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SCORE SETS IN ORIENTED BIPARTITE GRAPHS
S. Pirzada!, T. A. Naikoo', T. A. Chishti?

Abstract. The set A of distinct scores of the vertices of an oriented
bipartite graph D(U, V) is called its score set. We consider the following
question: given a finite, nonempty set A of positive integers, is there an
oriented bipartite graph D(U, V) such that score set of D(U, V) is A7 We
conjecture that there is an affirmative answer, and verify this conjecture
when | A| =1, 2, 3, or when A is a geometric or arithmetic progression.
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1. Introduction

An oriented graph is a digraph with no symmetric pairs of directed arcs and
without loops. Let D be an oriented graph with vertex set V' = {v, va,..., v, },
and let d and d;; denote the outdegree and indegree respectively of a vertex v.
Avery [1] defined a, = n—1+d} —d;, the score of v, so that 0 < a, < 2n—2.
Then, the sequence [a1, a2, . . . ,a,] in non-decreasing order is called the score
sequence of D.

Avery [1] obtained the following criterion for score sequences in oriented
graphs.

Theorem 1.1. A non-decreasing sequence of non-negative integers [ay, as, . . .
ay) is the score sequence of an oriented graph if and only if

k
Zaizk(k—l), for1 <k <mn,

i=1
with equality when k =n.

Pirzada and Naikoo [7] obtained the following results for score sets in ori-
ented graphs.

Theorem 1.2. Let A = {a,ad,ad?, ... ad"}, where a and d are positive in-
tegers with a > 0 and d > 1. Then, there exists an oriented graph D with score
set A, except fora=1,d=2,n>0 and fora=1,d=3,n>0.
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Theorem 1.3. If ay,as9,...,a, are n non-negative integers with a1 < as <
... < an, then there exists an oriented graph D with score set A = {ay,da,...,a s},
where

/_{ a;—1+a;+1, fori>1,

a; = )
B a;, fori=1.

The study of score sets in tournaments (complete oriented graphs) can be
found in [2, 5, 8, 10, 11].

An oriented bipartite graph is the result of assigning a direction to each edge
of a simple bipartite graph. Let U = {uy, u2,...,up} and V = {vy,v9,...,0,}
be the parts of an oriented bipartite graph D(U, V). For any vertex x in D(U, V),
let d} and d, respectively be the outdegree and indegree of z. Define a, =
n+dt —d; and b, = m+d; —d; respectively as the scores of u in U and v in
V. Clearly, 0 < a,, < 2n and 0 < b, < 2m. The sequences [a1, as, ..., a;] and
[b1,ba, ..., by] in non-decreasing order are called the score sequences of D(U, V).

The following result due to Pirzada, Merajuddin and Yin [4] is the bipartite
version of Theorem 1.1.

Theorem 1.4. Two  non-decreasing  sequences [a1,aa,...,Qn)] and
[b1,ba, . ..,b,] of non-negative integers are the score sequences of some oriented
bipartite graph if and only if

p q

> ai+Y b;>2pq, forl<p<mand1<q<n,
i=1 j=1

with equality when p =m and g = n.

The study of score sets for bipartite tournaments (complete oriented bipar-
tite graphs) can be found in [3, 9, 12] and for k-partite tournaments (complete
oriented k-partite graphs) in [6].

2. Score sets in oriented bipartite graphs

Definition 2.1. The set A of distinct scores of the vertices in an oriented
bipartite graph D(U, V) is called its score set. If there is an arc from a vertex
u to a vertex v, then we say that the vertex u dominates vertex v.

We have the following results.

Theorem 2.1. FEwvery singleton or doubleton set of positive integers is a score
set of some oriented bipartite graph.

Proof. Case I. Let A = {a}, where a is a positive integer. When a is even,
construct an oriented bipartite graph D(U, V') as follows.
Let
U=X;UXy,

V=Y"iuY,
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with X1 N X = ¢, Y1 NYs = ¢, | X1| = [Xa| = |V1]| = [Ya| = §. Let every vertex
of X; dominate each vertex of Y;, and every vertex of Y; dominate each vertex
of X; whenever i # j so that we get the oriented bipartite graph D(U, V) with

a
+s=a,

a
Ul = |X1] + | Xz| = V1| + [Yo| = |V = 5213

and the scores of vertices

a

a
gz = [VI+ M| = Yo = U+ [Xi] = [Xa| =ay, =a+ 5 =5 =a,
for all 1 € X1,y2 € Y5 and
a a
@y = [V + [Yo| = 1| = U] + | Xo| = [Xu| =ay, =a+ 5 — 5 =a,

for all x5 € Xo,y1 € Y7.

