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NEW FORMULAE FOR K;(z) FUNCTION

Aleksandar Petojevié¢!

Abstract. In this paper we study the function
YA

1 e —x i_lfllz —1 .
Ki(z) = — D ;
(2) = e et dz (Re(z) >0, i €N)

defined in [13]. We give the generating functions, some representation and
the congruences of the function K;(z). Also, we present some inequalities
for the function K;(z) for positive values of x.

AMS Mathematics Subject Classification (2000): 11B34, 11B50, 11B37.

Key words and phrases: Kurepa’s left factorial, K;(z) function, represen-
tation, recurrence relation, generating function, inequalities

1. Introduction
Let the Pochhammer symbol (z),, be defined by

T'(z+n)

(2)o=1, ()n=20+1)..(24+n—-1)= TG

where T'(2) is the gamma function
+oo
I'(z) = / t*"te7tdt, (Re(z)>0).
0

Recently, [13], we defined the generalization of Kurepa’s tree as follows:

Definition 1.1 Let n € N and i € Ny. Then TK;(n) denote a finite tree con-
sisting of n levels with the k-th level containing (i) nodes, k =0,1,2...n — 1.

o o o o o o 2nd level
NN
° . 1st level
N/
° Oth level

Figure 1: The tree TK>(3).
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Let K;(n) denote the total number of nodes in the tree TK;(n). For the
numbers K;(n), the following relations hold:

Ko(n) % 1, Ki(n) = In,
n—1 . 1 n+i—2 .
Ki(n) = (i) = oD Z k=i -Kig(n—1)+1,
k=0 k=i—1
Ki(—n) = Wm_n(n), (i >neN),
Ki(n) = (1)iel[r(1z‘,1)(1)”r(1in,1)w

Here I'(z, x) is the incomplete gamma function defined via
+oo
[(z,z) = / t*~le7tdt,
xr

and In is Kurepa’s left factorial (see [7])

n—1

0=0, =)k (neN).
k=0

The functions {K;(n)}32, are periodical functions. In this way we have the
following statements:

Ki(n) = K;1jn(n) (modn); Kjn—1(n) =0 (modn - j);

=
g
I

0 (modi+1), (ieNg, neN\{1}).

For every complex number Re (z) > 0 and i € N the function K;(z) is defined
by

def 1 o A r* —1
(1.1) Ki(z) = m/o e Tt —— du.

This function can be extended analytically to the whole complex plane by

I'(z+1)

(1.2) K;(2) ZKi(Z+1)—m,

and for 7 € N, = € R satisfy the asymptotic relations

1 = lim —— =0,
eooo (@ +i—1) (-1 w0 D(z+1)
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For the function K;(z) the set of polesis Pk, = { —i, —i—2, —i—3, —i—4, ... }.
The infinite point is an essential singularity and every pole z, € Pk, is simple
with the residue

1 #p (71)k7i+1
res K;(zp) = =1 ; TEDI (2p € Pk;) .
Finally, the functional equality
(1.3) Kiz+1)=0E+0)Ki(2)—(z+i—1)K;(z—1), (i € Np).

is valid.

2. The generating functions

For the sequence {¢,}>2, the generating function, the exponential generat-
ing function and the Direchlet series generating function, denoted respectively
by G(z), g(x) and D(z) and are defined as [17, p. 3, p. 21, p. 56]

oo

Cn

) . oo "
G(x)zzcnx > g(m)zzcnm, D(x): ne "
n=0 n=0 ' n=1

Apart [17], the relevant theory on generating functions can be found in [4] and
in [6] Chapter VII.

Remark 2.1 For a fized number b, the exponential generating function and the
generating function for the Pochhammer symbol (b),, is given as follows (see

[18]):

= z" _ = n Ey(-1/z
S Bt = (1—2)", Bnar = - 2L,
o n: xIe

n=0

where E,(x) is the exponential integral

The second possibility of generating integer sequences by the Pochhammer symbol
is that for a fired n € N, terms of the sequence are generated by the indez i € Ny,
ie, {()n}2y (see formulae (2.7), (2.8) and (2.9)).

