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Abstract. Some results on the common fixed point of two set-valued
and two single valued mappings defined on a complete metric space with
some weak commutativity conditions have been proved.
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1. Introduction

Imdad, Khan and Sessa [3], generalizing the notion of commutativity for
set-valued mappings, established the idea of weak commutativity, quasi com-
mutativity, slight commutativity. Under these concepts, Imdad and Ahmad
proved Theorems 3.1-3.4 [6], for set-valued mappings. Our work generalizes
earlier results due to Pathak, Mishra and Kalinde [5] with the proof techniques

of Imdad and Ahmad [6] .

2. Preliminaries

Let (X, d) be a metric space, then following [1] we record

(1) B(X)={A: A is a nonempty bounded subset of X}

(i1) For A, B € B(X) we define 0(4, B) = sup{d(a,b) : a € A,b € B}

If A= {a}, then we write 6(A, B) = 6(a, B) and if B = {b}, then §(a, B) =

d(a,b).

One can easily prove that for A, B,C in B(X)

IN

)
)

A A) =
)

6(B,A) =0,

0(A,C)+46(C, B)

sup{d(a,b) : a,b € A} = diamA and
0 implies that A = B = {a}.

If {A,} is a sequence in B(X), we say that {A,} converges to A C X, and

write A, — A, iff
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(i) a € A implies that a,, — a for some sequence {a,} with a, € A, for
n € N, and

(#) for any € > 0 3 m € N such that A, C A, = {z € X : d(z,a) < ¢ for
some a € A} for n > m.

We need the following lemmas.

Lemma 1. [2] Suppose {A,} and {B,} are sequences in B(X) and (X,d) is
a complete metric space. If A, — A € B(X) and B, — B € B(X), then
0(An, Byn) — 0(A, B).

Lemma 2. [3] If {A,} is a sequence of nonempty bounded subsets in the com-
plete metric space (X,d) and if §(An,y) — 0 for some y € X, then A, — {y}.

Definition 1. [7] The mappings F,S : X — X are weakly commuting if for
all z € X, we have d(FSz,SFx) < d(Fz,Sz).

Definition 2. Let F: X — B(X) be a set-valued mapping and S : X — X a
single-valued mapping. Then, following [1, 3], we say that the pair (F,S) is

(1) weakly commuting on X if 6(FSz,SFx) < max{d(Sz, Fx), diamSFx}
for any x in X

(ii) quasi-commuting on X if SFx C FSx for any x in X

(#i) slightly commuting on X if §(F Sz, SFz) < max{§(Sx, Fx), diamFx}
for any x in X.

Clearly, two commuting mappings satisfy (i) — (¢i¢) but the converse may
not be true. In [3] it is demonstrated by suitable examples that the foregoing
three concepts are mutually independent and none of them implies the other
two.

3. Fixed Point Theorems

Throughout this section, let R™ denote the set of non-negative reals, and
let ® be the family of all mappings ¢ : (R“‘)5 — R* such that ¢ is upper semi
continuous, non-decreasing in each coordinate variable and, for any ¢ > 0,

W(t) = ¢(ta ta alt7 a2t7 CLgt) < ta

where v : RT — Rt and a; +as + a3 = 8.
We need the following lemma.

Lemma 3. [4] For anyt > 0, v(t) <t if and only if lim 4" () = 0, where v
denotes the composition of v n-times with itself.

Let F,G be two set-valued mappings of a metric space (X,d) into B(X),
and A, B, two self-mappings of X such that

(1) F(X) € AX), G(X) € B(X),
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§*(Fz,Gy) < ¢(d* (B, Ay),
51(Ba, Fx) 57 (Ay, Gy),
§"(Bz,Gy) " (Ay, Fz),
§°(Bz, Fx) §° (Ay, Fx),
)

§'(Bx, Gy) &' (Ay, Gy) (2)

for all x,y € X, where ¢ € ®, 0 < p,q,q*,7,7*,s,8*,1,1* <1 such that 2p =
q+q¢ =r+r*=s+s" =141

Then by choosing an arbitrary zo € X and using (1), we can define a se-
quence {y,} in X by

Yonty1 = ATonyr € Fwop = Xopyy and (3)
Yont2 = DBwopie € Granpr = Xopye, n=0,1,2,...

