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A COMMENT ON (n,m)-GROUPS
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Abstract.  This paper describes the (n,m)—groups for n > 2m and

n # km with an additional condition.
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1. Preliminaries

Definition 1.1. ([1]) Letn > m+1 (n,m € N) and (Q; A) be an (n, m)—grou-
poid (A : Q™ — Q™). We say that (Q; A) is an (n,m)—group iff the following
statements hold:

() For every i,j € {1,...,n—m+ 1}, i < j, the following law holds

A, A, g2y = A, A, 02
[: <i,j > —associative law J*; and

(||) For every i € {1,...,n —m+ 1} and for every o} € Q there is exactly
one " € Q™ such that the following equality holds

Al @) = .

Remark: For m =1 (Q; A) is an n—group [4]. Cf. Chapter I in [9].

Definition 1.2. ([7]) Letn > 2m and let (Q; A) be an (n, m)—groupoid. Also,
let e be a mapping of the set Q™2™ into the set Q™. Then, we say that e is
a {1,n — m + 1}—neutral operation of the (n, m)—groupoid (Q; A) iff for every
sequence a?iZm over Q and for every x{* € Q™ the following equalities hold
A, =" e(al ")) = ot and A(e(a} "), a2, o) = ap.

Remark: For m =1 e is a {1, n}—neutral operation of the n—groupoid (Q; A)
[6]. Cf. Chapter II in [9].

Proposition 1.3. ([7]) Let n > 2m and let (Q; A) be an (n,m)—groupoid.
Then there is at most one {1,n —m + 1}—neutral operation of (Q; A).
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2(Q; A) is an (n, m)—semigroup.
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Proposition 1.4. ([7]) Every (n,m)—group (n > 2m) has a {1,n — m +
1}—neutral operation.
See, also [8].

2. Auxiliary part

Proposition 2.1. ([2]) Let (Q; A) be an (n,m)—groupoid and n > 2m. Also,
let the following statements hold:
(1) (Q; A) is an (n, m)—semigroup;
(ii) For every ay € Q there is exactly one 7' € Q™ such that the following
equality holds
A ) = a7 and
(i4i) For every a} € Q there is exactly one y* € Q™ such that the following
equality holds
Ay al™™") = an_ s
Then (Q; A) is an {n,m}—group.
See, also 2.8 in [11].

Definition 2.2. Let (Q; A) be an (n,m)—groupoid; n > m + 1. Then:

1 €

(@) Ad:fA; and

(8) For every s € N and for every 2"tV =™+m ¢ ¢
s41 s o B

A (;EES-&-l)(n—m)-&-m)défA(A(xi(n m)+m)7xis(:i)n($+:;flm).

Proposition 2.3. Let (Q; A) be an (n,m)—semigroup and s € N. Then, for
every x§5+1)(n7m)+m € Q and for everyt € {1,...,s(n —m) + 1} the following
equality holds

s+1 S
AT = A A, DT,

Sketch of the proof. 1) s =1 : By Def. 1.1 — (]) and by Def. 4.3-(c), we have

141 1 .
A (mf(nfm)+m) _ A($Z1717A(.’E;‘-+n71)7$?§3;m)+m)
for every x?("_mHm € Q and for every i € {1,...,n —m+ 1}.

2) s = v : Let for every :Ungrl)(n_mHm € Q and for all t € {1,...,v(n —
m) + 1} the following equality holds

v+1 v

A (O = A AP, a0,

3v—v+1:

(v+1)+1 v+2)(n—m)+m- (B) vl v+1)(n—m)+m v+2)(n—m)+m 2)
A (‘TE 2 " ):A( A (.’L’g e " )’xgvilggnfm;ierl):
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A(:‘)l(gjifl’A(xiJrnfl) .,L,(erl)(nfm)er) x(v+2)(n7m)+m )(ﬁ)

