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ABOUT d-LINEAR CONNECTIONS COMPATIBLE
WITH A CONFORMAL METRICAL STRUCTURE

Monica Purcaru', Marius Paun'

Abstract. Starting from the notion of conformal metrical structure in
the tangent bundle, given by R. Miron and M. Anastasiei in [10], [11],
we define the notion of conformal metrical d-linear connection with re-
spect to a conformal metrical structure corresponding to the 1-forms w
and @ in TM. We determine all conformal metrical d-linear connections
in the case when the nonlinear connection is arbitrary and we give impor-
tant particular cases. Further, we find the transformation group of these
connections. We study the role of the torsion tensor fields T and S in
this theory, especially the semi-symmetric d-linear connections, and the
group of transformations of semi-symmetric conformal metrical d-linear
connections, having the same nonlinear connection N and its important
invariants.
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1. Introduction

The geometry of the tangent bundle: (T'M,w, M) has been studied by V.
Oproiu [13], by M. Matsumoto [8], [9], by K. Yano and S. Ishihara [15], by L.
Comi¢ [4], [5], by Gh. Atanasiu and I. Ghinea [1], by R. Miron and M. Hashiguchi
[12], by R. Miron and M. Anastasiei [10], [11], by R. Bowman [3], by D.Bao at
al. [2] and many others.

Concerning the terminology and notations, we use those from [8].

Let M be a real C*-differentiable manifold with dimension n, and (T'M, =, M)
its tangent bundle.

If (2%) is a local coordinates system on a domain U of a chart on M, the
induced system of coordonates on 7= 1(U) is: (z%,9%), (i = 1,n).

Let N be a nonlinear connection on TM, with the coefficients N* j(x, Y),
(i=Tmj=T,n).

We consider on T'M a metrical structure G defined by ([10], [11]):

(1.1) G(z,y) = 1gi(z,y)da’ Ndad + §§ij(z, y)6y* A Sy,
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where {dz?, 6y}, (i = T,n) is the dual basis of {525, Biyi}7 and (g;5(x,v), §ij (2, v))
is a pair of given d-tensor fields on T'M, of the type (0,2), each of them being
symmetric and nondegenerate.

We asociate to the lift G the Obata’s operators:

az { B8 o). 0 = 400 o)
Q= 5(0505 — 9559, Q5] = 5(0565 + gs59"")-
Obata’s operators have the same properties as the ones associated with a
Finsler space [12].
Let S3(T'M) be the set of all symmetric d-tensor fields of the type (0,2) on
TM. As is easily shown, the relations on S3(T'M) defined by:

(1 3) (aij ~ lilj) <~ ((EI) )‘(xvy) € f(TM)vaij(xa y) = 62A(x7y)bij(xuy)) y
' (&ij ~ bzy) Aad ((3) M(.’L‘,y) € f(TM),EL” (.Z‘, y) = eQM(x’y)bij(x?y)> 5

are an equivalence relations on Sy(TM).

Definition 1.1.  ([10], [11]) The equivalent class: G of So(TM)/~ to which
the metrical tensor field G belongs, is called conformal metrical structure on
TM.

Thus:

(14) G ={G"|G};(x,y) = @ g (2,y) and G} (x,y) = >V g (z,y)}.

]

2. Conformal metrical d-linear connections on TM

Definition 2.1. A d-linear connection, D, on TM, with local coefficients
DT'(N) = (Lijk,Lijk,C’ijk,Cijk), for which there exist the 1-forms w and © in
TM, w=wdz’ + w;0y", & = @;dx’ + 5)153/1 such that:

Gijlk = 2WkGij, Yijlk = 20kGi5,
2.1)
Gijlk = 20kGij, Gijle = 2 Ok Jijs

wherel andl denote the h- and v-covariant derivatives with respect to D, is called
conformal metrical d-linear connection on T M, with respect to the conformal
metrical structure G’, corresponding to the 1-forms w,®, or is said to be com-
patible with the conformal metrical structure G and is denoted by DT'(N,w,®).

We shall determine the set of all conformal metrical d-linear connections, with
respect to G.
0 0 0

0 0 ! ~ ~ .
Let DI(N) = (L', L}, C

0
jk,Cijk) be the local coefficients of a fixed d-

ik
0

linear connection D on T'M. Then, any d-linear connection, D, on T'M, with

local coefficients: DI'(N) = (L'}, L*;;., C";;., C;.), can be expresed in the form:
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Nl _NZ Al ] ,

0
L, _Lgk +AL, Cz B,
L k_Lljk +AL CZ , =B,

(2.2) égk —C ]]C’

0
% —_ i
Cir=C% = D'

Al =0,
ilk
where (A}, B, B ik D &> D' ;1,) are components of the difference tensor fields

0
0 0 0
of DT'(N) from D T'(N), [8] and |, | denote the h- and respective v-covariant

0
derivatives with respect to D.

