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ABOUT d-LINEAR CONNECTIONS COMPATIBLE
WITH A CONFORMAL METRICAL STRUCTURE

Monica Purcaru1, Marius Păun1

Abstract. Starting from the notion of conformal metrical structure in
the tangent bundle, given by R. Miron and M. Anastasiei in [10], [11],
we define the notion of conformal metrical d-linear connection with re-
spect to a conformal metrical structure corresponding to the 1-forms ω
and ω̃ in TM. We determine all conformal metrical d-linear connections
in the case when the nonlinear connection is arbitrary and we give impor-
tant particular cases. Further, we find the transformation group of these
connections. We study the role of the torsion tensor fields T and S in
this theory, especially the semi-symmetric d-linear connections, and the
group of transformations of semi-symmetric conformal metrical d-linear
connections, having the same nonlinear connection N and its important
invariants.
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1. Introduction

The geometry of the tangent bundle: (TM, π, M) has been studied by V.
Oproiu [13], by M. Matsumoto [8], [9], by K. Yano and S. Ishihara [15], by I.
Čomić [4], [5], by Gh. Atanasiu and I. Ghinea [1], by R. Miron and M. Hashiguchi
[12], by R. Miron and M. Anastasiei [10], [11], by R. Bowman [3], by D.Bao at
al. [2] and many others.

Concerning the terminology and notations, we use those from [8].
Let M be a real C∞-differentiable manifold with dimension n, and (TM, π, M)

its tangent bundle.
If (xi) is a local coordinates system on a domain U of a chart on M, the

induced system of coordonates on π−1(U) is: (xi, yi), (i = 1, n).
Let N be a nonlinear connection on TM , with the coefficients N i

j(x, y),
(i = 1, n, j = 1, n).

We consider on TM a metrical structure G defined by ([10], [11]):

(1.1) G(x, y) = 1
2gij(x, y)dxi ∧ dxj + 1

2 g̃ij(x, y)δyi ∧ δyj ,
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where {dxi, δyi}, (i = 1, n) is the dual basis of { δ
δxi ,

∂
∂yi }, and (gij(x, y), g̃ij(x, y))

is a pair of given d-tensor fields on TM , of the type (0,2), each of them being
symmetric and nondegenerate.

We asociate to the lift G the Obata’s operators:

(1.2)
{

Ωir
sj = 1

2 (δi
sδ

r
j − gsjg

ir), Ω∗irsj = 1
2 (δi

sδ
r
j + gsjg

ir),
Ω̃ir

sj = 1
2 (δi

sδ
r
j − g̃sj g̃

ir), Ω̃∗irsj = 1
2 (δi

sδ
r
j + g̃sj g̃

ir).
Obata’s operators have the same properties as the ones associated with a

Finsler space [12].
Let S2(TM) be the set of all symmetric d-tensor fields of the type (0,2) on

TM . As is easily shown, the relations on S2(TM) defined by:

(1.3)

{
(aij ∼ bij) ⇔

(
(∃)λ(x, y) ∈ F(TM), aij(x, y) = e2λ(x,y)bij(x, y)

)
,(

ãij ∼ b̃ij

)
⇔

(
(∃)µ(x, y) ∈ F(TM), ãij(x, y) = e2µ(x,y)b̃ij(x, y)

)
,

are an equivalence relations on S2(TM).

Definition 1.1. ([10], [11]) The equivalent class: Ĝ of S2(TM)/∼ to which
the metrical tensor field G belongs, is called conformal metrical structure on
TM .

Thus:

(1.4) Ĝ = {G′|G′ij(x, y) = e2λ(x,y)gij(x, y) and G̃′ij(x, y) = e2µ(x,y)g̃ij(x, y)}.

2. Conformal metrical d-linear connections on TM

Definition 2.1. A d-linear connection, D, on TM , with local coefficients
DΓ(N) = (Li

jk, L̃i
jk, C̃i

jk, Ci
jk), for which there exist the 1-forms ω and ω̃ in

TM , ω = ωidxi + ω̇iδy
i, ω̃ = ω̃idxi + ˙̃ωiδy

i such that:

(2.1)





gij|k = 2ωkgij , gij |k = 2ω̇kgij ,

g̃ij|k = 2ω̃kg̃ij , g̃ij |k = 2
.
ω̃k g̃ij ,

where and denote the h- and v-covariant derivatives with respect to D, is called
conformal metrical d-linear connection on TM , with respect to the conformal
metrical structure Ĝ, corresponding to the 1-forms ω, ω̃, or is said to be com-
patible with the conformal metrical structure Ĝ and is denoted by DΓ(N,ω, ω̃).