» Vttn > (v+1)(n—m)+m+1/
v+1
t—1 t4n—1y (v+1)(n=m)+m _(v+2)(n—m)+m 2)
A (z7 7 Ay ) Titn 7x(v+1)(n—m)+m+1)_

v — n— 2(n—m)+m—1 v+2)(n—m)+m~1.1(])
At AGAG ) a0 g ey

v
t—1 t+i—2 tidn—2y _t+2(n—m)+m—1\ _(v+2)(n—m)+my2)
A(l‘l 7A($t aA(xtJrifl )v Lititn—1 )7xt+2(n—m)+m )_

v+1 . .
t—1  t+i—2 t+i+n—2 t+2(n—m)+m—1 _(v+2)(n—m)+m\ __

A (@, A TT) ' Lira(n—m)+m ) =

“Zl t4i=2 g ttitn—2 (v+2)(n—m)+m O
(21 VAT T T )-

By Def. 1.1 — (]), Def. 2.2 and by Prop. 2.3, we obtain:

Proposition 2.4. ([1]) Let (Q; A) be an (n,m)—semigroup and (i,j) € NZ2.
Then, for every x%l+]>(n7m)+m € Q and for allt € {1,...,i(n —m) + 1} the
following equality holds

g i+7)(n—m)+m i — J j(n—m)+m—1 i+j)(n—m)+m
D T Y. (C A A WS A A

By Prop. 2.4 and by Def. 1.1 — (]), we have:

Proposition 2.5. ([1]) : Let (Q; A) be an (n,m)—semigroup and let s € N.

Then (Q; jl) is an (s(n —m) + m, m)—semigroup.
Remark: In [1] A s written as [ s

Proposition 2.6. ([1]) : Let (Q;A) be an (n,m)—group, n > 2m and let
s € N. Then (Q; A) is an (s(n —m) + m,m)—group.

Sketch of the proof. Firstly we prove the following statements:

°1 (Q; jl) is an (s(n —m) 4+ m, m)—semigroup.
s(n—m)+m

°2 For every a; € (@ there is exactly one 2" € Q™ such that the
following equality holds

S
—m) —m)+
Afaf"™ ) = @Sl
°3 For every @S Tm™EM ¢ O there is exactly one yi* € Q™ such that the
1 1

following equality holds

s s(n—m s(n—m)+m
Al ai" ™) = aln
The proof of °1 : By Prop. 2.5.
Sketch of the proof of °2 :

s>2:
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A ) = a2
71 (s—1)(n—m)4+m s(n—m m
A(A (afVimmt )’a(tgfl)(vifm)erJrl’xl )=a

Sketch of the proof of °3 :
>2:

S
s m _s(n—m s(n—m)+m 2.4
A(yl 7a1( )) = asgn—mg—‘rl

s(n—m)+m
s(n—m)+1 °

s—1 —-m s(n—m)+m
A(yinaa’?_zm’ A (an(—2m—21)) = asEn—mgil .

Finally, by °1 —° 3 and by Prop. 2.1, we conclude that Prop. 2.6 holds. O

Proposition 2.7. ([10]) Letk > 2, m > 2,n =k-m, (Q;A) be an (n, m)—gro-
up and e its {1,n — m + 1}—neutral operation. Also, let there exist a sequence
ay ™2™ over Q such that for all i € {0,1,...,2m — 1}, and for every 3™ € Q
the following equality holds

(0) A(zi,af ™", a7y) = A(af™, af "),

Further on, let

(1) Bty A, af " a2 ) and

k
@) e Ale(ai ™))
for all z3™ € Q. Then the following statements hold
(1) (@ B) is a (2m, m)—group;
(ii) For all z¥™ € Q
k

A(zh™) = B(zF™, cM); and
(#91) For all j € {0,...,m — 1} and for every z* € Q the following equality
holds _

B(lea c, xﬁ-l) = B(wTa CT)

Proposition 2.8. ([5]) : Letn > 2m, m > 1, (Q; A) be an (n, m)—group and
e its {1,n —m+ 1}—neutral operation. Then for alli € {0,1,...,m}, for every
te{l,...,n—2m+1}, for every x7* € Q™ and for all a}~*™ € Q the following
equality holds

A(xilv a?_va e(a?_Zm)v ai_lv xﬁl) ="

Remark: Prop. 2.8 for n = 2m is proved in [2]. See, also [3].