Therefore, score set of D(U,V) is A = {a}.

Now, when a is odd, construct an oriented bipartite graph D (U, V') as follows.

Let

U :Xl UX2 U{Jﬁ},
V=YiUYU{y}

with X1NXy = ¢, Xin{z} = ¢, YiNYe = ¢, ViN{y} = ¢, [ X1| = [Xo| = V1| =
|Ya| = %’1 Let every vertex of X; dominate each vertex of Y;, and every vertex

of Y; dominate each vertex of X; whenever ¢ # j so that we get the oriented
bipartite graph D(U, V') with

U1 =15+ 1]+ [l = 1]+ Yol + ol = V] = S5 + 2 + 1=,
and the scores of vertices

oy = IVI+ W] = Y] = U]+ %] = Xl = 0y, =0t S5 =22 =,
for all z1 € X1,y2 € Yo,

oy = IV]+ Yol = [¥i] = U] + Xl = X1 =y =0t S5 =S =,

for all z5 € X5,y € Y7 and
ag =V|+0-0=U|/+0-0=0ay =aq,

for the vertices = and y.

Thus, score set of D(U,V) is A = {a}.

Note that an empty oriented bipartite graph D(U,V) with |U| = |V| = a
has also score set A = {a}.

Case II. Let A = {aj,as}, where a; and as are positive integers with
a; < az. As in case I, there exists an oriented bipartite graph D(U,V) with
|U| = |V| = ay, and the scores of vertices a,, = a, = a1, forallu e U, v € V.
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Since as > a1 or as — a; > 0, construct oriented bipartite graph D(Uy, V1)
as follows.

Let Uy =UUX, Vi =V, UNX = ¢, | X| = az — a;. Let there be no arc
between the vertices of V' and X, so that we get the oriented bipartite graph
D(Ul, Vl) with

|U1| = |U‘+|X| =a1+ay—ay :ag,‘Vﬂ =aq,

and the scores of vertices a, = ay, for all wu € U, a, = |Vi|+ 0 — 0 = ay, for all
x€ X,and a, = a1 +|X|=a1+ a2 —a; =ag, for allv e V.

Hence, the score set of D(Uy, V1) is A = {a1,a2}.

Again, note that an empty oriented bipartite graph D(U, V) with |U| = ay,
|V | = as has also the score set A = {a1,as2}. O

Theorem 2.2. Fuvery set of three positive integers is a score set of some ori-
ented bipartite graph.

Proof. Let A = {ai1,a2,a3}, where a1,as,as are positive integers with a; <
az < as.

First assume a3z > 2as so that as — 2as > 0, and since as > aq, therefore
ag — 2a; > 0. Now, construct an oriented bipartite graph D(U, V) as follows.
Let U =X1UX5, V=Y,UYs with X1 N X5 =¢,Y1NYs = ¢, |X1‘ = ag, ‘X2| =
as —2as,|Y1| = a1, |Ya| = a3 —2a;1. Let every vertex of X dominate each vertex
of Y1, and every vertex of Yo dominate each vertex of X;, so that we get the
oriented bipartite graph D (U, V) with

|U| = |X1| + |X2| = a2 + a3 — 2a2 = a3 — ag,

|V| = |Y1|+D/2| =ay+ a3 —2a1 = a3z —aq,

and the scores of vertices

az, =| V|40 = (a3 — 2a1) = a3 — a1 — a3 + 2a1 = aq, for all z; € X,

Gz, =| V| +a1 —0=a3 — a1 + a1 = a3, for all x5 € X,

ay, =| U | +0 — (ag — 2a2) = a3 — az — az + 2az = ag, for all y; € Y7,

and ay, =| U | +a2 — 0= a3 — az + a2 = ag, for all y, € V5.