Let F,G : X — B(X) and A, B : X — X satisfy conditions (1) and (2),
and the sequence {y,} is defined by (3), then following the proof techniques of
Imdad et al. [6], we can prove the following

Lemma 4. Ifd, = 6(X,, Xn+1), then lim d,, = 0.

n—oo

Proof. Let us assume that da,11 > da,, then

2 2 2 2 2 L
{¢(d2ﬁ+1a d2z+1a 4d2ﬁ+1, 2d2ﬁ+1, 2d2£+1)} »

{’7( 27l+1)} »
dony1,

d2n+1

A CIN TN

which is a contradiction. Hence dap41 < day,. Similarly, one can show that
don+to < dopt1. Then {d,} is a decreasing sequence.

Now since
<GP, di, AdT, 245 2457
< Ad?),
it follows by induction that
)t <AM(d)

and if d; > 0, then Lemma 3 implies that lim d, = 0. If d; = 0, then

n—oo

d, =0,n={1,2,..}. ]

Lemma 5. {y,} is a Cauchy sequence in X.

Proof. We show that {y,} is a Cauchy sequence. For this it is sufficient to show
that {yan} is a Cauchy sequence. Suppose {y2,} is not Cauchy sequence. Then
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there is an € > 0 such that for an even integer 2k there exists even integers
2m(k) > 2n(k) > 2k such that

(4) A(Yon (k) Y2m(k)) > €-

For every even integer 2k, let 2m(k) be the least positive integer exceeding 2n(k)
satisfying (4) and such that

(5) d(Yan(k)s Y2m(k)—2) < €.
Now
e < d(an(k)a y2m(k))
< dYan(k)s Yamk)—2) + domk)—2 + d2m(r)—1-

Then by (4) and (5) it follows that
(6) klij{}od(y?n(k)v y2m(k)) =¢&.
Also, by the triangle inequality, we have

|d(Y2n (> Yomr)—1) — AY2n(k)s Y2m(k))| < dom(i)—1-
By using (6) we get d(Y2n(k)» Y2m(k)—1) — € as k — co. Now by (2) we get

d(Yon(kys Yomk)) < don@r) + 0(FTonky, GTamk)—1)
< dangey + {0(d Y2n(r)» Y2m()—-1)» dgn(k)dg:n(k)fw
[d" (Y2n(k)s Yam(k)—1) F oy ()—2) X
[ (Y2m (k) =15 Y2n(k)) + Do)
011 [0°” (Y2m(v)—1, Y2n() + A3
[dl (y2m(k)—17 y2n(k)) + dl2m(1.c)—2]dl2*m(1~c)—2}ﬁ

which on letting £ — oo reduces to

e < {4(c%,0,6%,0,0)} %

< ()5
< &,

giving a contradiction. Thus {ya,} is a Cauchy sequence. O

Theorem 1. Let F,G be two set-valued mappings of a complete metric space
(X,d) into B(X), and A, B two self-mappings of X satisfying conditions (1),
(2), (F,B) and (G, A) are slightly commuting and any one of these four map-
pings is continuous, then F,G, A and B have a unique common fized point in
X.
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Proof. By Lemma 5, the sequence {y,} defined by (3) is a Cauchy sequence in
X. Therefore y,, — z for some z € X. Hence the subsequences {y2,} = {Bxza,}
and {yon+1} = {Azant1} of {yn} also converge to z, whereas the sequences of
sets {Fxa,} and {Gzan41} converge to the set {z}.