0
Theorem 2.1. Let D be a given d- linear connection on T M , with local coeffi-
0 0 0

0 0
cients: DT(N) = (L', L', C'jk, C’]k) Then the set of all conformal metrical

d-linear connections on TM , with respect to G, corresponding to the 1-forms w
and @, with local coefficients DT'(N,w,®) = (L ]k,L ]k,C’jk,C’jk) is given by:

N’i_ :Z\(;i_ _X’Lll’
0 0 . )
L e =L + C m XM+ 1913(9 T + 9sj | ") = 0%wk + Q%.thk

_ 0 0 , 0 . .
Ly :Lljk + O, XM+ %g”(g A + Gsj | X™) — 8@k + QR XN

c k_C k+29 Jsj |k = wk'i'Q%Yh
' C'jk—i-gg Jsj \k 5 wk+Q}1’;Yh

ilk
where X"j7 Xijk, XZ]k, f’;k, Y;k are arbitrary tensor fields on TM, w =
widz! + @;0y" and respective & = @idxt + w0y’ are arbitrary 1-forms in TM,

o 0

0
and |, | denote the h- and respective v-covariant derivatives with respect to D.

Observation 2.1. The set of all conformal metrical d-linear connections on
TM obtained in the particular case when the nonlinear connection N is fixed,
support the findings of R. Miron and M. Anastasiei [10], [11].

Particular cases: y :
1. If Xij = Xijk = Xijk = Y;k = Y;k = 0 in theorem 2.1. we have:
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0
Theorem 2.2. Let D be a given d-linear connection on T M, with local coeffi-
0 0 0 0

00 R S, .
cients: DI'(N) = (L5, L' ;5. C1., C%) - Th{en tiu? fol{qwing 'd-linear connection
K, with local coefficients: KI'(N,w,&) = (L', L*;;, C*1, C*p), given by (2.4),

s a conformal metrical d-linear connection with respect to G, corresponding to
the 1-forms w and &:

0
C Y I i
Lty =L 5 +292393ﬁk 0 Wk,
0
(2.4) L L3k+29 g Tk—dzwk,
C]k‘ _Cjk +2.g gSJ |k 67‘0‘)’“
c’ k_C]k +29 gsy |k 5(*)16’
o 9
where |, | denote the h- and respective v-covariant derivatives with respect

0 . ,
to the gwen d-linear connection D and w = w;dz’ + w;0y" and respective & =
©idxt + 00y are two given 1-forms in TM. As sugested in [7], we shall call
the d-linear connection KT'(N,w,®) the Kawaguchi conformal metrical d-linear

0
connection, deriwed from D.

As an example of conformal metrical d-linear connection with respect to G
w wowoww
is W, with the local coefficients: WI'(N,w,®) = (Lljk,Lij,C]k,C x) given

w
i 1 dg;r _ 0gjk ir i i
L'y= §9 ( 45 o~ e ) + (99" wr — Gjwi — w;0y),
W 5 55
Ti 1 Gijr ik ~ i~ i~ ~ St
(2.5) L'jk= 39 (5 o+ 53:: ~ b ) + (99" @r = 8501 — W;0},),
: w
i 1 dg; ngr 9g;k i i
= 39" ( + Ty~ oy ) T (9ikgTwr — 050k — w;0),
W 6~ 6" . e . .
i 1 Grer Gjk PP I it Y
k= (ayk dyi ayJ ) + (gjkg Wy — 5]‘Wk - Wj5k)a

39"
where w and @ two 1-forms given on TM.

0
2. If we take a metrical d-linear connection as D in Theorem 2.2, then (2.4)
becomes:

Ly, _L ) —O5wr,

Lt, =L, —§a
(2.6) ik = Lt il

A—aT) i -
Cjk _Cjk —5jwk,
0

) it
C ik =Yk —§jwk.



