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STRONG CONVERGENCE FOR ACCRETIVE
OPERATORS IN BANACH SPACES
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Abstract. This paper introduces a composite iteration scheme for
approximating a zero point of accretive operators in the framework of
uniformly smooth Banach spaces and the reflexive Banach space which
has a weak continuous duality map, respectively. Our results improve
and extend results of Kim, Xu and some others.
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1. Introduction and Preliminaries

Let E be a real Banach space, C' a nonempty closed convex subset of F, and
T :C — C a mapping. Recall that T' is nonexpansive if

1Tz — Tyl < ||lx—y| forallz,yeC.

A point z € C is a fixed point of T provided Tz = x. Denote by F(T) the set
of fixed points of T'; that is, F(T) ={z € C : Tz = z}.

One classical way to study nonexpansive mappings is to use contractions to
approximate a nonexpansive mapping [2], [9]. More precisely, take ¢t € (0,1)
and define a contraction T3 : C' — C' by

(1.1) Tix=tu+(1—1t)Tz, z€C,

where u € C' is a fixed point. Banach’s Contraction Mapping Principle guar-
antees that T; has a unique fixed point z; in C. It is unclear, in general, what
is the behavior of x; as t — 0, even if T has a fixed point. However, in the
case of T having a fixed point, Browder [2] proved that if F is a Hilbert space,
then x; converges strongly to a fixed point of T' that is nearest to u. Reich [9]
extended Broweder’s result to the setting of Banach spaces and proved that if £
is a uniformly smooth Banach space, then x; converges strongly to a fixed point
of T" and the limit defines the (unique) sunny nonexpansive retraction from C
onto F(T).
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Recall that a (possibly multivalued) operator A with domain D(A) and range
R(A) in E is accretive, if for each z; € D(A) and y; € Ax;(i = 1,2), there exists
a j(xyg —x1) € J(xy — x1) such that

(Y2 —wy1,4(x2 — 1)) >0,
where J is the duality map from E to the dual space E* given by
J(z) = {a" € B" : (z,2") = [[2?|| = [2"|*}, z € .

An accretive operator A is m-accretive if R(I +rA) = E for each r > 0.
Throughout this article we always assume that A is m-accretive and has a zero
(i.e., the inclusion 0 € A(z) is solvable). The set of zeros of A is denoted by F.
Hence,

F={2e€D(A):0€ A(2)} = A (0).

For each 7 > 0, we denote by J, the resolvent of A, i.e., J. = (I +rA)~L.
Note that if A is m-accretive, then J,. : E — E is nonexpansive and F(J,) = F
for all » > 0. We also denote by A, the Yosida approximation of A, i.e.,
A, = %(I — J;). It is known that J, is a nonexpansive mapping from X to

C := D(A) which will be assumed convex.
Recently Kim and Xu [6] and Xu [12] studied the sequence generated by the
algorithm

(1.2) Tnt1 = apu+ (1 —ay)dy z,, n>0

and proved strong convergence of the scheme (1.2) in the framework of uniformly
smooth Banach spaces.

Inspired and motivated by the iterative sequences (1.2) given by Xu, this
paper gives the following iterative sequences

Zn = YnTn + (]- - 'Yn)Jrnxnv
(1.3) Yn = Bpn + (1 = Bn)Jr, 2n,
Tn+1 = QpU + (1 - an)y’fﬂ

where v € C is an arbitrary (but fixed) element in C, and {an}, {fn}, {n}
are sequences in (0, 1). We prove, under certain appropriate assumptions on the
sequences {an}, {On}, {1} and {r,}, that {z,} defined by (1.3) converges to
a fixed point of T.

If 4, = 1 in (1.3) we have the iterative scheme as follows

1.4
(14) Tpt1 = @pt+ (1 — o) yn.

{yn = /ann + (]- - ﬂn)Jrnxna

If 8, = 0 in (1.3) we have the iterative sequence {x, } defined by (1.2).

It is our purpose in this paper to introduce this composite iteration scheme
for approximating a zero point of accretive operators in the framework of uni-
formly smooth Banach spaces and the reflexive Banach space which has a weakly
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continuous duality map, respectively. We establish the strong convergence of
the composite iteration scheme {x,} defined by (1.3). The results improve and
extend results of Kim and Xu [6] and Xu [12] and others.