In what follows ((2), s(n,m) and PJ'(x) are respectively the Riemann zeta
function, Stirling number of the first kind and the polynomials defined by

(=Y =  (Re(z)>1)

n=1



126 A. Petojevié

Table 1: The special cases of PJ(x)

Pl (x) sequences in [16]

PL2) 0,1, 4, 12, 32, 80, ... A001787
PL(3) 0, 1, 6, 27, 108, 405, ... A027471
PI(4) 0,1, 8, 48, 256, 1280, ...  A002697
PZ(1) 0, 2,6, 12,20, 30, A002378
P,?(l) 0, 3, 12, 33, 72, 135 A054602
Pr(2) 0, 4,10, 18, 28, 40, A028552
Pr(3) 0,6, 14, 24, 36, 50, A028557

k—1
@ =3 (N, e,

where ()™ = z(x—1)--- (x—m+1) is the falling factorial. Several well-known
special cases of the polynomials PJ’(x) are presented in Table 1.

Theorem 2.2 For a fixzed number n € N we have

“+o0
(2.4) Y Ki(n)a' = 1+Zk T (Jz| < 1)
1=0

k=0
“+o00 ZL’l n—1
25) Y KT = Y[t @eRr)
=0 k=1
+oo n—1 k
K;(n .
(2.6) > ;i ) _ @)+ D> > (=17 sk, 5) - ((z = j) -
i=1 k=1 j=1
Proof. Firstly, for a fixed number n € N the equation
[e%e] ’ . 2
(2.7) ;(l)nff =g (el<D

is well known.
Secondly, let [f(x)]*®) be the k" derivative of a function f(z) and g, (x) =
ze® [2"1 + P ()] . By induction on i € N we have

j—1

[ga(2)]D = e"a" 4" z: (2 i j) 2 [ —m)+

m=0
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j=o m=0
BB e
Hence
90)¢) = _ (i) (")) ngm —m)

. 1
_ Z!(n—l)!n!;(i_s_l)!(s+1)!(n_s—1)!s!

. n+i—1)! n+i—1)! .
- Z!(”_1)!”!'z‘!(i(—l)!n!(n)—l)! - (i—l)!) = O

Applying the standard formula for the Taylor series expansion about the point
x = 0 we arrive at the formula

(2.8) Z(z)nz—' =ze” [2" + P (z)] = [e"z j(n=b (x €R).
i=0
Thirdly, using the equation

oo

3 (l)ir;ﬂ _ n;

i=1

Dn , 5~ (Do

PR + Z gr—1
i=1

and the recurrence relation for Stirling numbers of the first kind (see [18])

s(n+1,5)=s(n,j—1)—n-s(n,j)

we have -
(2.9) S O o Sy s, e - 3).
i=1 j=1
Finally, the theorem now follows from (2.7), (2.8) and (2.9). O

Remark 2.3 Equation (2.5) is given in [13]. On the basis of equation (2.4)
and the well-known relation [1, p. 88, entry 6.5.19.]

(—n, ) = (_711!)71 (0, 7) — e~ i(—mm% (neN)

m=0
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we get representation of generating function of the sequences { K; (n)}f:og via an
incomplete gamma function:

+oo
ZKl(n)xl =14z (=1)"n! - T(—n,z —1) =T,z —1)] .
i=0

3. The representation and some congruences
Let v be Euler’s constant. Then the following statement is true.
Theorem 3.1 For z € C we have

400 400
Ki(z) = ﬁ [—!(i—l)—:cotﬂz—i—i(z Tjﬁ-I—’y) —I—Zf(z—&—i—n—l)] .

n=1 n=0

Proof. For Re (z) > 1 and ¢ € N, according to definition (1.1) we have

1 > et —1
iKip(z—1)+1=14+ — et — = Ki(2).
(i—=1!Jo

rz—1
Consequently, using the relation (1.2) we have
(310) KZ(Z)ZZKZ+1(Z—1)+1 (ZE(C,ZEN)

For i = 1 theorem is true (see [15, p. 472]). These formulas were mentioned
also in the book [10]. By means of the relation (3.10) and induction on i € N
the result of the theorem is obtained. |

Lemma 3.2 Forn € N we have

n—1 n—1 .
Z K;(n) = 2 '71(—2'(21;'1) (mod n) .

Proof. The relations (1.2) and

/Ooe*%i*.(ztndx:F(zﬂ'fl)fr(iq), (Re (i) > 1, Re(z) > 0),
0

yields
! F(z4+i—1) 1 .
(3.115(1(2)me1_1(2)+ G- iod (1<ieN, zeC).
Hence
1
Kn_m(n) = m Kl (n)

n—1 k
Y ] n%] (modn), (0<m<n-—2)

k=m+1j=m+1
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Kw@:mﬂg$f)(mmny (1<i<n).