We shall determine the set of all conformal metrical d-linear connections, with
respect to Ĝ.

Let
0

DΓ(
0

N) = (
0

Li
jk,

0

L̃i
jk,

0

C̃i
jk,

0

Ci
jk) be the local coefficients of a fixed d-

linear connection
0

D on TM. Then, any d-linear connection, D, on TM , with
local coefficients: DΓ(N) = (Li

jk, L̃i
jk, C̃i

jk, Ci
jk), can be expresed in the form:
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(2.2)





N i
j =

0

N i
j −Ai

j ,

Li
jk =

0

Li
jk +Al

k

0

C̃i
jl −Bi

jk,

L̃i
jk =

0

L̃i
jk +Al

k

0

Ci
jl −B̃i

jk,

C̃i
jk =

0

C̃i
jk −D̃i

jk,

Ci
jk =

0

Ci
jk −Di

jk,

Al

j
0
|k

= 0,

where (Ai
j , B

i
jk, B̃i

jk, D̃i
jk, Di

jk) are components of the difference tensor fields

of DΓ(N) from
0

D Γ(
0

N), [8] and
0

,
0

denote the h- and respective v-covariant

derivatives with respect to
0

D.

Theorem 2.1. Let
0

D be a given d-linear connection on TM , with local coeffi-

cients:
0

DΓ(
0

N) = (
0

Li
jk,

0

L̃i
jk,

0

C̃i
jk,

0

Ci
jk). Then the set of all conformal metrical

d-linear connections on TM , with respect to Ĝ, corresponding to the 1-forms ω
and ω̃, with local coefficients DΓ(N, ω, ω̃) = (Li

jk, L̃i
jk, C̃i

jk, Ci
jk) is given by:

(2.3)





N i
j =

0

N i
j −Xi

j ,

Li
jk =

0

Li
jk +

0

C̃i
jm Xm

k + 1
2gis(g

sj
0
|k

+ gsj

0

|m Xm
k)− δi

jωk + Ωir
hjX

h
rk,

L̃i
jk =

0

L̃i
jk +

0

Ci
jm Xm

k + 1
2 g̃is(g̃

sj
0
|k

+ g̃sj

0

|m Xm
k)− δi

jω̃k + Ω̃ir
hjX̃

h
rk,

C̃i
jk =

0

C̃i
jk + 1

2gisgsj

0

|k −δi
jω̇k + Ωir

hj Ỹ
h
rk,

Ci
jk =

0

Ci
jk + 1

2 g̃isg̃sj

0

|k −δi
j
˙̃ωk + Ω̃ir

hjY
h

rk,

Xi

j
0
|k

= 0,

where Xi
j , Xi

jk, X̃i
jk, Ỹ i

jk, Y i
jk are arbitrary tensor fields on TM , ω =

ωidxi + ω̇iδy
i and respective ω̃ = ω̃idxi + ˙̃ωiδy

i are arbitrary 1-forms in TM ,

and
0

,
0

denote the h- and respective v-covariant derivatives with respect to
0

D.

Observation 2.1. The set of all conformal metrical d-linear connections on
TM obtained in the particular case when the nonlinear connection N is fixed,
support the findings of R. Miron and M. Anastasiei [10], [11].

Particular cases:
1. If Xi

j = Xi
jk = X̃i

jk = Ỹ i
jk = Y i

jk = 0 in theorem 2.1. we have:
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Theorem 2.2. Let
0

D be a given d-linear connection on TM , with local coeffi-

cients:
0

DΓ(
0

N) = (
0

Li
jk,

0

L̃i
jk,

0

C̃i
jk,

0

Ci
jk). Then the following d-linear connection

K, with local coefficients: KΓ(N,ω, ω̃) = (Li
jk, L̃i

jk, C̃i
jk, Ci

jk), given by (2.4),
is a conformal metrical d-linear connection with respect to Ĝ, corresponding to
the 1-forms ω and ω̃:

(2.4)





Li
jk =

0

Li
jk + 1

2gisg
sj

0
|k
− δi

jωk,

L̃i
jk =

0

L̃i
jk + 1

2 g̃isg̃
sj

0
|k
− δi

jω̃k,

C̃i
jk =

0

C̃i
jk + 1

2gisgsj

0

|k −δi
jω̇k,

Ci
jk =

0

Ci
jk + 1

2 g̃isg̃sj

0

|k −δi
j
˙̃ωk,

where
0

,
0

denote the h- and respective v-covariant derivatives with respect

to the given d-linear connection
0

D and ω = ωidxi + ω̇iδy
i and respective ω̃ =

ω̃idxi + ˙̃ωiδy
i are two given 1-forms in TM . As sugested in [7], we shall call

the d-linear connection KΓ(N, ω, ω̃) the Kawaguchi conformal metrical d-linear

connection, derived from
0

D.

