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DERIVATIONAL FORMULAS OF A SUBMANIFOLD
OF A GENERALIZED RIEMANNIAN SPACE

Svetislav M. Minéié!, Ljubica S. Velimirovié?

Abstract. In the introduction is given basic information on a general-
ized Riemannian space, as a differentiable manifold endowed with asym-
metric basic tensor, and a subspace is defined (in local coordinates).

In §1., for a tensor whose certain indices are related to the space and
the others to the subspace, four kinds of covariant derivative are intro-
duced and, in this manner, also four connections.

Derivational formulas for tangents of the submanifold are expressed by
means of the unit normals (Theorem 1.1 and Theorem 1.2). It is proved
that by applying the third or the fourth kind of covariant derivative one
concludes that induced connection is symmetric (Theorem 1.2).

§2. is related to the induced connection of the normal bundle (eq.
(2.9)). In this case also are possible four kinds of covariant derivatives on
the obtained normal submanifold X¥_,; (eq. (2.10)). In Theorem 2.1.
is given the presentation of covariant derivative of the normals, using the
first and the second kind of covariant derivatives. Theorem 2.2. is related
to the properties of the coefficients of this connection.

In Theorem 2.3. is proved that, applying the third and the fourth kind
of covariant derivative at X _,,, we express the covariant derivative of
normals by means of tangents, and in this case the induced connection at
XN_ s is unique (1? = g‘)
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0. Introduction

A generalized Riemannian space GRy [2, 3, 9] is a differentiable manifold
equipped with the asymmetric basic tensor Gij(xl, ., zN) (the components)
where 2 are the local coordinates. The symmetric, respectively antisymmetric
part of GU are Hij and Kij.

For the lowering and rasing of indices in GRxy one uses H;j, respectively
H% | where

(0.1) (H7) = (Hy)~', (det(Hi;) #0).
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Cristoffel symbols at GRy are

1 . :
5(Gjik — Gjki + Girj), g = HPTy i,

(O.Za,b) Fz]k = B

where, for example, Gj; = ani/axk. Based on the asymmetry of Gjyj, it
follows that the Cristoffel symbols are also asymmetric with respect to j, k in
(2a,b).

By equations

(0.3) ot =2t (ut, . uM) = 2 (u®),i=1,.., N,

a submanifold Xj; is defined in local coordinates. If rank(B.) = M (B! =
9z /ou®) and
(0.4) 9as = BLB}Gij,

X becomes GRy; C GRy, with induced basic tensor (0.4), which is gen-
erally also asymmetric. Note that in the present work Latin indices i, j, ... take
values 1,..., N and refer to the GRy, while the Greek ones take values 1,..., M
and refer to the GRjy.

In the GR) are valid the relations similar to (0.1) and (0.2). The symmetric
part of gop is denoted with h,g, and antisymmetric one with k,g, where e.g.

(0.4'a,b) hag = BéBéHij7 (h*P) = (hap) ™"
Cristoffel symbols fa_gv, fg,y = h‘”f‘ﬂ,m are expressed by g.g analogously to
(0.2).

For the unit, mutually orthogonal vectors N, which are orthogonal to the

GR) too, we have ([4]-[8], [10])
(0.5a) HijNYNL = ea0f = hap,ea € {—1,1},

(0.5b) H;jN4Bl =0,

where A,B,---€ {M +1,...,N}.

1. Induced connection and derivational formulas on X;; C
GRy

1.1. Asis known, the following relations between Cristoffel symbols of a gener-
alized Riemannian space and its subspace are valid:

~ : i ok i ]
(1.1) Tapgy = Fi.jszZxBéB’y + HiJ’Bszé,v’

o T TQ % | Rk i ]
(1.2) S, =h"Tr3,=h (Fz:jkBTrBéBn, + HijBﬂBéﬁ)v
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ie.
(1.29) ['6, = h™H, Byl BB + B ).

