy all conditions
of Lemma 2, so the number 0 is not a point of the residual spectrum of the
infinitesimal operator A* of the cosine function C*(t).

It is obvious now that the point 0 belongs to the point spectrum of the
operator A iff 0 belongs to the point spectrum of the operator A*.

For the linear operator A : X — X which is defined on a dense set in X we
say that it is Hermitian if the operator A is the infinitesimal generator of the
group of isometries ||’ *Az| = ||z|| for all z € X and t € R.

From Lemma 2 we get the following theorem:

Theorem 5. Let the space X satisfy the same conditions as in Lemma 2 and
let A: X — X be a Hermitian operator. Then the residual spectrum of A is
empty.
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Proof. Let A\g € R be any number. It is obvious that the operator A — A[ is
Hermitian too. It follows that —(A — \gI)? is the infinitesimal generator of the
bounded cosine function C(t):

eit(A—)\ol) + e—’it(A—)\ol)

clt) - S Jewl<1.

According to Lemma 2 the number 0 is not a point of the residual spectrum of
the operator (A — A\g/)2. But then the number )g is not a point of the residual
spectrum of the operator A.

The theorem is proved. O

Let us assume that the space (X, +) has the same properties as in Lemma
2 and let L be some closed subspace of X. Then for all x € X we can find a
sequence u,, € L for which

[z —unll — d

where d is the distance of the vector x from the subspace L. The sequence
{ u, } is obviously bounded and there exists a subsequence of that sequence
which weakly converges to some o € L. Because of this we assume that { u,, }
weakly converges to xy. Then we have

(x — 20,2 — un) — ||z — z0*.

Because of ||z — zo]| - ||z — un| > (x — xg, x — u,) and because of ||z — u,| — d
we have ||z — x¢|| = d and from here

lz — 2o + tul® — ||z — 2o ”
2t

>0forallue L andt>0.

2 2
Hence, for all u € L we have (x — xg,u) = liim Hlfmﬁmgt*”x*x“” >0.
t10

This immediately gives (x — xg,u) = 0(Yu € L).

It will be denoted as follows (x — zo)Llu (Vu € L) and we will say that
T — x is orthogonal to L. We can formulate these considerations into the next
theorem:

Theorem 6. Let X be a (complex) reflexive and strictly conver Banach space
that has a Gateaux differentiable norm. For every closed linear subspace L of

the space (X, +) there exists a subspace L* of the space (X, —T—) such that
X=LoL"

i.e. every x € X can be written in a unique way in the form x =1 +1*,1 €
Y q Y ,

L,I* € L* and (I*,1) = 0).

Obviously, we proved the following theorem too:
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Theorem 6’. Let X be the same as in Theorem 6 and let L* be a closed
subspace of the space X* = (X, +). Then there exists a closed subspace L of the
space (X,4+) such that

X=L"®L

(i.e. every x € X can be written in a unique way in the form x = I* —T— [,
*elL*, leL and (I*,1)=0 ).

Let us go back to the function C(¢) and its generator A. Let the number 0
be a point of the point spectrum of the operator A. Then, as we have already
seen, this number is a point of the point spectrum of the operator A* too. By L
we will denote the null-subspace of the operator Aand by M™ the null-subspace
of the operator A*. For m* € M* one has A*m* = 0, and therefore

(A*m™,z) =0 (Vz € D(A)).

It means that
(m*, Axz) =0 (Vx € D(A)).

But from the proof of Lemma 2 we see that this relation implies Am* = 0, so
we see that M™* C L. Obviously, it is also L C M*, and therefore M* = L. The

subspace L is linear in (X, +) and M* is linear in (X, ¥ ). Therefore L = M*
is linear in (X, +) and (X, —T— ).
Let L*and M be such that

X=LalL' X=LOM (=M ©M)

(see Theorem 6 and Theorem 6’).
Let us prove that :

1) X=L+M,LNM ={0}ie. X is the direct sum of the subspaces L and
M.

2) The subspace M is invariant relative to all operators C(¢), t € R.

If I € LN M then (because of L = M*) 1 € M* N M and we have [ = 0
(because of (I,1) = 0). It means that L N M = {0}.

Let y be a vector that is orthogonal to L + M (i.e. (y,l+m) = 0 for all
le Landme M). Theny € M*NL*=LNL* and therefore y = 0.