The norm of E is said to be Géateaux differentiable (and E is said to be
smooth) if
w5 ety o]
t—0 t
exists for each z,y in its unit sphere U = {z € E : ||z|| = 1}. It is said to be
uniformly Fréchet differentiable (and E is said to be uniformly smooth) if the
limit in (1.5) is attained uniformly for (x,y) € U x U.

We need the following definitions and lemmas for the proof of our main
results.

Lemma 1. A Banach space E is uniformly smooth if and only if the duality
map J is the single-valued and norm-to-norm uniformly continuous on bounded
sets of E.

Lemma 2. In a Banach space E, there holds the inequality
|z +yl* < [|l=l* + 2(y, j(z +v)), @,y€E

where j(x +y) € J(x +y).

Lemma 3. (Xu [11], [10]) Let )" {an} be a sequence of nonnegative real
numbers satisfying the property

Qp41 é (]- - ’Vn)an + YnOn, N Z 0

where {y,}020 C (0,1) and {0,}22, such that

(i) lim, oo v = 0 and Y,y Yn = 00,

(i) either limsup,, . on <0 or > > |ynon| < oc.
Then {a,}22, converges to zero.

Lemma 4. (The resolvent Identity [1]). For A >0 and p >0 and z € E,

Jha = ng +(1- %)J,\x).

Recall that if C' and D are nonempty subsets of a Banach space F such that
C is nonempty closed convex and D C C, then a map @ : C — D is sunny
[4], [8] provided Q(z + t(x — Q(z))) = Q(x) for all x € C' and ¢ > 0 whenever
z + t(x — Q(x)) € C. A sunny nonexpansive retraction is a sunny retraction
which is also nonexpansive. Sunny nonexpansive retractions play an important
role in our argument. They are characterized as follows [4], [5], [8]: if E is a
smooth Banach space, then @ : C' — D is a sunny nonexpansive retraction if
and only if there holds the inequality

(1.6) (x—Qx,J(y—Qx)) <0 forall z€C and ye€ D.
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Reich [9] showed that if F is uniformly smooth and if D is the fixed point set
of a nonexpansive mapping from C' into itself, then there is a sunny nonexpansive
retraction from C onto D and it can be constructed as follows.

Lemma 5. (Reich [11]). Let E be a uniformly smooth Banach space and
let T : C — C be a nonexpansive mapping with a fired point x; € C of the
contraction C 3 x — tu+ (1 — t)tx converges strongly ast — 0 to a fixed point
of T. Define Q : C — F(T) by Qu = s—lim;_gx;. Then Q is the unique sunny
nonexpansive retract from C onto F(T); that is, Q satisfies the property:

(u—Qu,J(z = Qu)) <0, ueC,ze F(T).

Recall that a gauge is a continuous strictly increasing function ¢ : [0, 00) —
[0, 00) such that ¢(0) = 0 and ¢(t) — o0 as t — co. Associated to a gauge ¢ is
the duality map J, : X — X* defined by

Jo(z) = {2 € X7+ (w,2") = [lz]e(llz]]). l="[] = (=)}, = € X.

Following Browder [3], we say that a Banach space X has a weakly con-
tinuous duality map if there exists a gauge ¢ for which the duality map J, is
single-valued and weak-to-weak* sequentially continuous (i.e., if {z,} is a se-
quence in X weakly convergent to a point z, then the sequence Ji,(z,) converges
weak*ly to Ji,). It is known that [P has a weakly continuous duality map for all
1< p<oo. Set

D(¢) :/0 o(1)d-, t>0.

Then
Jo(z) = 0%(||z|), = € X,

where 0 denotes the subdifferential in the sense of convex analysis. The first part
of the next lemma is an immediate consequence of the subdiferential inequality
and the proof of the second part can be found in [7].

Lemma 6. Assume that X has a weakly continuous duality map J, with gauge
.
(i) For all x,y € X, there holds the inequality

([l +yll) < @(llz[) + {y, Jo(z +y)).

(ii) Assume a sequence x,, in X is weakly convergent to a point x. Then there
holds the identity

limsup lim ®(||z, — y||) = limsup lim ®(||z, — z||) + ®(||ly — z||), =,y € X.