O

Remark 3.3 Applying relations (1.3) and (3.10), for 2 <i € N and z € C,
we have

z4+i—1 Z+1—2
(3.12)K:(2) = 4‘7‘4“*AK371<3)_'Z{fféjzgjjij ({?555(54415

1—1
Siz integer sequences in [16] are special cases of the function K;(n) : KO( ) =
Ki(1), Ki(n), Ka(n), Ki(2), Ki(3) and K;(4). The sequence {K;(5)}:
1, 34, 153, 436, 985, 1926, ...

cannot currently be found in [16]. Using relation (3.12) the formula for K;(5)
numbers is given as follows K;(5) = i* + 7i3 + 15i> + 10i + 1.

Ki2(z) +

Remark 3.4 The total number of arrangements of a set with n elements (see
[2], [5], [14] and [12]), the derangement numbers (sequence A000166 in [16])
and the harmonic number, denoted respectively by a,, S, and H,, and are
defined as

! En 1 | f (—1)* g
=n! H; S, =n! Ll (n20)§ Hy,
k=0 k=0 k=1

The following congruences are easy to find after some simple calculation:

n—1
(3.13) :{:fg(n)

W\r—l

Zal (mod n) (2<neN)

n—1
(3.14) = Z(—l)kSk (mod n)
k=1
(3.15) = In—H, 2+ "z_: KZT(n) (mod n).

Question 3.5 For k € No\{1} is it correct that
ZKl(n) =0 (modn)en=287
Question 3.6 For all a prime number p is it correct that

Y Ki(p) =0 (mod p)?
=0
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4. Some inequalities for K;(z) function

For positive values of x, based on the functional equation (1.2) and the
inequality [8, p. 299, (4.4)]

Ki(z) <1420 (x)
the following inequality is true:
Ki(z—1)<1+T(x).

Analogously, on the basis of the functional equation (1.2) and inequalities [9,
p. 3, (4.3)]

(4.16) Ki(z) <z,  (z€]0,1])

ol ©

and [9, p. 4, (4.8)]
Ki(z) <2T'(x)

the main result in [9, p. 4, Theorem 4.4)] is true:
(4.17) Ki(z—-1) <T(z), (x>3)

while the equality is true for x = 3.
Here we give elementary proof of the inequality which is an improvement of
the inequality (4.17) as follows.

Lemma 4.1 For x > 1 we have

9 |
(4.18) K-y <+ g

where [x] denotes the integer part of x.

Proof. Let n € N. For = n the lemma is true. Let € (n,n 4+ 1). Then the
functional equation (1.2) yields

Ki(z—-1) = Ki(z-2)+T(z-1)=Ki(z-3)+T(z—-2)+T(z—-1)

= Ki(z—98)+T(z—s+1)+T(xz—s+2)+ - +T(xz—-1)
where z > s € N. Hence, for s = n we have

(4.19) Kl(asfl):Kl(xfn)JrniF(:rfk).
k=1

Also, the functional equation I'(z + 1) = 2T'(z) yields

1
x—t’

Iz—k)=T(z)- H

t=1

(k=1,2,...,n—1).
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Hence, using relation (4.19) we have

k
1
Kiw=1) = Ki(w—n)+T@)- > [[-—
ke1t=1% "
n—1 k 1
< Ki(w-n)+T()- Y ] —
h—1t=1""
I(n—1)
= Ki(z—n)+T(x)- ek
Since © —n € (0,1) the result now follows from (4.16). O
Corrollary 4.2 For 5 <z € R we have
r
(4.20) Kl(x—1)§9+ﬁ.
5 2
. . n 1
Proof. For 4 < n € N induction on n we have - < R
n!

Question 4.3 For 0 <y < x is it correct that
Ki(y) < Ki(z) ?
Finally, according to relation (3.11) we give a generalization of Lemma 4.1
as follows.

Theorem 4.4 For x > 1 and i € N we have

(4.21)(i71)!~K,;(x71)§§+ ] 1) ()f!(i71)+§:1“(x+k).
k=0

Corrollary 4.5 For 5 <z € R and i € N we have

I'(z)

(4.22) (-1 Ki(z—1) < Tq(p1)+§r(x+k).
k=0

U‘\@
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