Supposing that the both connections, defined by the coefficients I' and r
are asymmetric, one can define four kinds of covariant derivative for a tensor
defined at points of the subspace [4]-[6]. For example, for a tensor ¢} we have

B
(13) At = 51 = 65+ T 5 B = T2, B+ 15,055 — 5,15

pmYj3 Jm’p Tuis Tt Butim
1 mp mj n nB
2 2 pm mj T nB
Z Z mp jm um Bu
and in this manner are defined four connections Y, 0 € {1,...,4} on the sub-

manifold X; C GRy. The obtained structures we shall denote by (Xp C
GRN, gop, V.0 € {1,...,4}).

1.2. We have to examine the presentation of covariant derivatives of tangent
vectors B, = 02'/0u® and of the unit normals N, with the help of the same
magnitudes, so called derivational formulas of the subspace for the tangents
and normals.

Putting
(1.4) géﬂ z%gﬂB;Jngpr;;,ae {1,...,4},
P
we get
(1.5) Do = HingLHth”P.

Let us investigate, firstly, ? Substituting in (1.5) with respect to (1.3), we
obtain ) _ ] - )

ql)au, = Hl]Bzh p(Boz,u + FmegBu - FauBa)

= Hi;B)h™"(By, , + T}, BaB)") — hpo h" TG,
Further, we have

?gﬂ = h""(Hi;By, , B} + Ui pmB,BEB —Tpap)-
Taking into consideration (1.1), it follows that ?gﬂ = 0. In the same way one
obtains %)g“ = 0. So,

(1.6) 7, =06 € {1,2}.

In order to determine %2 at (1.4), we shall compose this equation with H;; Né?,

and, by virtue of (0.5), we get

(17) HijBémN(jg = Z gPa;LeP(Sg = gQa;teQa eQ € {_1’ 1}
6 P
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(no summing wrp Q), i.e.

(17/) Sgpau == EPHijBi N}];,

alp
o

from where, substituting B!, based on (1.3) and taking into consideration

alp
o
(0.5b), one obtains
(1.8a,b) Qpap = Qpap = epHijNp(Bl, , + Fé?;BZBZ‘).

2 4

Based on (1.3),(1.4),(1.6), we have the following theorem.

Theorem 1.1. Derivational formulas for tangents of submanifold Xpr C GRy
possessing the structure (Xur, gop,v.0e{1,2}), are
6

(19) : = YMB = SgPa/LN}iDﬂ b€ {17 2}7
0 P

where Sg) are given at (1.8) .

1.3. Consider now the same structure, but for 6 € {3,4} and find %). Based on

(1.5), (1.3), (1.1) we get
o = Hiy Byh™(Bey y, + T BEB — 170 B;)

= HijBZhﬂp(Biu,u +T; BEB)") — hﬂprp#a = hm)(rpuu - fnw) =Ty

pmZap o
K — ~7T M
In the same manner one finds <4I>a# =17, Le.
T T _
(110) ?(1/1, - 7(4?(1” - Tau'

Composing the equation H;; B, B} = ha, with h™, one gets
HijhﬂpB;isz = haph™ = dg,

wherefrom, applying Y” :

High™ (B, B} + BLB),) = 0,
3

that is
(1.11) %) + %a# =0,

ap

where %D is given at (1.5), and

s T i DJ
o7, = Hh™ BLB

aTp|pt
3
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Since ‘ '
Hyh™B), = (Hi;h™BJ)|u = B,
3 3 3
by virtue of (1.3) the previous equation gives

AT _ pinpl _ i T P T m T o
%au - BaBi;I;M - Ba(Bi,u _FminBu +Fo’uBi)

= B, (B[, =T} ;B B") + B, H;jh?? B)T7
=B, (B, -1} ,B,B") +T¢,
_ i T i T T . i Rk T . ]
(1 B&Blm — I‘fm-Blep B;” + h? szB;I))B(ijHF;k + h? szBngy,u
= B! (Hph*"BY) , —I? Bl By B + BI B}, BT, + Hyh*" BYB], ,
where e indicates ”= based on (1.2')” .
1. !
The first and the last addend give
(BéHpihmBg),u = (h""hpa),u = O, =0,

and by corresponding changes of dummy indices at the rest ones, we finally
obtain

1.12 o7 =T, BFB.BY = TT = QT .
( ) 3 Op JEPi Pa p(1.2,) ap (1.10) 3 Op

Taking into account (1.10) — (1.12), we obtain
(1.13) o7, =05, =17, =0.

ap
So, we have proved the following theorem.