As an example of conformal metrical d-linear connection with respect to Ĝ

is W, with the local coefficients: WΓ(
W

N, ω, ω̃) = (
W

Li
jk,

W

L̃i
jk,

W

C̃i
jk,

W

Ci
jk) given

by:

(2.5)





W

Li
jk= 1

2gir
(

δgjr

δxk + δgkr

δxj − δgjk

δxr

)
+ (gjkgirωr − δi

jωk − ωjδ
i
k),

W

L̃i
jk= 1

2 g̃ir
(

δg̃jr

δxk + δg̃kr

δxj − δg̃jk

δxr

)
+ (g̃jkg̃irω̃r − δi

jω̃k − ω̃jδ
i
k),

W

C̃i
jk= 1

2gir
(

∂gjr

∂yk + ∂gkr

∂yj − ∂gjk

∂yr

)
+ (gjkgirω̇r − δi

jω̇k − ω̇jδ
i
k),

W

Ci
jk= 1

2 g̃ir
(

∂g̃jr

∂yk + ∂g̃kr

∂yj − ∂g̃jk

∂yr

)
+ (g̃jkg̃ir ˙̃ωr − δi

j
˙̃ωk − ˙̃ωjδ

i
k),

where ω and ω̃ two 1-forms given on TM.

2. If we take a metrical d-linear connection as
0

D in Theorem 2.2, then (2.4)
becomes:

(2.6)





Li
jk =

0

Li
jk −δi

jωk,

L̃i
jk =

0

L̃i
jk −δi

jω̃k,

C̃i
jk =

0

C̃i
jk −δi

jω̇k,

Ci
jk =

0

Ci
jk −δi

j
˙̃ωk.
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3. If we take a conformal metrical d-linear connection with respect to Ĝ,

e.g. W as
0

D in Theorem 2.1, we have:

Theorem 2.3. Let
0

D be a given conformal metrical d-linear connection on

TM , with local coefficients:
0

DΓ(
0

N, ω, ω̃) = (
0

Li
jk,

0

L̃i
jk,

0

C̃i
jk,

0

Ci
jk). The set

of all conformal metrical d-linear connections on TM , with respect to Ĝ, cor-
responding to the 1-forms ω and ω̃, with local coefficients: DΓ(N,ω, ω̃) =
(Li

jk, L̃i
jk, C̃i

jk, Ci
jk) is given by:

(2.7)





N i
j =

0

N i
j −Xi

j ,

Li
jk =

0

Li
jk +(

0

C̃i
jm +δi

jω̇m)Xm
k + +Ωir

hjX
h
rk,

L̃i
jk =

0

L̃i
jk +(

0

Ci
jm +δi

j
˙̃ωm)Xm

k + Ω̃ir
hjX̃

h
rk,

C̃i
jk =

0

C̃i
jk +Ωir

hj Ỹ
h
rk,

Ci
jk =

0

Ci
jk +Ω̃ir

hjY
h

rk,

Xi

j
0
|k

= 0,

where Xi
j , Xi

jk, X̃i
jk, Ỹ i

jk, Y i
jk are arbitrary tensor fields on TM , ω =

ωidxi + ω̇iδy
i, and respective ω̃ = ω̃idxi + ˙̃ωiδy

i are two arbitrary 1-forms

in TM and
0

,
0

denote h- and respective v-covariant derivatives with respect to
0

D.

4. If we take Xi
j = 0 in Theorem 2.3. we obtain:

Theorem 2.4. ([10], [11]) Let
0

D be a given conformal metrical d-linear con-

nection on TM , with local coefficients:
0

DΓ(
0

N,ω, ω̃) = (
0

Li
jk,

0

L̃i
jk,

0

C̃i
jk,

0

Ci
jk).