Therefore, the score set of D(U, V) is A = {a1, az2,a3}.

Now, assume a3 < 2as so that 2a; —az > 0. Construct an oriented bipartite
graph D(U, V) as follows.

Let U = X1,V = Y1UYs with Y1NY, = ¢, |X1| = ag, ‘Yll =az, |Y2| = as—aj.
Let every vertex of Yo dominate a3 — ag vertices of X; (out of as), so that we
get the oriented bipartite graph D(U, V) with

Ul = [X1] = a2, [V| = V1| + |Y2| = a1 + a2 — a1 = as,

and the scores of vertices
az, =| V| 4+0— (a2 —a1) = az —az + a1 = aq, for the ag — as vertices of Xy,



Score sets in oriented bipartite graphs 39

a, =| V| 40 — 0 = aq, for the remaining as — (ag — a2) = 2as — ag vertices
of Xl,

ay, =| U | +0—0=aq, for all y; € Y7,

and a,, =| U|+as—az—0=as+a3—az =as, for all y; € Y.

Thus, the score set of D(U, V) is A = {aj,az2,a3}. O

The next result shows that every set of positive integers in geometric pro-
gression is a score set of some oriented bipartite graph.

Theorem 2.3. Let A = {a,ad,ad?,... ,ad"}, where a and d are positive in-
tegers with a > 0 and d > 1. Then, there exists an oriented bipartite graph with
the score set A.

Proof. First assume d > 2. Induct on n. If n = 0, then by Theorem 2.1, there
exists an oriented bipartite graph D(U, V') with score set A = {a}.

For n = 1, construct an oriented bipartite graph D(U, V') as follows.

Let U = X1UX2, V= YEUYQ with XlﬂXQ = (b, Yleé = ¢, |X1| = ‘Y1| = a,
|X2| = |Y2| = ad —2a > 0 as a > 0, d > 2. Let every vertex of X5 dominate
each vertex of Y7, and every vertex of Y5 dominate each vertex of X7, so that
we get the oriented bipartite graph D(U, V) with

|U| =|X1| + |X2| = a+ad — 2a = ad — a,

V| =Y1| +|Y2| = a+ad — 2a = ad — a,

and the scores of vertices

az, =|V|+0—(ad — 2a) = ad — a — ad + 2a = q, for all z; € X7,

az, =|V|+a—0=ad—a+a=ad, for all z5 € Xy,

ay, =|U|+0— (ad — 2a) = ad — a — ad + 2a = a, for all y; € Y7,

and ay, = |U|+a—0=ad —a+a=ad, for all y» € Ys.

Thus, the score set of D(U, V) is A = {a,ad}.

Assume the result to be true for all p > 1. We show that the result is true
for p+ 1.

Let a and d be positive integers with a > 0 and d > 2. Therefore, by
induction hypothesis, there exists an oriented bipartite graph D(U, V') with

|U|=|V |=ad” — (ad’™" —ad”™> + ... (-1)"*a),

and a,ad,ad?, ..., adP as the scores of the vertices of D(U,V). Asa >0, d > 2,
therefore adP™ — 2(ad? — (adP~! —adP=2 +...(=1)PT1a)) > 0. Now, construct
an oriented bipartite graph D(Uy, Vi) as follows.

Let Uy =UUX,Vi=VUY with UNX =¢,VNY = ¢,

| X |=| Y |= ad”* — 2(ad? — (adP~" — adP~2 + ... (~1)"*1a)).

Let every vertex of X dominate each vertex of V', and every vertex of Y dominate
each vertex of U, so that we get the oriented bipartite graph D(Uy, V;) with

U] = U+ |X] = [V]+[Y] = V1]
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=ad’ — (ad?™' —ad?~? 4 ... (—=1)PT'a) + ad?™!
—2(ad? — (adP™" — ad’™? 4 ... (=1)PT1a))
= ad’™ — (ad? — (ad?™' —adP"2 + ... (=1)P"1a)),

and since | X| = |Y|, therefore a + |X| — | X| = a, ad + |X| — | X| = ad, ad® +
|X| —|X]| = ad?...,ad? + |X| — | X| = adP are the scores of the vertices of U
and V, and

a; = Vil +|V|=0= U] +|U| -0 = a, = ad?™ — (ad? — (adP~* —
ad?=2 4+ ... (=1)P*1a)) + ad? — (ad’P~' —adP~2 + ... (=1)P"1a) = adP*!, for all
reX,yey.