Now let us prove that L + M is a closed subspace of (X,+). Let x,, — xg
and z, € L+ M. Then z, =1,, + my, (I, € L, m,, € M).

From here (because of I, € M*, X = M* © M) it follows that (l,,,z,) =
i

Hence we have ||l,,]| < ||zn]| -

The sequence { z,, } is bounded, so the sequence { [, } is bounded too.
Therefore the sequence { m,, } is also bounded. Because of this we can assume
that the sequences { I, } and { m, } are weakly convergent, i.e. m, — mg
, ln — lp weakly. From [, € L, m, € M and from the previous relations
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it follows that lp € L, mg € M. Moreover x, — xzo weakly and we have
xo =lo +mo € L+ M. This proves our statement 1).

Now we take x € M. For any | € M*(= L) we have C*(t)l = [ and therefore
(C*(t)l,z) = 0. This means that (I, C(¢t)z) =0 for all [ € M* and ¢t € R. Hence
C(t)x € M, so the statement 2) is also proved.

From these considerations we get the following theorem:

Theorem 7. Let X be a Banach space with the same properties as in Theorem
6 and let C(t) be a bounded cosine operator function (||C(t)|| < 1). If the point
0 belongs to the point spectrum of the infinitesimal generator of the function
C(t), then X is a direct sum of the subspaces L and M of the space (X, +) for
which we have:

a) Clt)z == (Vx € L, Vt € R).
B) The subspace M is invariant relative to all operators C(t), t € R.

v) If we consider the function C(t) and its generator A on M then the point
0 does not belong to the point spectrum of the operator A.

It is evident that a similar theorem is true for the dual function C*(¢) too.

3. Hilbert Transforms

Let U(t) be a strongly continuous group of bounded operators on X. For
0<e< N and z € X we put

1 U(t)x
(12) H. yv = p / 72) dt
e<|t|<N
If o ljivm 5[6, N exists then we will call it the Hilbert transform of the element x
e—0, N—+d

and denote it by Hz, i.e. Hx = lim liIE,Nx (see [6]).
——+00

e—0, N
If we put C(t) = 1 [U(t) + U(—t)] , t € R, then C(t) is a strongly continuous
cosine operator function with the infinitesimal generator A%, where A is the
infinitesimal generator of the group U(t).
If U(t) is a bounded group, i.e. if there exists a constant K with

(13) I <K  (VteR)

then C(t) is bounded on R, i.e. ||C(t)|| < K, (Vt € R) .
In the sequel we assume that K = 1. From here it easily follows that U(t)
is an isometry for all ¢t € R:

U@zl =z}  (teR , zeX).

In that case the generator A of the group U(t) has the form A = ¢B, where B is
a Hermitian linear operator. For the cosine function C(t) we have ||C(¢)| < 1,
teR.
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It is obvious that (12) can be written in the form

(14) H. yz = -

| —
m\z
d
=
8
\
=
\
=
8
QL
~

It is well known that

9 T AS 2 TS
H.nz = f/ (e gy _ —A/ B2
™ 71'

t
where S(t) = [ C(s)ds .
0
For z € D(A?) we have

t
N [ S(s)A%z N t
2
H.nyAz = E/S(t)A xdt:go ds |£.V +/£/S(S)A2zds:
T t T t 12
€ € 0
N N
2 Clt)r —=x 2 / C(t)r —x
= — + — dt =
T t . T t2
N
2 |C(N)x—x Cle)x—=x /C(t)x—x
- Z _ dt
™ N € 12

From the boundedness of the function C(t) it follows

C(N)x —x

N — 0 it N — 400
and from = € D(A?) it follows

Cle)r —x C(e)x —
€ 2

In this way we get
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Therefore
2 o
(15) HAz =2 / CWz=2 ) o ep?).
s t
0

Now we are going to apply Lemma 1 to our present situation (in which
A? = —B? is the infinitesimal generator of the function C(t)).
If we denote by A, a closed extension of the operator Ay which is defined
by
AgF, = aF,x — fo,
then (15) becomes
(16) HAx = —A x, xz¢cD(A?.

