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Abstract. Generalized random processes by various types of continuity
are considered and classified as generalized random processes (GRPs) of
type (I) and (II). Structure theorems for Hilbert space valued generalized
random processes are obtained: Series expansion theorems for GRPs (I)
considered as elements of the spaces L£(A, S(H)_1) are derived, and struc-
ture representation theorems for GRPs (II) on K{M,}(H) on a set with
arbitrary large probability are given.
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Introduction

Generalized random (stochastic) processes can be defined in various ways,
depending on whether they are regarded as a family of random variables or as
a family of trajectories, but also depending on the type of continuity implied
on this family. It is well known that a classical stochastic process X (t,w),
t €T CRY we Q can be regarded either as a family of random variables
X(t,), t € T, as a family of trajectories X(-,w), w € £, or as a family of
functions X : T x Q@ — R™ (R"™ is the state space) such that for each fixed
t € T, X(t,-) is an R"—valued random variable and for each fixed w € ,
X (-,w) is an R"—valued deterministic function (called a trajectory). For classical
stochastic processes these three concepts are equivalent, but if we replace the
space of trajectories with some space of deterministic generalized functions,
or if we replace the space of random variables with some space of generalized
random variables, then we get different types of generalized stochastic processes.
The classification of generalized stochastic processes by various conditions of
continuity leads to structural theorems such as integral representations and
series expansions, which will be subject of this paper.

Let us give now a historical overview of various definitions of the concept of
generalized random processes (GRPs). One possible definition of a GRP is the
one used by J.B. Walsh (see [I7]) as a measurable mapping X : Q — D'(T).
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For each ¢ € D(T'), the mapping Q@ — R, w — (X (w), ¢) is a random variable.
This definition is motivated by the fact that trajectories of Brownian motion
are nowhere differentiable and can be considered as elements of D'(T). K. Itd
defined in [7] a GRP as a linear and continuous mapping from L?(R) to the space
L?(Q) of random variables with finite second moments, while Inaba considered
in [6] a GRP as a continuous mapping from a certain space of test functions to
the space L%(Q). Also, Gel'fand and Vilenkin [2] have considered GRPs in this
sense. Further on, we will refer to GRPs defined in this sense as to GRPs of
type (I). On the other hand, O. Hans, M. Ullrich, L. Swartz and others (see
3], [8], [14], [16]) defined a GRP as a mapping £ : Q@ x V. — C such that for
every ¢ € V, &(+, ) is a complex random variable, and for every w € Q, £(w, )
is an element in V', where V denotes a topological vector space and V' its dual
space. Further on, we will refer to GRPs defined in this sense as to GRPs of
type (II).

Note, if a GRP is of type (I), then we do not have continuity of sample paths
for each fixed w € ), only continuity in distributional sense. If we assume for a
GRP (I) the continuity for a.e. fixed w € €2, then it is also of type (II). However
in [I7] Walsh proved that, if the underlying test space V is nuclear, then for a
GRP (I) there exists a version which is also a GRP (II). This result need not
hold true if V' is not nuclear, e.g. if it is a Hilbert space, as it was shown in
[12]. Vice versa, if a GRP is of type (II), this does not ensure its continuity as
a mapping from the test space K{M,} into L*(2) or even L°(Q2) equipped with
convergence in probability. It was shown in [12] under which conditions a GRP
of type (II) is also a GRP (I) up to a set of arbitrarily small measure.

T. Hida, Y. Kondratiev, B. @ksendal, H.-H. Kuo, and many others (refer to
[4], [5]) have developed a very general concept of GRPs via chaos expansions.
In [5], GRPs are defined as measurable mappings T — (S)_1, where (5)_;
denotes the Kondratiev space, but one can consider also some other spaces of
generalized random variables instead of it. Thus, they are pointwisely defined
with respect to the parameter ¢t € T and generalized with respect to w € Q.

GRPs generalized with respect to both arguments were introduced in [I3]
and [I1], where we in fact generalized and unified the concept of a GRP in
Inaba’s sense and the previous definition, and considered GRPs as linear con-
tinuous mappings from the Zemanian test space A into (S)_;. There we gave
structural properties of these GRPs by series expansions in spaces of Zemanian
generalized functions and a simultaneous chaos expansion. Since these pro-
cesses, as elements of L(A, (S)_1), are very close to the concept of a GRP (I),
we also call them GRPs of type (I).