Theorem 1.2. Derivational formulas for tangents of a submanifold Xy C
GRy, possessing the structure (XM,gag,Y,G € {3,4}), are

(1.14) Ln=V BL=> O  Np0e{34}
0 m P 0 Pap
where 592 are given at (1.8), and induced connection f‘g,y in this case is symmetric

(T=0).
1.4. For the covariant derivative of the normals on X, based on (1.3), we have

(1.15) Njyj, = Nhj, = Ni, +T,,NiB;,

e

1 3 mp

2 4

provided that one supposes that the indices A,B,--- € {M + 1,...,N} have
not a tensor character [7, 8, 4]. Starting from the presentation

(1.16) VuNa = N;LH = A%, By + Z%JPAHN;D
P
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one obtains, the known result [7, 8, 4] for derivational formulas of normals

(1.17) N}ﬂ)# = —eaQuapuh"" By + EP: WpauNp, Yaau =00 € {1,2}
where §02 is given at (1.8), and for %l we have

(118) %/PAM :ePHijNIi—_’Ni|M7
6

where N7

Ay 18 given by virtue of (1.15).

0
So, the next theorem is valid:

Theorem 1.3. [7, 8, 4] Derivational formulas for normals of submanifold X s C
GRy with structure (XM,gag,y,H € {1,2}) are given at (1.17), where %’ have

the values (1.18).

2. Induced connection on the normal bundle
(normal subspace)

2.1. The set of normals of the submanifold X; € GRy make a normal
bundle for X, and we note it XY_,,. One can introduce a metric tensor on
XN, [10, 11, 1]

(2.1) gAB = G”N}L‘Né,

which is asymmetric in a general case.
The symmetric part is

(2.2) hap = H;jN,N}, 0o eads =hpa = {S‘l OA;z’Wise ceq € {—1,1}.
If

(2.3) (h"P) = (hap) ™",

we have

(2.4) hAP = e,08 = hap = K45,

2.2. For a vector v’ one says that it belongs to XY _,,, if it is defined at the
points of X, and is a linear combination of the normals, i.e.

(2.5) v' =vPNL (ie{l,...,N},P=M+1....,N, asummation on P)



Derivational formulas of a submanifold of a generalized Riemannian space 97

One can define absolute differential jv* along Xj; in two manners

51} =dv' + I‘Zkvjda:

kj
2 J
from where

(2.6) <1w' = Npdv” + (N}, + szNf;Bl’j)deu“.
2 ©J

Composing the equation (2.6) with
A AB n7d
(2.7) N = H;jhAB NI,

we obtain the projection of gvi on XY

(2.8), (15UA =dv? + I?‘;-‘,Mvpdu”,
2 2
where
ki

2

are coefficients of induced connection of the normal bundle (submanifold,
subspace) XN _,,.

For a tensor on Xj;, whose some indices are related to GRy and the others
to XN _,,, four kinds of covariant derivative are possible. For example,

7,A — t
prtjB — ]BLM

ISRV

Vit
1
2
3
4

(210) i DA pm P 1A pm
th I + PpmthB F] thB + I‘P,U‘th FB/Lt]P

2
2
1

Pm m,j
mp im

NN

In this way, 4 connections Y, 6 € {1,...,4} on the submanifold XY ,, ¢ GRy
are defined. We shall denote the obtained structures (XY _,, C GRx, gas, Y, S

{1,...,4}).
Derivatives of the type (1.3) and (2.10) are van der Waeden-Bortoloti
derivatives. Combining these two cases, we can observe also a derivative of a

tensor containing simultaneously indices of all three types, e.g. té%‘g,.

2.3. Consider now the explanation of YMNA. Analogously to (1.16) we have

(211) YMNA = NA%M = AAH T Z\I’PALLNPa
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from where, composing with HijBZ, one gets

(2.12) HijB,{NAJg# = le\’jmh,w.