Notation: 7 — 7 stands for weak convergence and ” — ” for strong conver-
gence.
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Lemma 7. [7] Let X be a reflexive Banach space and have a weakly continuous
duality map Jo(x) with gauge . Let C be a closed convex subset of X and let
T:C — C be a nonexpansive mapping. Fixu € C and t € (0,1). Let x; € C be
the unique solution in C to Eq.(1.1). Then T has a fized point if and only if x;
remains bounded as t — 07, and in this case, z; converges as t — 07 strongly
to a fized point of T.

Under the condition of Lemma 6, we define a map Q : C — F(T) by
Qu) := }irr(l) e, ueC.

From [11], Theorem 3.2, we know @ is the sunny nonexpansive retraction from
C onto F(T).

2. Main Results

Theorem 1. Assume that E is a uniformly smooth Banach space and A is an
m-accretive operator in E such that A(0) # 0. Given a point u € C' and given
sequences {an 182y in (0,1) and {B.}520, {52y in [0,1] suppose {an}S,
{8}, {1} and {r,}52 satisfy the conditions:

() D02t = 00,y — 0;

(i3) ry, > € for all n and vy, — Bn(2 — ) € [0,a), for some a € (0,1);

(138) 30 [on+1 — an| < 00,3507 o [Bnt1 — Bl < 00 32770 [Ynt1 —Wnl| < 00 and
Yoo ol = rnmi] < .

Let {x,}52 1 be the composite process defined by

Zn = YnZn + (]- - ’Yn)Jrnxn
Yn = Bnxn + (1 = Bn)Jr, 2n
Tyl = @pt+ (1 — o) yn

Then {x,}52; converges strongly to a zero point of A.

Proof. First we observe that {z,}52, is bounded. Indeed, if we take a fixed
point p of T, noting that

llzn = 2ll < Ynlln —pll + (1 = v) I, 20 — 2l < 20 — Dl

and
lyn —pll < Bullen — pll + (1 = Bu)llr, 20 — pll
< Bullzn —pll + (1 = Bo)llzn — pl
< Ballzn —pll + (L = Bo)llzn — pl
< llan —pl.
Thus

[#nt1 = pll < anllu—pll + 1 = an)l[Jr, yn — pll
< anllu —pl + (1 = an)llyn — 7l
< apllu = pl| + (1 = an)lzn —p|
< max{|[u = pll, [|zn — pl}-
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Now, an induction gives that
(2.1) [#n —pll < max{|lu —pl|, lzo —pll}, n=0.

This implies that {x,,} is bounded, so are {y,} and {z,}. As a result, we obtain
by condition (i),

(2.2) |Zns1 = Jrynll = anllu —yul| — 0,  as n — oco.
Next we prove
(2.3) [Zn41 — znll — 0.

In order to prove (2.3) we calculate z,41 — @, first. From (1.3) we have

Zn = YnTn + (1 - P)/n)J'rnxnv
Zn—-1 = VYn—-1Tn-1 + (1 - ’Ynfl)t]rn,lxnfh

Simple calculations show that

Zn — ZBn—1 = (]- - ’Yn)(Jrnxn - Jrn_lwnfl) + ’Yn(xn - mnfl)

2.4
( ) + (xn—l - Jrn,lxn—l)(')/n - 'Yn—l)-

It follows that

lzn = zn-1ll < (L =) e, Tn — Jr s To—all + Yol T — Tn—1|

(2.5)
+ ”mn—l - Jmflmn—lm'}’n - ’Yn—1|-

Lemma 4 the resolvent identity implies that

Thn— T'n—
Jrnxn = Jrn,_l(zill'n + (1 -l

n r’l’L

)y Tn)-

If r,_1 < rp, which in turn implies that
(2.6)

Ty — Tr—
e T — Jrpy s T < || = 1xn+(1* ~ 1)Jrnxn*xn—1”
n n
Tn—1 Tn—1
< H = (xn - xn—l) + (1 e )(J'rnxn - xn—l)H
Tn n

Tn — Th—
<|lzn — Tn—1l + (ninl)”*]rnxn = ZTn—1]|
n
Tn — Tn-1

< Hxn_xnfln +( )||Jrn$n—$n—1||~

Substituting (2.6) into (2.5) we obtain

Tn —Tn-1

[2n = 2n-1ll < (1 = v)(l2n — 21 + ( v, @n = zn-1])

2.7) + Yallzn — Encall + 0ot — Jn s Znt lm — Yot

S Hxn - xn—l” + M1(|Tn - Tn—ll + |'Yn - 7n—1|)a



Strong convergence for accretive operators in Banach spaces 49

where M is a constant such that

”Jrnxn — ZTn—1]|

M; > max{ s -1 = Jr,@n-all}.