Therefore, the score set of D(Uy, V1) is A = {a,ad,ad?, ..., ad?, ad’*1}.

Now, assume d = 2. Then the set A becomes A = {a,2a,2%a,...,2"a}.
Construct an oriented bipartite graph D(U, V) as follows.

Let

U=XUuXjuUuXsuX,Uu...UX,,

V=YyUYUuY;UY,U...UY,

with X; N X, = ¢, Y;NY; = ¢ (i # j). Let | Xo| = | X1| = |Yo| = |Y2| = @, and
for3<i<n
i—1

|Xi| = Vil =2 —2( > [X;)), (2.3.1)
j=0,j#2
which is clearly greater than zero. Let every vertex of X; dominate each vertex of
Y; whenever ¢ > j, and every vertex of Y; dominate each vertex of X; whenever
i > j, so that we get the oriented bipartite graph D(U,V’) with the scores of
vertices
azy = VI +0 =305 Vil = 2250 Vil = 2252 1Y5] = [Yo| = a, for all
X € Xo,
az, = |VI|+ Yol = 3255 [Vil = Xj—g i Vil +a—= 325, Y51 = [Yo| +a = 2a,
for all z1 € X1,
ay, = U +0— ZJ 1,j#2 X = ZJ =0,j#2 | X5 — Z] 1,572 1X;| = |Xo| = a,
for all yo € Yp,
ay, = |U|+ [ Xo| + [ X0 | = 2255 1X] = 300 0 | Xl Hata— 304 |X] =
| Xo| + | X1 —|—2a:a+a—|—2a—4a for all yo € Y3,
and for 3 <i < n
|V|+Z] —o,21 1Yi1— Z;L i Y5l = |U|+Z] =0,5#2 |X'|*Z?:H-1 | X =
Ay, = Zg 0,072 | X5 | +ZJ 0,472 | X | =Y | X = Zj:O,j;éQ |
] | +Z] 0];,&2 | Xj ‘— 22; =0,j#2 | X] | + | Xi |— 223 0,j#2 | Xj |
+2'aq — 2(2:].:0%,£2 | X; |) (By equation (2.3.1))
= 2%, for all x; € X;,y; € Y;.
Therefore, the score set of D(U,V) is A = {a, 2a,2%a,...,2"a}. O

The next result shows that every set of positive integers in arithmetic pro-
gression is a score set for some oriented bipartite graph.
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Theorem 2.4. Let A ={a,a+d,a+2d,...,a+nd}, where a and d are positive
integers. Then, there exists an oriented bipartite graph with the score set A.

Proof. (a). Let d > a so that d — a > 0. Construct an oriented bipartite graph
D(U,V) as follows.
Let
U=XUuXjU...UX,,

V=Y,UYjU...UY,
with X;NX; =¢,Y,NY, =¢(i #j),and for 0 <i<n

if 7 is even

a? 9,
| Xi |=1Y: |= { d—a, ifiisodd. (2.4.1)

Let every vertex of X; dominate each vertex of Y; whenever ¢ > j, and every
vertex of Y; dominate each vertex of X; whenever ¢ > j, so that we get the
oriented bipartite graph D(U, V') with

U= X =) |Yil=V|
1=0 1=0

_Ja+d—-a+a+d—a+...+d—a+a, ifniseven,
"l a+d—-a+at+d—a+...+a+d—a, ifnisodd,

{ (5 +1a+ 5(d—a), if n is even,
("'H)a—i-("zl)( —a), ifnisodd,

{ "7—&—@ if n is even,
= nl

)d, if n is odd, (2.4.2)

and the scores of vertices
= VI +0=37_ 1V = U +0=37_ |X;| = ay, = > 7_01Y;] -

Z?:l D/J‘ :| Yy |: a, for all g € )(07 Yo € Yo,

and for1 <i<n

1—1 n i—1 n
ag; = V2200 Y= 20 i Y5l = U220 1 X =2 i [ X = ay
n i—1 n i i—1 i—1

|Zj|:0 1 X122 0 1 X =2 i X5 = 2520 1 X420 50 1 X = 23250 [ X5+
X

Z |X | + a, if 4 is even, .
= { 5 ZJ =0 X d £ s odd (By equation (2.4.1))
B 2(7i_§+1)d +a, if 4 is even, .
{ A(2)d+a)+d—a, ifiisodd, (By equation (2.4.2))

| a+id, ifiiseven,

o { a-+1id, ifiis odd.