About d-Linear Connections ... 71

3. If we take a conformal metrical d-linear connection with respect to G,

0
e.g. W as D in Theorem 2.1, we have:

0
Theorem 2.3. Let D be a given conformal metrical d-linear comnection on
0.0 o 0 0 0
TM, with local coefficients: DI'(N,w,®) = (L', L', C"p, Cp). the set
of all conformal metrical d-linear connections on T M, with respect to G, cor-
responding to the I1-forms w and @, with local coefficients: DT'(N,w,w) =
(L3, L 51, Ciy C) s given by:
0
N =N —X1,
0 0

L'y =L +(CY,, +5;“i’m)ka + JFQZ}thk:’
0

I o o

Ll =Ly +(C iy +0500m) X7 + QX"
0

C' =C"% +Q}ijh7,k,

0

Oy, =C +QULY ",

Xio =0,
Jlk

where Xij7 Xijk, Xijk, ?;k, Y;k are arbitrary tensor fields on TM, w =
widz! + @;0y", and respective & = &;dxt + w0y’ are two arbitrary 1-forms
0

0
in TM and |, | denote h- and respective v-covariant derivatives with respect to
0
D.

4. If we take Xij =0 in Theorem 2.3. we obtain:

0
Theorem 2.4. ([10], [11]) Let D be a given conformal metrical d-linear con-
0_ 0 o 0 0 0
nection on TM, with local coefficients: DI'(N,w,®) = (Lljk,szk,C“jk,C”jk).
The set of all conformal metrical d-linear connections on T M, with respect to

. 0

G, having the same nonlinear connection N, corresponding to the 1-forms w

and @, with local coefficients: DT'(N,w, &) = (Lljk,Lljk, Cs C’zjk) is given by:
0

Lty =Ly Q50 X"
0

Lty =L, +Qr X",

28 o e

Cyp =C" Y,
0 ~ .

C' i =C" +Q;LTthrk’

where Xij, Xijk7 Xijk, ?;k, Y;k are arbitrary tensor fields on T M.
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3. Some special classes of conformal metrical d-linear con-
nections

We shall try to replace the arbitrary tensor fields X*;;, V"%, in Theorem 2.4.
by the torsion tensor fields T (0) . S
We put:
T *ljk = %gir(grhT(o) hjk = ginT () Pt 9enT ) hjr)’
(3.1)
S* = 3G (GrnS" j. = GinS" i + GrnS™ ;)

Theorem 3.1. Let T(o) ijk and S’ij,C be two given alternate tensor fields, of the

type (1,2) and let w, & be two given 1-forms in TM. Then there exists a unique
conformal metrical d-linear connection with respect to G, corresponding to the

w L .
1-forms w qnd o, wz’rfh local coefficients: DI'(N,w, @) = (L';;, L', C"p L 1),
having T(o) ljk and Szjk as torsion tensor fields. It is given by:

w
L k*Lgk+ (0) e

L - _L -

(3.2) ~_J ~M;
Cljk: :Cljkv

w

Cly =Clp +5%,,
w %% W w

w Y ~ ;
where WI(N,w,®) = L’jk,Lljk,C’ljk,C“ are the local coefficients of the

conformal metrical d-linear connection given in (2.5).

Definition 3.1. A conformal metrical d-linear connection on TM, with lo-
cal coefficients: DT'(N,w,®) = (L k,L 7,C,C’J,Q,L ), i called semi-symmetric
conformal metrical d-linear conmection if the torsion tensor fields T(o) 1jk and
5%y, have the form

Tioy' sk = w7 (T10)59% — Tioy5):
(3.3) ‘
Shy = 1(S; 8 — Skég»),
where T(gy; = T(o) i and S; = 8%

Observation 3.1. The conformal metrical d-linear connection W, with local
W wowoww
coefficients: WTI'(N,w,®) = Lljk,szk,Cjk,C , given in (2.5), is consid-
ered as the semi-symmetric conformal metrical d-linear connection, with the
vanishing h- and v-torsion vector fields.
Putting: )
(34) 0; = :5T0):05 =
then (3.1) become:

(35) Ty, = 20kor, S*1) = 20075,

1 Sju

n—1
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Using the Theorem 3.1. and the relations (3.5) we have:

Theorem 3.2. The set of all semi-symmetric conformal metrical d-linear con-
nections with respect to G , corresponding to the 1-forms w and @ in T M, with

w ,
local coefficients: DT'(N,w,@,0,5) = (Lljk, Jk,Cjk,L w)s 18 given by:

w
Ly, =Ly 200,
w

L, =L,
(3.6) i
Cljk :Cljlw

w

i i Ori &
Cjk —Cjk —|—2ijar7
w wowww
» J— 3 3 K3 (] y
where WI'(N,w,®) = L ko L O €Yy | are the local coefficients of an ar-
bitrary semi-symmetric conformal metrical d-linear connection, W, given in

(2.5) and 0 = o;dxt + 6;0y',6 = Fidxt+ 5i 8yt are two arbitrary 1-forms
in TM.