€

Similarly, we have

Yn = ﬁn-rn + (1 - ﬁn)J’r‘nzna

Yn—1 = ﬁn—lxn—l + (1 - 671—1)Jrn,1zn—1a
Simple calculations show that

Yn — Yn—1 = (1 - /Bn)(t]rnzn - Jr,,,_lzn—l) + 6n(mn - xn—l)

2.8
( ) + (xn—l - Jrn,lzn—l)(ﬁn - ﬁn—l)-
It follows that

lyn = yn—1ll < (1 = Bu)lJr, 20 — I,y 201l + BullTn — Tn-1l|
+ ||xn71 - Jrn,lznlelﬂn - /anl‘~

It follows from resolvent identity that

(2.9)

(2.10)
Tn— Ty—
HJrnZn*Jm_lzn—l” < || = 1Zn+(1* - 1)Jrnzn *Zn—lﬂ
n n
Tn—1 Tn—1
<2 (20 = 2nm1) + (L= —=2) (T 20— 20m1) |
Tn Tn

Tn — T
<llzn — zn—1| + (ninl)”JTnZn — zZn—1]|
n
Tn —Th-1

< llzn = zn—all +( v, 2n = 2n-1]-

Substitute (2.7) into (2.10) yields that

e 2n = Jr s 2n—1ll < |20 — 2p_all + Mi(|rn — 11| + [0 — Yn—1l)
(2.11)

Tn — Thn—1
+ (——— ), 20 — 2n—1]|-
Substitute (2.11) into (2.9) yields that
(2.12)
”yn - ynflu S (]- - ﬂn)[”xn - xnflu + M1(|rn - rn71| + |’7n - 7n71|)

Tn —Tn-1

+

+ Hwnfl - Jrn,lznflmﬁn - ﬁn71|
S ||xn - xnfln + M2(|ﬂn - 5n71| + "Yn - ’Yn71| + 2|Tn - Tn71|)~

T, 20 = 2n-1ll] + BallXn — 2n—1|

where M5 is a constant such that

Jr Zp — Zp—
My > max{w, ln_1—Jr,_ 2n-1l, M1}.

€
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On the other hand, we have

Tnt1 = @+ (1 — o) yn,
Tp = Qp_1U + (1 - an71)yn—17

Simple calculations show that
Tn4+l — Tn = (1 - an)(J'r‘nyn - Jrnynfl) + (an - anfl)(u - ynfl)'
It follows that

(1= an)llyn = Yn-1ll + lan — an—1lllu — yn—1]|

(1= an)llyn = Yn-1ll + lan — an—1l[lu = yn_1]-

T —xn| <
(2.13) || n+1 nH =
<

Substituting (2.12) into (2.13) we obtain
(2.14)

[Znt1 — Za]

< (L —an)(llzn = zn-1ll + M2(|Bn — Br-1] + |yvn — Yn—1| + 2|rn — rp—1]))
+ |on — an—1|llu — yn—1|

< (1 - O‘n)llxn - l’n71||
+ M3(2|rn, — rn—1| + [Bn — Bu—1l + lon — an—1| + |70 — Yn-1l),

where M3 is a constant such that
M3 > max{||u — yn—1|], M2}

Similarly, we can prove (2.14) if r,_1 > r,, by assumptions (i)-(iii), we have
that

oo
lim «a, =0, E Q= 00,
n—oo

n=1

and

o}

Z(|ﬂn - ﬂn—l‘ + 2‘7% - Tn—1| + |04n - OZn—1| + |'Yn - ’Yn—l‘) < 0.