Proposition 2.9. ([8]) : Letn > m+1 and let (Q; A) be an (n, m)—groupoid.
Also, let

(a) The < 1,2 > —associative law holds in (Q; A); and

(b) For every al™™ € Q and for each 7", yi* € Q™ the following implication
holds

Az, a]™™) = AW, el ™™) = a7 =y
Then (Q; A) is an (n, m)—semigroup.
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3. Main part

Theorem 3.1. Letm>2,s>2 0<r<m,n=s-m+r and let (Q; A) be
an (n,m)—group. Also, let there exist a sequence a’f'm_Qm, where k =r—m+1,
such that for all i € {0,1,...,2m — 1}, and for every 3™ € Q the following
equality holds

o k-m—2m _2m k-m—2m
(0) A2, ay" ,T) _A(xl » a1 )-
Then there is a mapping B of the set Q*™ into the set Q™, ¢ € Q™ and the

sequence 5(m DO=m) over Q@ such that the following statements hold

(1) (@5 B) is a (2m, m)—group;
(2) Forallje{0,...,m—1} and for every 2" € Q the following equality holds
B(xjpcl a33]+1) Bz, cf");
(3) For all 27" € Q the following equality holds
Awp) = BOB (af, "0 o)
(4) For allt € {0,...,m — 1} and for every y7, 27" € Q the following equality
holds

n—m—s+1 n—m—s+1

(y7, 2t (m—1)(n—m)

m m—1)(n—m
Y1,21:€1 s 241) = ( ( ) ))-

Y1, 21" €1
Proof. Firstly we prove the following statements:

1° (@, :Z) is a (km, m)—group, where k =n —m+ 1.

2°  Let E be a {1, km—m+1}—neutral operation of (km, m)—group (Q; A).
Also let
m f m—2m ,m
a) Bz, y") = A(% @ k 2y
for all z1*, yi* € Q™, where a’fm 2™ from (0); and

k
b o AEEE).
Then:
1) (Q;B) is a (2m, m)—group;
2) For all 2" € Q™ and for all j € {0,...,m — 1} the following equality holds
B(xlla c{n’ erJLrl) = B(xgn, Cin)a and
3) For all 2™ € Q the following equality holds
m k
A(z{™) = B(a}™, cf").
3° Let e be a {1,n — m + 1}—neutral operation of (n,m)—group (Q; A).
(@)
Then for all 2" € Q and for every b7 2™ € {1,...,m — 1}, the following
equality holds

ny — Afpn @) (0) m—
A(:L'l) = A(.’KU ;)711—2m ( bn Zm) 1—11)'
(1)
4°  Let by~?™ i€ {l,...,m— 1}, be an arbitrary sequence over Q. Also,
let
(m (n—m)def (i) (2) m—1
= bn 2m (b?—Qm) i=1 -

Then for all xg s=hym YT, 27" € @ and for all j € {0,...,m — 1} the following
equality holds
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A( gs Lym 7y172175(1m Din=m) ZjJrl) = fni(x§571)m7y1?zl y €1
The proof of 1° : By Prop. 2.6.
The proof of 2° : By Prop. 2.7.
Sketch of the proof of 3° :
a) m=2:
2
A(l‘l , bn 2m (biz—2m))2:~2
n—2m n—2my\\1-2 n
A(A(zt), by 2 ,e(by 2m))=A ()

b) m>2:
m - - (m—1) (m—-1)
A, oo ogn-zmy (1520 172 e( b 1PME

m—1

n (@) (@
A( A (l’l, b?_m",e(b ;L—Qm)

(m—1) (m—1)
M), b A e b pTEM)RE

m—1 - -
n (@) (@) m— 1.2, p
A ((El, Z)T_va e( ;)';L—Qm) i=12) =.. :A(l'l )

Sketch of the proof of 4° fto the case m =3, n="7]:

2.3
;(0) E:3—i+1acae(c)az?+1)):

o

z3,y,25,b, e;(b) E

x17y721ab e ) 17 ej(b) E:37i+1vcve(c)72?+1):

5 (b
1‘1, Y, Zla b e(b)7 c, 6(6)7 Zi+1)'
By 1° and 2°, we have (1) and (2).
Sketch of the proof of (3): By 2°/[:3)/ and by 3°.