The set of all conformal metrical d-linear connections on TM , with respect to

Ĝ, having the same nonlinear connection
0

N , corresponding to the 1-forms ω

and ω̃, with local coefficients: DΓ(
0

N,ω, ω̃) = (Li
jk, L̃i

jk, C̃i
jk, Ci

jk) is given by:

(2.8)





Li
jk =

0

Li
jk +Ωir

hjX
h
rk,

L̃i
jk =

0

L̃i
jk +Ω̃ir

hjX̃
h
rk,

C̃i
jk =

0

C̃i
jk +Ωir

hj Ỹ
h
rk,

Ci
jk =

0

Ci
jk +Ω̃ir

hjY
h

rk,

where Xi
j , Xi

jk, X̃i
jk, Ỹ i

jk, Y i
jk are arbitrary tensor fields on TM .
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3. Some special classes of conformal metrical d-linear con-
nections

We shall try to replace the arbitrary tensor fields Xi
jk, Y i

jk in Theorem 2.4.
by the torsion tensor fields T i

(0) jk, Si
jk.

We put:

(3.1)





T ∗i
(0) jk = 1

2gir(grhT h
(0) jk − gjhT h

(0) rk + gkhT h
(0) jr),

S∗ijk = 1
2 g̃ir(g̃rhSh

jk − g̃jhSh
rk + g̃khSh

jr).

Theorem 3.1. Let T i
(0) jk and Si

jk be two given alternate tensor fields, of the
type (1,2) and let ω, ω̃ be two given 1-forms in TM . Then there exists a unique
conformal metrical d-linear connection with respect to Ĝ, corresponding to the

1-forms ω and ω̃, with local coefficients: DΓ(
W

N, ω, ω̃) = (Li
jk, L̃i

jk, C̃i
jk, Li

jk),
having T i

(0) jk and Si
jk as torsion tensor fields. It is given by:

(3.2)





Li
jk =

W

Li
jk +T ∗i

(0) jk,

L̃i
jk =

W

L̃i
jk,

C̃i
jk =

W

C̃i
jk,

Ci
jk =

W

Ci
jk +S∗ijk,

where WΓ(
W

N, ω, ω̃) =

(
W

Li
jk,

W

L̃i
jk,

W

C̃i
jk,

W

Ci
jk

)
are the local coefficients of the

conformal metrical d-linear connection given in (2.5).

Definition 3.1. A conformal metrical d-linear connection on TM, with lo-
cal coefficients: DΓ(N, ω, ω̃) = (Li

jk, L̃i
jk, C̃i

jk, Li
jk), is called semi-symmetric

conformal metrical d-linear connection if the torsion tensor fields T i
(0) jk and

Si
jk have the form:

(3.3)





T i
(0) jk = 1

n−1 (T(0)jδ
i
k − T(0)kδi

j),

Si
jk = 1

n−1 (Sjδ
i
k − Skδi

j),
where T(0)j = T i

(0) ji and Sj = Si
ji

Observation 3.1. The conformal metrical d-linear connection W , with local

coefficients: WΓ(
W

N,ω, ω̃) =

(
W

Li
jk,

W

L̃i
jk,

W

C̃i
jk,

W

Ci
jk

)
, given in (2.5), is consid-

ered as the semi-symmetric conformal metrical d-linear connection, with the
vanishing h- and v-torsion vector fields.

Putting:
(3.4) σj = 1

n−1T(0)j , ˙̃σj = 1
n−1Sj ,

then (3.1) become:
(3.5) T ∗i

(0) jk = 2Ωri
jkσr, S

∗i
jk = 2Ω̃ir

kj
˙̃σr.
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Using the Theorem 3.1. and the relations (3.5) we have:

Theorem 3.2. The set of all semi-symmetric conformal metrical d-linear con-
nections with respect to Ĝ , corresponding to the 1-forms ω and ω̃ in TM, with

local coefficients: DΓ(
W

N,ω, ω̃, σ, σ̃) = (Li
jk, L̃i

jk, C̃i
jk, Li

jk), is given by:

(3.6)





Li
jk =

W

Li
jk +2Ωri

jkσr,

L̃i
jk =

W

L̃i
jk,

C̃i
jk =

W

C̃i
jk,

Ci
jk =

W

Ci
jk +2Ω̃ri

jk
˙̃σr,

where WΓ(
W

N,ω, ω̃) =

(
W

Li
jk,

W

L̃i
jk,

W

C̃i
jk,

W

Ci
jk

)
are the local coefficients of an ar-

bitrary semi-symmetric conformal metrical d-linear connection, W, given in

(2.5) and σ = σidxi + σ̇iδy
i, σ̃ = σ̃idxi+

·
σ̃i δyi are two arbitrary 1-forms

in TM.