Since (F, B) commute slightly, we have

§(BF 2oy, FBxay,) < max{§(Bxan, Fra,), diamFzy,}
which on letting n — oo gives (by Lemma 1)

lim §(BFxa,, FBxs,) = 0.

n—oo

Now suppose that B is continuous, then we have BBxs, = Bys, — Bz .Thus

d(Byan+1,Y2nt2) < O(BFxon, Granygr)
S 5(BF’J,’2n,FBIE2n) -+ 5(FB$2n,G$2n+1)
< (5(BF$27L’ FBJ?Qn) + {¢(d2p(BB-732n7 Ax2n+1)a

[(5q<BB.’E2n7 BFSL‘QTL) + (Sq(BFJ)Qn, FBJ?Qn)] X
89 (Azapy1, Grantr),
5T(BB$27“ G$2n+1> X
(6" (Awan 11, BF22,) 4 6" (BF 2y, FBxsy)],
[(SS(BBJ}Q”, BF.’L‘gn) + (SS(BFZ‘Q,,“ FB.’Egn)}
[68* (A$2n+17 BFxZn) + 65* (BFxZna FBIgn)],
5Z(BB$27L’ Gx2n+1)6l* (A$27L+17 Gf‘xQn—H))}ﬁ .
Suppose Bz # z. Then letting n — oo and using Lemma 1 and Lemma 2 we
obtain
< {¢(d*(Bz,z),0,d"(Bz,z),0,0)}%
< {1(d*(Bz2)}=
< d(Bz,2)

d(Bz,z)

a contradiction. We must therefore have Bz = z. Similarly, applying the condi-
tion (2) to
5(FSZ, y2n+2) S 5(FSZ, GTl‘Qn+1)

and letting n — oo, we can prove that F'z = {z}, which means that z is in the
range of F. Since F(X) C A(X), there exist a point z' in X such that Az' = z.
Suppose that Gz' # z. Then

0(z,Gz") = 0(Fz,Gz")
{6(0,0,0,0,8% (2,G="))} 2
(0% (.G}
0(z,Gz")

IN

AN
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a contradiction. We must therefore have Gz' = {z}. Since (G, A) is slightly
commuting, we have

0(Gz,Az) = 6(GAZ', AGZ")
< 0,

proving that Gz = Az. If Gz # z, then
0(z,Gz) = O(Fz Gz)
{0(6%(2,G2),0,6%(2,G=),0,0)}

< {67(2,G2))
< 4(z,Gz),

IN

a contradiction and so Gz = {z} = Az.

Thus we have shown that Bz = Az = Fz = Gz = {z}. Hence z is a common
fixed point of F,G, A and B.

Now suppose that F' is continuous, then we have {Fya,} = {FBxa,} —
{Fz}. Since Bys,+1 € BFxa,, the inequality (2) yields

§(Fyant1, Grant1) < {¢([6°(BFwapn, FBray,) + 0°(F Bray, Azani1))?,
(Sq(BF.’EQn, FB(EQn) + (5q(FBZL'2n, Fy2n+1)] X

89 (AZop 11, Goni1),

[(5T(BF.’E2n, FB{EQn) + 5T(FB.T2n7 Gl’2n+1)} X

" (Azont1, Fyant1),

[0°(BF xay,, FBxay,) 4+ 6°(FBxay, 2) + 6°(2, Fyant1)] X
8° (AZon i1, Fyant1),

[(SI(BF(E27“ FBI'Qn) + 5l(FB{E2n7 GxQnJr])] X

st

(A$2n+17 G$2n+1))}ﬁ.

(2]

Suppose Fz # z. Then letting n — oo, we obtain

{$(6% (2, F2),0,6%(z, F2),26% (2, F2),0)} %

(V6% (2, F2))} %
0(z,Fz)

0(z, Fz)

VAN VAN VAN

a contradiction and so F'z = {z}. Since F'(X) C A(X), there exists a point z' in
X such that Az' = z. Similarly, using (2) on 6(Gz', Fxa,) and letting n — oo
one can prove that Gz' = {z}. Now, by the slight commutativity of (G, A) we
find

3Gz, Az) = 0(GAZ',AGZ')
0

IN
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which gives that Gz = Az. Further, applying (2) to §(Fza,,Gz) and letting
n — 00, we can show that Gz = {2} = Az.