1 def () m—
k=n—-—m-+ 1, €(m )(n—m) b ’;L 2m ( b n— Qm) i:ll')
Sketch of the proof of (4):

3 2.3

A(x17y7217b e(b) C, e(c)):

2 1.2,2.8

";1($17y7 (27,6, (D)), c,e(c)) =

?(xlayv (Zlab e(b), z z+1) c,e(c) =

A(xbyv (Z ( ) -,1,Z?+1),C,G(C)) =

2 2.3
A(z?,y, A (Zpb e;(b 5 1 ey( L 3—it1> 7+1> ¢, e(c))=

2 5 1.2,2.8
A(x3,y, 21, b, e;(b L e;(b) b:g_i+1azi+1?cae(6))) =
A(

3

A(

3

A(

—~

zz(l"gs b YY1, 21 ’egm Y (n—m))4:°

:Z(xgs D 7?Jlaz1a€§m 1)(n7m)7 ﬁ—l)4§)

g(xg 1)may1721 »5(m D= m) of') =

lkg( g 1)may1vZ175§m D= m)?zj+17cl )1:2>4

R T O O

Y B R RO

I s ) g e, ).
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The proof of Th. 3.1 is completed. a

Theorem 3.2. Let (Q; B) be a (2m, m)—group and m > 2. Also let:

(a) " be an element of the set Q™ such that for every i € {0,...,m — 1},
and for every x* € Q the following equality holds

B(ai, e, xty) = Bz, ¢"); and

(b) a§m’1)("’m) be a sequence over Q such that for all j € {0,...,m — 1},
and for every yi, zi" € Q the following equality holds

n—m s+1(y{7 2{7 ggm—l)(n—m), Zﬂl) _ n mB s+1(y{’ zin, 5(1m_1)(n—m))’
where s > 2, 0<r<mandn=s-m-+r.
Further on, let

mydef p "B n (m=1)(n-m)y m

(c) A(2") =B( B (a7,¢; ),ct)
for all 27 € Q.

Then (Q; A) is an (n,m)—group.

Proof. Firstly we prove the following statements:

1 The < 1,2 > —associative law holds in (Q; A).

2 For every af' € @ there is exactly one 27* € Q™ such that the following
equality holds

At al™™) = ap_piq

3 (Q; A) is an (n, m)—group.

4 For every af' € @ there is exactly one yi* € Q™ such that the following
equality holds

Alaf™™ ") = ap i1

Sketch of the proof of 1 :

n —my ()

a) A(A(z7), 2y ™) =

n—m+1 n—m+1
(m—1)(n—m) 2n—m _(m—1)(n—m) 2.4
B B (J)?,€1 70?)7xn+17xn+2 €1 ’C{n)_

nfgﬂ(mh n*gﬂ(xg’ ggmq)(nfm)’ AP i), xi%m’ Egmfl)(nfm)7 )
D) "B (o, e o )28

"B (a3, eVl BT DO e w)

B (g, e, B )y e, )
n_ngl(xgaEgm_l)(n_m_l)aEErmn:BEZ:ZZA)Hvan’CT) =

n—m+1(x§, ggm_1)(n—m—1)’ Tnst, c’ln)gl

B B e T ) e

s s—1)m+1 n—m-s+1 n m—1)(n—m m
B(.Ié ) ’ B (I(s—l)m+2"r"+1’€g : ))701 ) =

3n:sm+'r’.
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n—m-—s+1

2 (s—1)ym+1 n m—1)(n—m)y _m\24
B(.%'g ) ’ (x(stll)erQ’ ( ) ))’ ¢1 ):
n—m+1 s—1)m+2 n m—1)(n—m

B ({Eg : x(s+11)m+2’5§ ) ) €1 ) =
n—m-+1

B (gt A,
Finally, by a), b) and by (c), we obtain 1.

Sketch of the proof of § :

(o)

n—m n

Al af™™) = ap_,, 1=

n—m-+1
n—m _(m—1)(n—m) . 2.4

(z7" a7 ™, 5 o) = ap_ >

B(xgn7 nigm(a?,m7 Egmil)(nim% cgn)) — a27m+1'
The proof of§ : By i,% and Prop. 2.9.
Sketch of the proof of 4 :

n—m (C)
A(al ’x;n) = aﬁ m-‘r1<:>

n—m-+1
(m—1)(n— M) _
(ay™™, yi" ey ) =ap_ m+1-

Whence, by Prop 2 6 and by Def. 1.1, we obtain 4.
Finally, by 2 — 4 and by Prop. 2.1, we conclude that Th. 3.2 holds.
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