That is, az, = ay, = a +1id, for all z; € X;, y; € Y; where 1 < i < n.
Therefore, the score set of D(U, V) is A={a,a+d,a+2d, ...,a+ nd}.

(b). Let d = a. Then the set A becomes A = {a, 2a,3aq,...,(n+ 1)a}. For
n = 0, the result follows from Theorem 2.1. Now, assume n > 1.
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If n is odd, say n = 2k — 1 where k > 1, then construct an oriented bipartite
graph D(U, V) as follows.

Let

U=XoUXjUX3U...UXot_3UXor_1,
V=YyUYsUY U...UYo,_o

with X; N X; = ¢, ;NY; = ¢(i # j), and | X;| = |Yj| = q, for all i €
{0,1,3,...,2k — 1}, j € {0,2,4,...,2k — 2}. Let every vertex of X; dominate
each vertex of Y; whenever 7 > j, and every vertex of Y; dominate each vertex

of X; whenever ¢ > j > 0, so that we get the oriented bipartite graph D(U, V)
with

2k—1+1
U= Y IXlmer (e =atha
j€{0,1,3,...,2k—1}
2k — 2
Vi= Y IYlma+(Fpa=ka,

j€{0,2,4,...,2k—2}

and the scores of vertices

az, =| V| +0 — 0 = ka, for all z¢ € Xy,

forie{1,3,...,2k -1}

az, = |V|+ Yol + Zje{2,4 ..... i—1} |YJ| - Zje{i+1,i+3,...,2k—2} |YJ| =ka+a+
(5h)a — (%_%M)a:ka—l—a—&—ia—a—ka—i—a: (i + 1)a, for all z; € X,

ayo = [U+0-3" cq13 o1y 1 X5l = atka—(ZES+)a = q, for all yo € Yy,
and for ¢ € {2,4,...,2k — 2}

Ay; = |U|+Zje{1,3,...,i71} |Xj‘_Eje{i+1,i+3,.‘.,2kfl} |Xj‘ = a—f—ka—l—(%)a—
(%)aza—kka%—%‘ —ka+ % = (i+1)a, for all y; € Y;.

Thus, the score set of D(U,V) is A = {a, 2a,3a,...,(2k — 1)a,2ka}.

Now, if n is even, say n = 2k where k > 1, then construct an oriented
bipartite graph D(U, V') as follows.

Let

U=XoUXjUX3U...UXo;_1,

V=YyuYoUY,U...UYy

with X; N X; = ¢, Y;NY; = ¢ (i # j), and |X;| = |Yj| = a , for all i €
{0,1,3,...,2k — 1}, € {0,2,4,...,2k}. Let every vertex of X; dominate each
vertex of Y; whenever 7 > j, and every vertex of Y; dominate each vertex of X;
whenever ¢ > j > 0, so that we get the oriented bipartite graph D(U, V') with
(as above) |U| = a + ka, |V| = ka + a = a + ka, and the scores of vertices

azy = ka+ |Yag| = ka+ a = (k + 1)a, for all g € Xy,

forie {1,3,...,2k—1}

az;, = (i+ 1)a, for all z; € X,

ay, = a, for all yg € Yo,

fori e {2,4,...,2k — 2}

ay, = (i + 1)a, for all y; € Y;, and

tyo, = U+ Y jeqis.. oy 1 X5l =0 =a+ka+ (355 )a = (2k + 1)a, for
all yo5, € Yoy.
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Thus, the score set of D(U,V) is A = {a,2a,3a,...,2ka, (2k + 1)a}.
(c). Let d < @, so that a —d > 0 . For n = 0 or 1, the result follows from
Theorem 2.1. Now, assume that n > 2.
If n is even, say n = 2k where k > 1, then construct an oriented bipartite
graph D(U,V) as follows.
Let
U=XoUXjUX3U...UXo;_1,