Since G(X) C B(X) there exists a point 2" in X such that Bz" = z. Suppose
that F'z # z. Then

0(Fz",z) = 6(F2",Gz)
{(0,0,0,6% (2, Fz"),0)}2

{(1(8% (2, F2"))} %
0(z, Fz"),

IN

VANRVAN

a contradiction, implying that Fz" = {z}.
By the slight commutativity of (F, B), we have

0(Fz,Bz) = 0(FBz",BFz")
< 0

which gives that F'z = Bz. Thus we have shown that Fz = Gz = Bz = Az =
{z}.

The other cases, A is continuous and G is continuous, can be disposed of a
similar argument as above.

For uniqueness, suppose that w is a second distinct fixed point of (F, B).
Then
dw,z) = 6(Fw,Gz)
{6(0,0,d%(w, 2),0,d* (w, 2))} %

(@ (w, )} %
d(w, z),

IN

VANVAN

a contradiction and so the fixed point z is unique. Similarly, one can show that
z is the unique common fixed point of G and A. ]

Theorem 2. Let F,G be two set-valued mappings of a complete metric space
X into B(X), and A, B two self-mappings of (X,d) satisfying conditions (1),
(2), B is continuous or (1), (2), A is continuous. If (F, B) and (G, A) are weakly
commuting, then F,G, B and A have a unique common fized point in X.

Theorem 3. Let F,G be two set-valued mappings of a complete metric space
X into B(X), and A, B two self-mappings of (X,d) satisfying conditions (1),
(2), F is continuous, (F,B) and (G, A) are quasi-commuting or (1),(2),G is G
is continuous, (F, B) and (G, A) are quasi-commuting, then F,G, B and A have
a unique common fixed point in X.
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Remark 1. The conclusion of Theorems 1-3 remains valid if the condition (2)
1s replaced by

6*(Fz,Gy) < ad®®(Bz,Ay)+
Bmax{é?(Bz, Fx) 57 (Ay, Gy),
§"(Bx, Gy) 8" (Ay, F),
§°(Bz, Fx) 6% (Ay, Fz),
§'(Bx,Gy) 6" (Ay, Gy)} (2)

forall x,y € X, where a >0, B3>0 witha+48 <1 and 0 < p,q,q*,r,7*,8,5*,
LIF<lwith2p=q+qg-=r+r*=s+s"=10+1".

Theorem 4. Let F,G, A and B be self-mappings of a complete metric space
(X,d) satisfying (1) and

d**(Fz,Gy) < &(d*?(Bx, Ay),
di(Bz, Fz) d?" (Ay, Gy),
d"(Bz, Gy) dr (Ay, Fz),
d*(Bz, Fz) d* (Ay, Fz),
)

d'(Bz,Gy) d" (Ay,Gy) (2*)

for all x,y € X, where ¢ € &, 0 < p,q,q*,r,r*, 8,8, 1,1* <1 such that 2p =
q+q* = r+1r* = s+s* = 1+1* and any one of these four mappings is continuous.
If (F,B) and (G, A) are weakly commuting, then F,G,B and A have a unique
common fized point in X.

Remark 2. By Theorem 4, we get the improved version of Theorem 3.1 of
Pathak-Mishra-Kalinde [5].

We now give an example in which is used Theorem 1.

Example 1. Let X be reals with § induced by the Euclidean metric d and we
define

{0} ifx<0 0 ifz<0
Fr=1< [0,5] #f0<az<1 | Ar=<{ z if0<z<1
[0, ] ifz>1 1 ife>1
{0} ifx <0 0 ifz<0
Gr=¢ [0,75] ifo<z<1l | Bx=< z if0<z<1
[0, 3] if x> 1 1 ifz>1

for all x in X and let v : RT — RT be given by

y(t) <t
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and let ¢ : (RY)” = RT be given by

0 if ti=0
é(t1,t2, arts, asts, asts) = < y(t) ift; =tand ay +as +a3 =8
0 max {t;} otherwise

for some 0 < 8 < 1,i=1,2,3,4,5. Then for all x in X. Hence F(X) C A(X)
and G(X) C B(X).