4. The group of transformations of conformal metrical
d-linear connections

We study the transformations DΓ(N, ω, ω̃) → D̄Γ(N̄ , ω′, ω̃′) of the con-
formal metrical d-linear connections with respect to Ĝ.

If we replace
0

D Γ(
0

N) and DΓ(N,ω, ω̃) in Theorem 2.1 by DΓ(N,ω, ω′)
and D̄Γ(N̄ , ω′, ω̃′), respectively, two conformal metrical d-linear connections,
we obtain:

Theorem 4.1. Two conformal metrical d-linear connections with respect to Ĝ,
D and D̄, with local coefficients: DΓ(N, ω, ω̃) = (Li

jk, L̃i
jk, C̃i

jk, Ci
jk), and

D̄Γ(N̄ , ω′, ω̃′) = (L̄i
jk, ¯̃L

i

jk, ¯̃C
i

jk, C̄i
jk), respectively, are related as follows:

(4.1)





N̄ j
i = N j

i −Xj
i,

L̄i
jk = Li

jk + C̃i
jlX

l
k − δi

jpk + δi
jω̇sX

s
k + Ωir

sjX
s
rk,

¯̃L
i

jk = L̃i
jk + Ci

jlX
l
k − δi

j p̃k + δi
j
˙̃ωsX

s
k + Ω̃ir

sjX
s
rk,

¯̃C
i

jk = C̃i
jk − δi

j ṗk + Ωir
sj Ỹ

s
rk,

C̄i
jk = Ci

jk − δi
j
˙̃pk + Ω̃ir

sjY
s
rk,

Xj
i|k = 0,

where p = ω′ − ω, p̃ = ω̃′ − ω̃, ω = ωidxi + ω̇iδy
i, ω̃ = ω̃idxi + ˙̃ωiδy

i , ω′ =
ω′idxi + ω̇′iδy

i and ω̃′ = ω̃′idxi + ˙̃ω
′
iδy

i, are given 1-forms in TM and Xi
k, Xi

jk,
X̃i

jk, Ỹ i
jk, Y i

jk are arbitrary tensor fields on TM .

Conversely, given the tensor fields Xi
k, Xi

jk, X̃i
jk, Ỹ i

jk, Y i
jk and two given

1-forms p and p̃ respectively
(

p = pidxi + ṗiδy
i, p̃ = p̃idxi+

·
p̃i δyi

)
the above
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(4.1) is thought to be a transformation of a conformal metrical d-linear connec-
tion DΓ(N,ω, ω̃) to a conformal metrical d-linear connection D̄Γ(N̄ , ω′, ω̃′) =
D̄Γ(N̄ , ω + p, ω̃ + p̃).

We shall denote this transformation by: t(Xi
k, Xi

jk, X̃i
jk, Ỹ i

jk, Y i
jk, p, p̃).

Thus we have:

Theorem 4.2. The set C of all transformations t(Xi
k, Xi

jk, X̃i
jk, Ỹ i

jk, Y i
jk, p, p̃)

given by (4.1), is a transformations group of the set of all conformal metrical
d-linear connections with respect to Ĝ, on TM, together with the mapping prod-
uct:

t(X ′i
k, X ′i

jk, X̃ ′i
jk, Ỹ ′i

jk, Y ′i
jk, p′, p̃′)◦ t(Xi

k, Xi
jk, X̃i

jk, Ỹ i
jk, Y i

jk, p, p̃) =
= (Xi

k +X ′i
k, Xi

jk +X ′i
jk +Y i

jmX ′m
k, X̃i

jk +X̃ ′i
jk + Ỹ i

jmX ′m
k, Ỹ i

jk + Ỹ ′i
jk, Y i

jk +
Y ′i

jk, p + p′, p̃ + p̃′).

We inquire about the subgroup of transformations of the semi-symmetric
conformal metrical d-linear connections.