V=YyuYoUY,U...UYy

with X; N X; = ¢, YiNY; = ¢ (i # j), [Xol = [Yo| = a, and |X;| = || = d,
foralli € {1,3,...,2k—1}, j € {2,4,...,2k}. Let every vertex of X; dominate
each vertex of Y; whenever ¢ > j > 1, every vertex of X; dominate d vertices
of Yy (out of a ) whenever ¢ > 2, and every vertex of ¥; dominate each vertex
of X; whenever ¢ > j > 0, so that we get the oriented bipartite graph D(U,V)
with ok — 141
CIEDS |Xj|:a+(%)d=a+kd,
j€{0,1,3,....2k—1}

2k
V= Yi|=a+ (—)d=a+kd,
|V je{o’zgw%ﬁ i | (%)

and the scores of vertices

azo =| V| +0 =0 = a+ kd, for all zy € X,

g, =| V40 = coa ony | Vi |= a+kd = (3)d = a, for all ;1 € X1,
for i € {3,5,...,2k — 1}

az, = |V[+d+ Zje{2,4w.,i71} Y] — Zje{i+1,i+3,...,2k} Y| =a+kd+d+
(54)d — (=00 = a4 kd+ d + (i — 1)d — kd = a +id, for all z; € X;,

ay, = |U|+0—0=a+kd, for the a — d vertices of Y,

Qyr =|U | +0_Zj€{3,5 ..... 2k—1} |Xj‘ =a+kd— (W)d =a+kd—
kd + d = a + d, for the remaining d vertices of Yy, and for i € {2,4,...,2k}

Ay; = |U|+Zje{1,3,...,i71} |Xj|_Eje{i+1,i+3,‘..,2k:71} |Xj| = a—&—kd—i—(%)d—
(B g — g 4 kd+ 9 — kd+ 2 = a + id, for all y; € Y;.

Therefore, the score set of D(U,V) is A = {a,a+d,a+2d,...,a + (2k —
1)d,a + 2kd}.

Now, if n is odd, say n = 2k + 1 where k£ > 1, then construct an oriented
bipartite graph D(U, V') as follows.

Let

U=XoUX1UXs3U...UXgt—1UXogt1,

V=YyUuYoUY,U...UYo

with X; NX; = ¢, Y,NY; = ¢ (i # j), | Xo| = |Yo| = a, and |X;| = |Y;| =d,
foralli e {1,3,...,2k+1}, j € {2,4,...,2k}. Let every vertex of X; dominate
each vertex of Y; whenever i > j > 1, every vertex of X; dominate d vertices
of Yy (out of a ) whenever ¢ > 2, and every vertex of ¥; dominate each vertex
of X; whenever ¢ > j > 0, so that we get the oriented bipartite graph D(U,V)
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with (as above) [U| =a+kd+d=a+ (k+1)d, |V| = a+ kd, and the scores
of vertices

Gz, = a+ kd, for all zo € X,

Gy, = a, for all 1 € Xj,

forie {3,5,...,2k — 1}

ay; = a +id, for all z; € X,

a‘w2k+1 = |V| +d+2j€{274
for all Tok+1 € X2k+1,

Ay, = a+kd+ | Xogt1| = a+kd+d = a+ (k+ 1)d, for the a — d vertices of
YOa

ay =a+ d, for the remaining d vertices of Yy, and for ¢ € {2,4,...,2k}

ay, = a+1id, for all y; € Y;.

Hence, the score set of D(U,V) is A = {a,a+d,a+2d,...,a+2kd,a+ (2k+
1)d}, and the proof is complete. O

oy 1Yl =0 =a+kd+d+(3)d = a+(2k+1)d,

.....

Remark 2.1. We note that Theorems 2.1, 2.2, and 2.4 cannot be extended
to state that any set of nonnegative integers A is a score set of some oriented
bipartite graph when |A| = 1, 2, 8, or when A is an arithmetic progression, for
instance, there is no oriented bipartite graph with score set {0}, {0, 1}, or {0,
1, 2}.

We conclude with the following conjecture.

Conjecture 2.1. FEvery finite set of positive integers is a score set for some
oriented bipartite graph.
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