Now we examine the following cases
case 1: if x <0 and y <0, then

83 (Fz,Gy) =0 < 0 = ¢(0,0,0,0,0)
case 2: if <0 and 0 <y <1, then
2

? y? y
< 2: 2

142y
case 3: if x <0 and y > 1, then

6*(Fz,Gy) = (

) 1\ B 11

case 4: if 0 <x <1 andy <0, then

2 2

2
< By — (20 L T
) < Bt =00 s T e

2 . X
0" (F, Gy) = <1+31‘

case 5:if 0 <x <1 andy > 1, then

0)

6% (Fz,Gy)

I
N
Wl
~__
[\v]

IN

=

—

|

B

(o]
< S

case 6: if x > 1 and y <0, then

2
6*(Fz,Gy) = (i) <B=¢(1,0,

case T:ifx >1 and 0 <y <1, then

6 (Fz,Gy) = (ﬁ)z

IN
@
—

—

|
<
~—
[\v]
Wil
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case 8 : if x > 1 and y > 1, then

2
52 (Fa,Gy) = @ <5 =0(0,1,1,1,1)

case 9: if 0 <x <1 and 0 <y <1, then

82 (Fa, Gy) = (1&”)2 g <1f29)2§(1f3’”>z
(1-323;) if (1f3w> < (1-52;,)

subcase91:ifl_i’—2y<y<ﬁ<x,then

2
- XY, 5 .
VT T 3 T e Brie if (z—y)* < 15

oo - e ey

subcase 9s : iflf—% < 1i5; <y <z, then

Blx—y)? ifay< (xz— y)?
By if (x—y)” <wy
subcase 93 : zfﬁ < 15, <z <y, then

Bl=y)® fay<(z—y),
By if (x—y)” <wy,

subca5694:ifﬁ<ﬁ<x<y,then

O((x —y)*, wy, 2y, vy, vy) = {

¢((x —y)*, 2y, vy, xy, xy) = {

Bx—y)? ifay<(z—y)?

2 —
o((z —y)°, 2y, 2y, 2y, 2y) = { By if (- ) <2y

subca8695:ifﬁ<m<ﬁ<y,then

2 . 2 2
y? vy y? ) = Bz —y)” if iy < (z—y)

—_— 2 2
L+2y" 7 1+2y Btz if (@ —y)° < iy

d)((x - y)27 xy,

subcase%:ifﬁ<ﬁ<y<m, then

> _ [ Ba—y? fay<(z—y)’
o((x —y)°, zy, zy, 2y, 2y) —{ By if (z—9)° <2y

and

0% (Fa,Gy) < ¢(d*"(Bz, Ay),
§9(Bz, Fz) 67 (Ay, Gy),
6" (Bz, Gy) 5" (Ay, Fx),
6°(Bx, Fx) 6° (Ay, Fx),
§'(Bx,Gy) 6" (Ay, Gy))
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forO<p=gq=q¢ =r=r"=s=s"=l=0"=1and2=q+q¢" =r+r* =
s+ s*=1+1* Also (F,B) and (G, A) are slightly commuting. Really,

{0}
FBzx = [0, H%
[0, 4]
{0}
GAz = [0, H%
[0, 3]
and

i) if x <0, then

d(FBz, BFx)
0(GAx, AGz)

]

}

ifx <0
fo<x <1
ifx>1

ifx <0
if0<x<1
ife>1

)

)

BFzx =

AGx =

ifx <0
ifo<ze <1
ifx>1

ifex <0
f0<x<l1
ifx>1

0 = 6(Fz, Bx) < max{(Fx, Bx), diamFxz},

= 0<0=0(Gz, Az) < max{6(Gz, Az), diamGz}

i1) if 0 <x <1, then

0(FBx,BFz) =

0(GAz, AGz) =

iti) if © > 1, then
d(F Bz, BFx)

0(GAx, AGz)

IN

1+ 3z .

1+ 22

IN

1

[SUR N
IN

§(Fz, Bx) < max{§(Fz, Bz), diamFz},

<z =§(Gz, Azx) < max{(Gzx, Az), diamGz}.

§(Fz, Bx) < max{§(Fz, Bz), diamFz},

1 =6(Gzx, Az) < max{d(Gz, Ax), diamGz}.

Further, B and T are continuous. Then F,G,B and A have a unique common
fized point in X by Theorem 1.
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