The aim of this paper is to generalize the results obtained in [I1] and [12]
to Hilbert space valued GRPs. The results in [II] for GRPs (I) and in [I2] for
GRPs (IT) hold for processes with a finite-dimensional state space. In this paper
we derive similar results for GRPs with an infinite-dimensional state space H,
where H is a separable Hilbert space.

The paper is organized in the following manner: In the introductory section
(Section 1) we provide some basic terminology and background information from
the theory of generalized functions, generalized random variables and general-
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ized random processes. In Section 2 we derive chaos expansion theorems for
GRPs (I) considered as elements of the spaces £(A, S(H)_1) i.e. as linear con-
tinuous mappings defined on the space of Zemanian test fuctions A and taking
values in the H-valued Kondratiev space S(H)_;. We also prove that in the
case when A is nuclear, a GRP (I) can also be regarded as an element of the
space L(A(H),S_1). Section 3 contains an integral representation theorem on
sets with arbitrary large probability for GRPs (II) on K{M,}(H) spaces.
With these theorems established, in Part II of the paper, we will derive the
Wick product for GRPs (I) and use the series expansion machinery for solving a
class of linear and a class of nonlinear evolution stochastic differential equations.

1. Basic concepts

In this introductory chapter we give a brief overview of some classes of de-
terministic (e.g. Schwartz, Zemanian) and stochastic (Hida, Kondratiev, etc.)
generalized function spaces. Definitions of some basic concepts, their most im-
portant properties and relations are given, which are necessary to understand
the methods used in the sequent parts of the paper. Most of the material pre-
sented here is familiar and therefore given without proofs, but with references
for further reading.

We use the notation a = (au, ..., ag) € N& for multi-indices, D = 97" - - - 95
for the differential operator, and z® = ' ---25¢ for x = (1,...,24) € R%
The length of a multi-index « is defined as |a| = a1 + @2 + -+ + ag.

1.1. Hermite functions

The Hermite polynomial of order n, n € Ny, is defined by

N

22 d” .
= (=1)"ez -7 R.
hn(z) = (=1)"e T (e72), xz €

It is well known that the family {\/%hn : n € Ny} constitutes an orthonormal

12 . .
basis of the space L?(R,du), where du = ée‘de is the Gaussian measure.

The Hermite function of order n+ 1, n € Ny, is defined as

1

76_%}171 V2z), x€eR.
Tyt fm(V2)

£n+1 (x) =

Let a = (a1, 9, - - ., aq) € N& be a multi-index. Define &, = £,, @4, @ ®&q,-
The set of multi-indeces a can be ordered in an ascending sequence as it is
described in [5]. Denote by a the jth multi-index in this ordering. Hence,
the family of vectors &, can also be enumerated into a countable family n; =
&4, J € N. The family of functions {n; : j € N} is an orthonormal basis of the
space L2(R%).
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1.2. Zemanian spaces

Let I be an open interval in R, and let R be a formally self-adjoint linear
differential operator of the form

(1) R =609D™6y---D™0, = éu<_D)7Lu . (_D)ngél(_D)nléo

where D = d/dz, 6) are smooth complex functions without zero-points in I,
and ny are integers k = 1,2,...,v. Suppose that there exist a sequence of
real numbers (A, )nen, lim, o |[An| = 00, and a sequence of smooth functions
{(n)nen in L?(I) which are the eigenvalues and eigenfunctions, respectively,
of the operator R, i.e. R, = Ay¥,,n € N. We can enumerate them in
an ascending order: |A1] < [A2] < |A3] < -++ — oo. This re-ordering is made
just for technical reasons, but it is neither unique nor unavoidable. Suppose
that {¢,, : n € N} forms a complete orthonormal system in L?(I) with respect
to the usual inner product denoted by (:|-). Each function f € L?(I) can be
represented as an infinite sum f = >, (f|,)t, converging in L?*(I). Define
inductively: R? = Z, R¥*! = R(RF), k € N. Note, A\, = 0 for some n € N
implies Ay, = 0 for every k < n. From now on, if A, = 0, we replace it with
An =1, else we put A\, = A\, n € N.
Define:

= > —2k
A = {f = Zan¢n : Z |an|2>\n < OO}, keZ.
n=1 n=1

If k € Ny, then A, C L?(I). For each k € Ny, Ay, is a Hilbert space when pro-

_ —~2k

vided \Zoith the inner product (f|g)x =Y., anbpAn , where f =3 a,iy,
g=."1 by, € Ai. Denote by || - || the norm induced by this inner product.
The dual space Aj,, equipped with the usual dual norm, is isomorphic with A_.
Thus, we have a sequence of linear continuous canonical inclusions

Sl CAC A =LPI)C AL CALC -

The set

(2) S:{f€L2(1)5 fzzan%,ané((:,mGN},
n=1

i.e. the linear span of the set {1, : n € N}, is dense in each Ay, k € Z. Define:

A=) A= {f €L2(D): F=3 anton, ¥, 3 JanlPh, < oo},
n=1 n=1

keNg

A= ] A= {f = izwn : ak,iwnﬁﬁn_% < oo}.

keNg

The Zemanian space of test functions A is equipped with the projective topol-
ogy, and its dual A’, the Zemanian space of generalized functions, is equipped
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with the inductive topology which is equivalent to the strong dual topology.
The action of a generalized function f = > 7, a,t, € A’ onto a test function
© =07 by, is given by the dual pairing (f,¢) = > 2 | a,by,. The orthonor-

"k
mal basis of Ay, k € Ny, is the family of functions {\,, , : n € N}. Note, A

—~—2c
is nuclear if for some ¢ € Ny the condition ) A, < 0o holds.

Example 1.1. In particular, for the choice R = —% + 22 + 1, defined on a
maximal domain in L?(R), A’ is the space of tempered distributions S'(R).

Let p € N. Denote exp,r = exp(exp(---(expz))---) and define (see [10])

exp, A as the projective limit of the family

epr,kA = {90 = Z anPp Z |an|2(expp }\:)Qk < 00}7 k € Ny,
n=1 n=1

equipped with the norm [j¢[|,x = Y07, |an|?(exp, )%k, k € Ny. Thus,

exp, A = ﬂ exp, p A, exp, A = U exp, _ A.

keNg keNg

Clearly, S is dense in each exp,, , A. The canonical inclusions exPp k41 A C
exp,, . A are compact. Moreover, exp, A is nuclear if for some ¢ € Ny the series

Zzozl(expp An)~2¢ converges. Define the pair of test and generalized function
spaces ExpA and FxpA’ as

ExpA = projlim, .o exp, A, ExpA’ = indlim,_. exp, A'.

The canonical inclusions exp,,,; A C exp, A are continuous and compact. The
set S is dense in exp, A for each p € N. Hence, FzpA is dense in each exp, A
as well as in A.

1.2.1. Hilbert space valued Zemanian functions

Let H be a separable Hilbert space with orthonormal basis {e; : ¢ € N}.
We will assume that A is nuclear, i.e. that there exists some p > 0, such that

> An o < 00. This is necessary in order to have an isomorphism of A’(I; H)
with the tensor product space A’ ® H (refer to [I5, Prop.50.7]). In general case,
A’ ® H would be isomorphic to a subspace of A’(I; H). Note that the notation
® stands for the m—completition of the tensor product space, which is equivalent
to the e-completition in case A is nuclear.

Denote by Ag(I; H) the space of functions f : I — H of the form f =
—~2k
D ict Yopet @intnei such that || fllua = 3072, 2500, |ainl*An < co. Let
A(I; H) = projlimy—.ooAx(I; H). Clearly, A} (I; H) is isomorphic to A_x(I; H)
and we may define A'(I; H) = indlimy— oo A—i(I; H).
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A similar construction can be carried out also for the spaces FxzpA and
ExpA’. We denote their Hilbert space valued versions by ExzpA(I; H) and
ExpA'(I; H).

1.3. Spaces of generalized random variables

The spaces of generalized random variables are stochastic analogues of de-
terministic generalized functions: they have no point value for w € €2, only an
average value with respect to a test random variable. For details refer to [4] or
[5].