n=1
Hence, Lemma 3 is applicable to (2.14) and we obtain

(2.15) [Zn+1 — nll — 0.
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On the other hand, it follows from (1.3) that

[ — Zoll < ll2n — Zptall + [|Tnt1 — Yull + [[yn — e, 20|
< = Tngrll + |Tng1 = yull + lyn — Jr, 22l
+ [T 20 = Jr 0|
< |lzn = Zng1 | + Zns1 — Yull + Bullzn — Jr, 20|
+ lzn — 24|
(2.16) <Mzn = zngall + 2nt1 = ynll + Ballzn — Jr, 24|
+ BullJr, 20 — Jrnan + ”Zn - mnH
<|lzn = Zng1 || + 12041 — Yull + Bullzn — Jr, 24|
+ (1 + Bu)llzn — 2l
<zn = znsa |l + |01 — yull+
Bn + (L4 82) (X = y)llzn — Jr,zn |-

That is,
(Y = Bn(2 = y)) I Jr, 20 — |l < (|20 — gl + [ Tnt1 — yall-
It follows from (2.2), (2.15) and condition (ii) that
[ Jr, @ = nl — 0,

Taking a fixed number r such that € > r > 0, from Lemma 4 we have
r r
|7 Zn — Jr@n|| = HJT(?Tmn +(1- r)Jrn%l) — Jr |

(2.17) <1 - D = I 2
T

n

< lzn = Jr, 2.
Therefore, we obtain

|z = Jran|l < l2n — Jr,@all + | Jr, 20 — Jran ||
(2.18) < ry = @l + 1, — 2l
<2||Jr, = znll-
Hence we have
|xn — Jrxn| — 0.

Since in a uniformly smooth Banach space, the sunny nonexpansive retract
from E onto the fixed point set F(J,.)(= F = A=1(0)) of J, is unique, it must
be obtained from Reich’s theorem (Lemma 5). Namely,

Qu = s — lim z, u€ kb,
t—0

where ¢t € (0,1) and z; solves the fixed point equation

ze =tu+ (1 —t)Jr2.
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Next, we claim that

(2.19) lim sup(u — Q(u), J(z,, — Q(u))) < 0.

Thus we have

2t — znll = |(1 = 8)(Jrze — ) + t(u — z5)]|-
It follows From Lemma 2 that

2t — &nl® < (1= )| Jpze — wnl|® + 26w — 2, I (20 — 20))
(2.20) < (1 =2t + 1)zt — x| + fult)
+ 2t (u — 2, J (2t — T0)) + 2t 2¢ — 207,
where
(2.21)  fult) = QCllzt — znll + (|20 — Jrzal)l|2n — Jr2sl| — 0, as n — 0.
It follows that
t 1
(2.22) (zt —u, J (2 — xp)) < §||Zf *$n||2+2*tfn(t)-
Let n — oo in (2.22) and noting (2.21) yields
t

(2.23) limsup(z: — u, J(2¢ — zp)) < §M7

n—oo

where M > 0 is a constant such that M > ||z —z,||* for all t € (0,1) and n > 1.
Letting ¢ — 0 from (2.23) we have

lim sup lim sup(z; — u, J(z; — z,,)) < 0.
t—0 n— o0
So, for any € > 0, there exists a positive number ¢; such that, for ¢ € (0,d;) we
get

(2.24) limsup(z: — u, J(z: — zp)) <

n—oo

DN

On the other hand, since z; — ¢ as t — 0, from Lemma 1, there exists do > 0
such that, for ¢ € (0, d2) we have

[(u =g, (2n = q)) = (2t =, J (2t — 20))]

< fu—gq,J(xn—q)) —(u—gq,J(xn — 2))|
+H(u—q,J(xn — 20)) — (2t —u, J (2t — zp))]
< fu—gq,J(xn —q) = J(zn — 2))| + [(2t — q, J(2n — 21))]|
< u—=gllllJ(zn —q) = J(@n — 2)[| + [lze — alllzn — 2]l < 5.