Let
W

N be a given nonlinear connection. Then any semi-symmetric conformal

metrical d-linear connection with local coefficients: D̄Γ(
W

N, ω′, ω̃′, σ′, σ̃′)=

(L̄i
jk, ¯̃L

i

jk, ¯̃C
i

jk, C̄i
jk), with respect to Ĝ is given by (3.2) with (3.5). Paying

attention to (2.5) we have:

Theorem 4.3. Two semi-symmetric conformal metrical d-linear connections

with respect to Ĝ, with local coefficients: DΓ(
W

N,ω, ω̃, σ, σ̃) = (Li
jk, L̃i

jk, C̃i
jk, Ci

jk),

and D̄Γ(
W

N, ω′, ω̃′, σ′, σ̃′) = (L̄i
jk, ¯̃L

i

jk, ¯̃C
i

jk, C̄i
jk), respectively, are related as

follows:

(4.2)





L̄i
jk = Li

jk − δi
jpk + 2Ωir

kjqr,
¯̃L

i

jk = L̃i
jk − δi

j p̃k,
¯̃C

i

jk = C̃i
jk − δi

j ṗk,

C̄i
jk = Ci

jk − δi
j

˙̃pk + 2Ω̃ir
kj

˙̃qr,

where p = ω′ − ω, p̃ = ω̃′ − ω̃, q = σ′ − σ − p, q̃ = σ̃′ − σ̃ − p̃, p = pidxi + ṗiδy
i,

p̃ = p̃idxi + ˙̃piδy
i, q = qidxi + q̇iδy

i and q̃ = q̃idxi + ˙̃qiδy
i.

Conversely, given the 1-forms p, p̃, q, q̃ in TM, the above (4.2) is thought to
be a transformation of a semi-symmetric conformal metrical d-linear connection

D, with local coefficients: DΓ(
W

N,ω, ω̃, σ, σ̃) = (Li
jk, L̃i

jk, C̃i
jk, Ci

jk), to a semi-
symmetric conformal metrical d-linear connection D̄, with local coefficients:

D̄Γ(
W

N,ω + p, ω̃ + p̃, σ + p + q, σ̃ + p̃ + q̃) = (L̄i
jk, ¯̃L

i

jk, ¯̃C
i

jk, C̄i
jk),

We shall denote this transformation by: t(p, p̃, q, q̃).
Thus we have:

Theorem 4.4. The set Cs
N of all transformations t(p, p̃, q, q̃), given by (4.2),

is a transformations group of the set of all semi-symmetric conformal metrical
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d-linear connections with respect to Ĝ, together with the mapping product:
t(p, p̃, q, q̃) ◦ t(p′, p̃′, q′, q̃′) = t(p + p′, p̃ + p̃′, q + q′, q̃ + q̃′).

This group Cs
N is an Abelian subgroup of C and acts on the set of all semi-

symmetric conformal metrical d-linear connections, having the same nonlinear
connection N, transitively.

The transformation: t(p, p̃, q, q̃) : DΓ(N, ω, ω̃, σ, σ̃) → D̄Γ(N, ω + p, ω̃ + p̃,
σ + p + q, σ̃ + p̃ + q̃) given by (4.2) is expressed by the product of the following
two transformations:

(4.3)





L̄i
jk = Li

jk − δi
jpk,

¯̃L
i

jk = L̃i
jk − δi

j p̃k,
¯̃C

i

jk = C̃i
jk − δi

j ṗk,

C̄i
jk = Ci

jk − δi
j

˙̃pk,

(4.4)





L̄i
jk = Li

jk + 2Ωir
kjqr,

¯̃L
i

jk = L̃i
jk,

¯̃C
i

jk = C̃i
jk,

C̄i
jk = Ci

jk + 2Ω̃ir
kj

˙̃qr,

Definition 4.1. The transformation t : DΓ(N) → D̄Γ(N), of d-linear con-
nections on TM , defined by (4.3), is called co-parallel transformation on TM,
where p and p̃ are two given 1-forms in TM.

Theorem 4.5. The set Cp
N of all co-parallel transformations t, given by (4.3),

is an Abelian group together with the mapping product.

Definition 4.2. The transformation t : DΓ(N) → D̄Γ(N) of d-linear connec-
tions, given by (4.4), is called Miron transformation by M. Hashiguchi [6], for
Finsler spaces.

Theorem 4.6. The set Cm
N of all Miron transformations t, given by (4.4), is a

transformations group, together with the mapping product.

Thus we have:

Theorem 4.7. The group Cs
N of all transformations t(p, p̃, q, q̃), given by (4.2),

is the direct product of the group Cp
N of all co-parallel transformations and the

group Cm
N of all Miron transformations.