4. The group of transformations of conformal metrical
d-linear connections

We study the transformations DT'(N,w, @) — DI'(N,w’,&") of the con-
formal metrical d- linear connections with respect to G.

If we replace D (N ) and DT'(N,w,) in Theorem 2.1 by DI'(N,w,w’)
and DT(N,w’,@"), respectively, two conformal metrical d-linear connections,
we obtain:

Theorem 4.1. Two conformal metrical d-linear connections with respect to G,

D and D, with local coefficients: DT(N,w,&) = (L'}, L'y, C%y, Cy), and
DF(N,Q)/’LDI) = (Eijk’ [:/ijk’ é’ijk, Cijk)’ respectively, are related as follows:

N’ = NI — X7

p;k - szk £ OLXY = By 80,7, + AL,

= By b O, a0, 9

(4.1) o :
Cip=Ci = 8ipy, + ka
’gk_c — 8L+ QY
lek 0,

where p = W' —w,p = & —@,w = widz! + w0y, o = Didat + 00y, W =
Wida® + &8y and & = @dat +&,6y", are given I-forms in TM and X4, XY,
X' Yljk, }”j,~c are arbitrary tensor fields on T M.

Conversely, given the tensor fields X, X X ik yi J k,Y . and two given

1-forms p and p respectively (p = pyda’ + p;oy’, p = pidxi+ ﬁi 5yi) the above
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(4.1) is thought to be a transformation of a conformal metrical d-linear connec-
tion DI'(N,w,®) to a conformal metrical d-linear connection DT'(N,w’,&") =
DE(N,w + p,@ + ). o

We shall denote this transformation by: ¢(X%, X%, X%, Y, Y p, p).
Thus we have:

Theorem 4.2. The setC of all transformations t(X5, X’;k, Xijk, f’ijk, Yijk,p,ﬁ)
given by (4.1), is a transformations group of the set of all conformal metrical
d-linear connections with respect to G, on T M, together with the mapping prod-
uct:

t<X/ikaX_/i k,X/i]k’Ylgkaylékvp p')o t(XZk7X7’jk’XZ]k’ij7ij7p p) =
— (Xik+X”k,Xl X ]k—i—Y X’”;C,XZ k—i—X jk—i—Y X’"};,Y;k—&-ij,szﬁ-
Y'p+p.p+p).

We inquire about the subgroup of transformations of the semi-symmetric
conformal metrical d-linear connections.

w
Let N be a given nonlinear connection. Then any semi- symmetrlc conformal

metrlcal d-linear connection with local coefficients: DI ( N W ool )=

(L Jk,C'Jk,Cjk) with respect to G is given by (3.2) with (3.5). Paying
attentlon to (2.5) we have:

Theorem 4.3. Two semi-symmetric conformal metrical d-linear connections
~ w . ~ . ~. .
with respect to G, with local coefficients: DI'(N,w,@,0,6) = (L'}, L', C%, C'5),

_ w _. =1 =1 — .

and DT(N,w',&',0’,6") = (Lljk,Lij,Clijljk), respectively, are related as
follows: .

L k= =L, — &ipr + 29754,
(4.2) ﬂﬂk = Lijy = 85w,

C k= C,a‘k — b

Cly = Ol — 65, + 200G, | |
wherep=w' —w,p=0"-0,q=0" —0—p, =36 -6 —p, p=pida’ + p;oy’,
P = pida’ + p;oy’, ¢ = q;dz" + ¢;0y" and § = ¢;dz" + ¢;0y".

Conversely, given the 1-forms p,p,q, ¢ in T M, the above (4.2) is thought to
be a transformation of a semi-symmetric conformal metrical d-linear connection

114 L ,
D, with local coefficients: DI'(N,w,®,0,6) = (Lljk,L’Jk,Cz]k,Cljk) to a semi-
symmetrlc conformal metrical d-linear connectlon D, with local coefficients:
DF(Nw+p7w+p7o-+p+Q7o-+p+Q) (ija ]kacjkac]k>

We shall denote this transformation by: ¢(p,p, ¢, q).

Thus we have:

Theorem 4.4. The set C3; of all transformations t(p,p,q,q), given by (4.2),
s a transformations group of the set of all semi-symmetric conformal metrical
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d-linear connections with respect to G, together with the mapping product:
tp, 0 a, Q) ot 0, q, @) =tlp+p . p+pqa+d .4+ 7).

This group C3; is an Abelian subgroup of C and acts on the set of all semi-
symmetric conformal metrical d-linear connections, having the same nonlinear
connection N, transitively.