Choosing § = min{dy,d2},Vt € (0,6), we have

(1= Q). I (@ — Q) < (5 —w, I (1 — wa)) + 5.
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That is,

limsup(u — Q(w), J(z, — Q(u))) < limsup(z: — u, J(z: — zp)) + <

n—oo n—oo 2

Tt follows from (2.24) that
lim sup(u — Q(u), J(z, — Q(u))) < e.

n—oo

Since € is chosen arbitrarily, we have

(2.25) lim sup(u — Q(u), J(x,, — Q(u))) < 0.

n—oo

Finally, we show that z,, — Q(u) strongly and this concludes the proof. Indeed,
using Lemma 2 again we obtain

[Znt1 = Q)* = (1 = an)(yn — Qw)) + an(u — Q(u))|>

(1= an)?lyn — Q)] + 205 (u — Q(u), J (znt1 — Q(u)))
(1= an)llzn = Q)I* + 205 (u — Q(u), J (znt1 — Q(u))).
Now we apply Lemma 3 and use (2.25) to see that ||z, — Q(u)| — 0. |

IN A

As a corollary of Theorem 1, we have the following.

Corollary 1. Assume that E is a uniformly smooth Banach space and A is
an m-accretive operator in E such that A(0) # 0. Given a point u € C and
given sequences {an 152 in (0,1) {Bn}5>q in [0,1], suppose {an}2 o, {Bn}o0,
and {r, }22, satisfy the conditions:

() D002t = 00,y — 0;

(i3) ry, > € for alln and (1 — B3,) € [0,a), for some a € (0,1);

(401) D07 o |t —am] < 00,307 |ﬁn+1 Br| < o0 and Y0 o |rn—rn-1| < oc.
Let {x,}22 ; be the composite process defined by (1.4). Then, {x,}32, converges
strongly to a zero point of A.

Proof. By taking v, = 1 in Theorem 1, we can obtain the desired conclusion.
O

Theorem 2. Suppose that X is reflexive and has a weakly continuous duality
map J, with gauge . Suppose that A is an m-accretive operator in X such that
C = D(A) is convex and {an},{0n}, {7}, {rn} are as in Theorem 1. Then,
{z,}22, converges strongly to a zero point of A.

Proof. We only include the differences. From the assumptions we obtain
[Zn+1 = Jrn@nll = Tns1 = Ynll + Y0 — Jr, 20l
< anllu—Jr,Yull + 1Yn — v, 20l + e 20 — T, 2nll
< anllu = Jr, yull + (v = Bu(2 = v)) | Jr, @0 — @ -
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That is,

(2.26) |Zn+1 — I, 20| — 0.

We next prove that

(2.27) limsup(u — Q(u), J,(z, — Q(u)) < 0.

n—oo

By Lemma 6, we have the sunny nonexpansive retraction @ : C — Fiz(T).
Take a subsequence {zy, } of {z,} such that

(2.28) limsup(u — Q(u), Jo(x, — Q(u)) = kllrgo(u —Q(u), Jp(xn, — Qu)).

n—oo
Since X is reflexive, we may further assume that x,,, — z. Moreover, since
[#n1 = Jr, [ = 0,

we obtain
vy 1 Tnp—1 = T

Taking the limit as k — oo in the relation
[J’r’nkflx’ﬂk717ATnkflxnkfl] 6 A?

we get [Z,0] € A. That is, € F. Hence by (2.28) and (1.5) we have

limsup(u — Q(u), Jo(zn — Qw))) = (u = Q(u), Jo(T — Q(u))) < 0.

n—oo

That is (2.27) holds. Finally to prove that x,, — p.

<I)(Hyn _p”) = CI)(Hﬁn(xn _p) + (1 - ﬁn)(Jr’nxn _p)H)
< @([IBnllzn — pll + (1 = B)llJr, 20 — plI)
< O(||zy, — pll),

that is,
([[yn — pll) < @(|Jzn — pl))-

Therefore, we obtain

P(lzn1 —pll) = (lan(u —p) + (1 = an)(yn — p)II)
< (1 = an)llyn — pll) + anfu — p, Jp(Tni1 — p))
< (1= an)®([lyn — pll) + anfu — p, Jp(Tns1 — p))
< (1= an)®(lzn —pll) + anlu —p, Jp(Tnt1 — p))-

An application of Lemma 3 yields that ®(||z,, — p||) — 0; that is ||z, — p|| — 0.
This completes the proof. O
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