We know that A% = B? for z € D(A?). Besides, we have

(Foz, Ay Foz) = aFaa|® - (Fox,Flz) > a | Foz||” — || Faz| - | Fia|| >
2 2 2 2
al|[Fax|” = [Fax|” - [ Fall = a [|[Faz||” — a|[Foz|” = 0

%

The set |J F,(X) is the core of the operator A, and from that we have
a>0

(z,A4x) 20 (z€D(Ay))

Because of that we will call the operator A, the positive square root of B? =
—A2,

Now, let us apply Theorem 7 to our present situation.

We have U(t)x + U(—t)xr =2z forz € L, t € R.

From here, because of strict convexity of the space X and because of isometry
of the operators U(t) and U(—t), it follows that U(t)xz = U(—t)z = .

Using the fact that (Vy,Vz) = (y,x) for all isometric operators V', which
is obvious from the definition of (x,y), we have (y,U(t)x) = (U(t)y,U(t)z) =
(y,x)y =0fory€ L, x € M and t € R.

We see that U(t)x € M for all x € M and t € R.

So, U1 (t) (t € R) is a group of isometric operators on M, where Uy (¢) (¢t € R)
denotes the restriction of the operator U(t) (t € R) on M.

Now, from Theorem 7, we can conclude that the rank R(A2(M)) of the
operator A% is dense in M, where A; is the infinitesimal generator of the group
Ui(t).

Now, we see that the operator H is defined at least on the set L & A?(M),
which is dense in X.

So, we get the following theorem.

Theorem 8. Let X be a reflexive, strictly convex space with a Gdateaux differ-
entiable norm. Then the above Hilbert transform is defined on some set which
is demse in X. It can be extended to a linear bounded operator on the whole X
iff there exists a constant P for which

[Aval < PllAzl| (V2 € D(A?%)).
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Moreover, for x € D(A?) we have HAx = —Ayz, where Ay is the positive
square root of -A2.

Suppose now that the operator B is positive, i.e. that (x, Bx) > 0 for all
x € D(A?). We claim that A,z = Bz for all z € D(A?). Let us take any £ > 0.
We have

(17) (@,(B+el)z) > e|z|® (z€D(A?).
Let C.(t) denote the cosine operator function defined by

eietU(t) + efistU(it)
2

C. (t) =

Then ||C(¢)|| < 1, t € R. The infinitesimal generator of the function C.(t) is
—(B +¢€l)?. Let F,., a >0 be the family of operators that corresponds to the
function C.(t) in the same way the family F, corresponds to the function C(t),
and let (B +eI) be the positive square root of (B + £I)?:

(B+el)yFyew = aF, v — F2 .

It is clear that B + eI commutes with F, . and therefore with (B +¢I)4.

Now from (B + el)?> — (B + eI)2 = 0 it follows that (y,(B+el)y) +
(y,(B+el)yy) =0, where y = (B+el)F,.x — (B+¢cl)+F, .

Since (y,(B+c¢el)y) > 0 and (y,(B+el);yy) > 0, we conclude that
(y, (B + el)y) = 0, which together with (17), gives y = 0.

Therefore (B +¢el)Fy v = (B+el)1Fy e .

It is easy to see that F, . — F, uniformly, if ¢ — 0, and that for all z € D(A?)

(B+el)x — Brand (B+el)yx — Ajzife — 0.

From the last equality it now follows BF,z = A, F,x, (z € X).

From this equality, because of the fact that A and A, commute with F, we
conclude that Bz = A,z for all z € D(A?).

In this way, using Theorem 8, we get the following theorem:

Theorem 9. Let X satisfy the conditions of Theorem 8 and let the infinitesimal
generator A have the form A = iB where B is positive and let the point 0 not
belong to the point spectrum of the operator A. Then the Hilbert transform is
defined on the whole X and it is equal to il.

Let us now consider the case when X = H, where H is a Hilbert space. Then
the operator A can be written in the form A = i(By — B_), where B, and B_
are positive operators and By B_ = B_B; =0 on D(A).

Let E4 denote the orthogonal projection of the space X onto the closed
linear span of the range of the operator BL. Then FL E_ = E_FE, =0.

From Theorem 9 (applied to E+(H)) we immediately get the following the-
orem:
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Theorem 10. Let H be a Hilbert space and let U(t) be a group of isometric
operators on H, and let the point 0 not belong to the point spectrum of the
operator A. Then the Hilbert transform is defined on the whole H and

Hzr=i(Eiz — E_x) (Vz € H).
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