The transformation: ¢(p,p,q,§) : DI'(N,w,&,0,5) — DI'(N,w + p, & + p,
oc+p+4q, 5+ p+4q) given by (4.2) is expressed by the product of the following

two transformations: ,

Lt = L' = 5pr,
=1 ~ . -
wpy | =P
C gk = C'gi = 91
ik = Ol = 03Dk,
L'y =Ly, + 20 qr,
=1 ~ .
L.,=L",,

(a4) 20T
C jk = C’ij,

Clp = Chy + 200G,

Definition 4.1. The transformation t : DI'(N) — DI'(N), of d-linear con-
nections on TM, defined by (4.3), is called co-parallel transformation on T M,
where p and p are two given 1-forms in T M.

Theorem 4.5. The set CX, of all co-parallel transformations t, given by (4.3),
18 an Abelian group together with the mapping product.

Definition 4.2. The transformation t : DI'(N) — DI'(N) of d-linear connec-
tions, given by (4.4), is called Miron transformation by M. Hashiguchi [6], for
Finsler spaces.

Theorem 4.6. The set C}} of all Miron transformations t, given by (4.4), is a
transformations group, together with the mapping product.

Thus we have:

Theorem 4.7. The group C% of all transformations t(p, P, q,q), given by (4.2),
is the direct product of the group CX; of all co-parallel transformations and the
group C3 of all Miron transformations.

It is noted that the invariants of the group Cj;, will be the invariants of each
of these subgroups and reciprocally.

It is directly shown that by a co-parallel transformation (4.3) the curvature
tensor fields R(O)jilel and S,,; ¢, are transformed as follows:

(4.5) @(O)J'Zkl - R(O)j;kl - fj}’ku
Sy =Sy — 05Dkt
where py, py,; are the components of dp and dp, expressed with respect to D
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Ehmmatlng Dl Pry from (4. 5) we have:

(4.6) Ry = Ry Sy = S) s e
where:

(4.7) R(0> J kL R(O)] kL ‘zy R(o)s k>
S(l)akl S(1); Kl T 5 S

Thus we have:

(lskl

Theorem 4.8. The tensor fields R )", and S(l) L gen by (4.7), are in-
variants of the group CX;.

Also, we can obtain:

Theorem 4.9. The following tensor field C’*ijk, given by (4.8), is an invariant
of the group C%; :
(4.8) C’*ijk = C’"j nézCS
In our previous paper [14] starting from the tensor fields:
IC(O )j kl - R 0)j kl Cl Rn?cl’
(1)j k:l R( ) kl Cl Rmkl?
we obtained the following important invariants of the group of semi-symmetric

(4.9)

ms
metrical d-linear connections, having the same nonlinear connection N, 7 y, for

n>2:
H ), Z:kl = K(O)jz:kl + 725 A {Q?J (’C(O)rl - %)} ;
(a10) { Tl i
(0)5 kL ™ =(0)j kI’

i i O)ir S gr
M(l)j kl S(l)j kT n32"4kl {ij (S(l)rl z(n)gfl))}
where:

(411) Koy = K(g);'%i Koy = 9" Ko ﬂm5(1>yk =Sk S = ﬁjks (1)
If we replace these IC(O) . and 5(1 )i kL by the tensor fields IC 'kl and
5(1) el respectlvely, defined by:

’L

(4.12) ’C<0> ikt 5 5‘35
(1) J kl 1)j kl (1)s kl

we can obtain the 1nvar1ants of the group of transformations of semi-symmetric

conformal metrical d-linear connections on 7'M, having the same nonlinear con-

nection N, C3;.

(0)] kl (0)5Skl7

Theorem 4.10. For n>2 the following tensor fields: H(O)*jikl and M(l)’;ﬁd are
invariants of the group C}, of transformations, of semi-symmetric conformal
metrical d-linear connections on T M, having the same nonlinear connection N:

k14 __ * 1 * K{oygr
H(o) jkl — K(o) j kl + nEQAkl { (’C(o rl 2((72)710} )
* 1 * 4 * S*l 9r
M(l)jzkl = 5(1) jZk:l + n32Akl { (5(1 rl 2((71)711)) } )
where:

WY Ko = Ko7 Ko = Kol Swhe = Soih So” =
g’ S(l)ﬂf

(4.13)
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Finally we give other invariants of the group Cy; :

Theorem 4.11. The following tensor field is an invariant of the group C3; :

(4.15) C* - QL0

n—1 J rm?
where C** . is given by (4.8).

Observation 4.1. The results obtained in the particular case of the normal
d-linear connections, support the findings of R. Miron and M. Haschiguchi [12].
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