In order to determine /}, consider the relation H;; N4 BJ = 0 and apply the

derivative Y“ EJH_ u, which in the case of BJ is reduced to Y”' So,

Hi;(NYy, Bl + NiB’, ) =0,
7]

vip
6
wherefrom, in relation to (2.12) and (1.7): /}f\uhw + eASOZAW =0,
(2.13) /;\gu = —eaQapuh™, 0 € {1,...,4}.
In order to determine \g/ in (2.11), we are composing with H;; Né, and obtaining
. , - P -
(2.14) Hijz\f;wzvg2 = ZP: Vpanerdy = eq¥oap.

With respect to (2.10), (2.2), (2.9) the previous relation yields
eQUqan = HijNG(Ny , + T NGB — T4 Np)
o HiiNy (N + Ty NGB = hplh,
b HiN}, (N}, + 5, NRB?) — hpoNF (N}, + T4, N BE)
= (N, + T} NA B (HigNfy — hpoNT) = 0,
because
(2.15) hpoN] = H;;jN},.
So, \?QA,L = 0. In the same manner one proves that %QAM = 0, and, based on

(2.11) and (2.13), we have proved the following theorem.

Theorem 2.1. Derivational formulas for normals of a submanifold Xar C GRn,
considered in a structure (XJJ\\LMJAB,Y,@ € {1,2}) are

(216) Nilu = YMNA = _eASgAp;LhﬂpBZra 0 e {17 2};
0
where Sg are given at (1.8).

2.4. In order to investigate N}, for 6 € {3,4}, we shall firstly consider
0

properties of the coefficients 1:‘, 1; For the Kronecker symbols, being constants,

we have

(2.17) 0p1, =041y =010 =0,V0€{1,... 4}
0 0 0
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From here and because of (2.2), (2.4), we obtain

(2.18) hapyp =il =0,v0€{1,...,4}.
6

On the other hand, from (2.10) one gets

AB _ nA ¢PB nB AP _ A B —
IR =0+ TR0+ TR =15, + TR, = 0

The analogous is valid for I; and we have
(2.19) ggﬂ = —Eﬁﬂ,w € {1,2},

i.e. an antisymmetry is in force with respect to A, B. Further, we have
6p, = Tp, —Th = 0
Bin g0y 180 2B g1y
and the result is analogous by applying Y7 SO

A -a _
(2.20) I;BH = I;BM for?7 0 € {3,4}.

Based on (2.19) and (2.20), we conclude that applying ? and Y or ? and Y or

V and V or V and V one obtains

2 3 2 4

(2.21) rg,=-I%,.
From the above, we state the following theorem

Theorem 2.2. The coefficients I?,I; (2.9) of induced connection in the normal

submanifold X§_,; C GRn have the properties: -
a) the property (2.19) in the structures (X]J\\,T_M,gAB,y,H € {1,2}),

b) the property (2.20) in the structures (XJJ\\,CM,gAB,Y,H € {3,4}),
c) the property (2.21) in the structures (XIJ\\,T_M,gAB,Y,?, (0,w) € {(1,3),

(1,4),(2,3),(2,4)})-

2.5. Let us investigate now \ZJ for 0 € {3,4} at (2.11). In relation to (2.9) is

(2.22) hpq(Th, — T,) = hpoN T} N} By, = H;;T,, N, N Bj}

o
and based on (2.14), (2.9) and (2.15):
QUQan = HiNG (N, + Ty NABJ) — hp NI (N |, + T, NA B

— s J NP Rm P _ TP
(235) HZJTpmNQNABu (232) hPQ(];A;L EA#)'
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An analogous equation is valid for \Zl too.

Taking into account (2.20), we conclude that, from the previous equation

(2.23) Woau = 0,¥0 € {3,4},
and, by virtue of (2.11) and (2.13) we have the following theorem.

Theorem 2.3. In the structure (XJJ\\,’_M,gAB,Y,G € {3,4}) derivational for-

mulas for normals of submanifold Xy C GRy are

(2.24) Ny, = YMNQ = —eAsalA,,Mh”PB;, 0{3,4},
6

)

nd then in X¥_,, there exists a unique connection (2.9) with the coefficients
[ =T.
2

=
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