It is noted that the invariants of the group Cs
N , will be the invariants of each

of these subgroups and reciprocally.
It is directly shown that by a co-parallel transformation (4.3) the curvature

tensor fields R i
(0)j kl and S i

(1)j kl are transformed as follows:

(4.5)

{
R̄ i

(0)j kl = R i
(0)j kl − δi

jpkl,

S̄ i
(1)j kl = S i

(1)j kl − δi
j
˙̃pkl.

where pkl, ˙̃pkl are the components of dp and dp̃, expressed with respect to D
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Eliminating pkl, ˙̃pkl from (4.5) we have:
(4.6) R̄ ∗ i

(0) j kl = R ∗ i
(0) j kl, S̄

∗ i
(1) j kl = S ∗ i

(1) j kl,
where:

(4.7)

{
R ∗ i

(0) j kl = R i
(0)j kl − 1

nδi
jR

s
(0)s kl,

S ∗ i
(1) j kl = S i

(1)j kl − 1
nδi

jS
s

(1)s kl.

Thus we have:

Theorem 4.8. The tensor fields R ∗ i
(0) j kl and S ∗ i

(1) j kl, given by (4.7), are in-
variants of the group Cp

N .

Also, we can obtain:

Theorem 4.9. The following tensor field C∗ijk, given by (4.8), is an invariant
of the group Cp

N :

(4.8) C∗ijk = Ci
jk − 1

nδi
jC

s
sk.

In our previous paper [14], starting from the tensor fields:

(4.9)

{
K i

(0)j kl = R i
(0)j kl − C̃i

jmRm
kl,

K i
(1)j kl = R i

(1)j kl − Ci
jmRm

kl,

we obtained the following important invariants of the group of semi-symmetric
metrical d-linear connections, having the same nonlinear connection N,

ms

T N , for
n>2:

(4.10)





H i
(0)j kl = K i

(0)j kl + 2
n−2Akl

{
Ωir

kj

(
K(0)rl − K(0)grl

2(n−1)

)}
,

H i
(1)j kl = K i

(1)j kl,

M i
(0)j kl = S i

(0)j kl,

M i
(1)j kl = S i

(1)j kl + 2
n−2Akl

{
Ω̃ir

kj

(
S(1)rl − S(1)g̃rl

2(n−1)

)}
,

where:
(4.11) K(0)jk = K i

(0)j ki,K(0) = gjkK(0)jk, S(1)jk = S i
(1)j ki, S(1) = g̃jkS(1)jk.

If we replace these K i
(0)j kl and S i

(1)j kl by the tensor fields K ∗ i
(0) j kl and

S ∗ i
(1) j kl respectively, defined by:

(4.12)

{
K ∗ i

(0) j kl = K i
(0)j kl − 1

nδi
jK s

(0)s kl,

S ∗ i
(1) j kl = S i

(1)j kl − 1
nδi

jS
s

(1)s kl.

we can obtain the invariants of the group of transformations of semi-symmetric
conformal metrical d-linear connections on TM, having the same nonlinear con-
nection N, Cs

N .

Theorem 4.10. For n>2 the following tensor fields: H ∗ i
(0) j kl and M ∗ i

(1) j kl are
invariants of the group Cs

N , of transformations, of semi-symmetric conformal
metrical d-linear connections on TM, having the same nonlinear connection N:

(4.13)




H ∗ i

(0) j kl = K ∗ i
(0) j kl + 2

n−2Akl

{
Ωir

kj

(
K ∗

(0) rl −
K∗(0)grl

2(n−1)

)}
,

M ∗ i
(1) j kl = S ∗ i

(1) j kl + 2
n−2Akl

{
Ω̃ir

kj

(
S ∗

(1) rl −
S∗(1)grl

2(n−1)

)}
,

where:
(4.14) K ∗

(0) jk = K ∗ i
(0) j ki, K ∗

(0) = gjkK ∗
(0) jk, S ∗

(1) jk = S ∗ i
(1) j ki, S ∗

(1) =
g̃jkS ∗

(1) jk.
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Finally we give other invariants of the group Cs
N :

Theorem 4.11. The following tensor field is an invariant of the group Cs
N :

(4.15) C∗i jk − 2
n−1Ωir

kjC
∗m

rm,

where C∗i jk is given by (4.8).

Observation 4.1. The results obtained in the particular case of the normal
d-linear connections, support the findings of R. Miron and M. Haschiguchi [12].
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