1.3.1. White Noise Space

Consider the Gel'fand triple S(R?) C L?(R?) C S'(R%), the Borel o-algebra
B generated by the weak topology on S’(R%) and the characteristic function
Cp) = exp{—%\¢|2Lz(Rd)}. According to the Bochner-Minlos theorem, there

exists a unique measure g on (S'(R%),B) such that for each ¢ € S(R?) the
relation

| etdu) = o)
S'(R4)

holds. Here (w, ¢) is the dual pairing of &’(R?) and S(R?). The triplet (S’(R?),
B, 1) is called the white noise space and p is called the white noise measure or
the Gaussian measure on S'(R9).

From now on we suppose that the basic probability space (2, F, P) is the
space (S'(R9), B, 1). Put (L)? = L?(S'(R%), B, ). It is a Hilbert space equipped
with the inner product (F|G)(r)2 = E.(FG).

In a multi-dimensional case, for a given m € N, m > 1, define §,, =
[T, Si(RY), where S;(R?) is a copy of S(R?), and let S, = [[i~, S/(R?).
Equip the space S/, with the product Borel o-algebra and with the product
measure f,;, = i X -+ X p. The triple (S/,, B, ) is called the m-dimensional
d-parameter white noise space. Put (L)>™ = L?>(S), itm), and for N € N,
N > 1, let (L)2™N = @gzl(L)g’m be the direct sum of N identical copies of
the m-dimensional d-parameter white noise space. Here the finite dimension N
is the state space dimension. In Section 2, instead of the N—dimensional state
space, we will also consider the infinite-dimensional case, when the state space
is a separable Hilbert space H.

1.3.2. The Wiener-Ito chaos expansion

Denote by Z = (NJ). the set of sequences of integers which have only finitely
many nonzero components. For a given a = (ay,as,...) € I define the
Fourier-Hermite polynomial as Ha(w) = [[io) ha; ((w,m)), w € S'(R?). In
the multi-dimensional valued case (m > 1) the orthonormal basis of the space
K = @, L*(R?) is constituted of vectors of length m of the form e*) =
(0,...,m;,0,...), where n; takes the ith place in the sequence, and ¢, j are inte-
gers such that k =i+ (j — 1)m, i € {1,2,...,m}, j € N. In this case we de-
fine H\™ (W) = T3, hay ((w, e)), w € S!,. The Fourier-Hermite polynomials



Hilbert Space Valued Generalized Random Processes — Part I 135

H™ form an orthogonal basis of (L)*™. Tt is also known that ||H&m) ll(£y2m =
arlag! -+ a=(ay,a9,...) €Z.
The Wiener-It6 expansion theorem (see [5]) states that each element F' €
(L)?>™N has a unique representation of the form

F(w) = Z cH™ (W), weS, cacRY acl,
acl

such that HFH%L)Q,M,N = > ez alcd, where ¢2 = (calcq) is the standard inner

product in RY.

Example 1.2. Let ¢; = (0,0,...,1,0,...) be a sequence of zeros with the
number 1 as the jth component. The one-dimensional d-parameter Brownian
motion B(t,w) = (w, K[o,) has the expansion

B(t,w) = i (/Ot W(u)du) H (w), te R, w e §'(R?).

1.3.3. The Kondratiev spaces

We will use the notation o = oaf ! a2ﬂ2 -+ for the given multi-indices «, 3 € Z,
and

(2N)" =[] (27,
j=1
where v = (71,72,...) € Z. Then, ) (2N)7P* < oo if and only if p > 1, and

Y oaer e PN” < o0 if and only if p > 0.

We will use the definition of the Kondratiev spaces given in [B], where the
authors provide an equivalent construction of the original one introduced by
Y. Kondratiev. The space of the Kondratiev stochastic test functions (space
of Kondratiev test random variables) (S)7N consists of those elements f =

Y ower coHY™ € (L)>™mN ¢, € RN, « € Z, such that

Hf||,2)’p = Z A (a)'TP(2N)P* < 0o,  for all p € Ny.
o€l

The space of the Kondratiev stochastic generalized functions (space of Kon-
m,N
-p

the form F =, 7 ba H™, by € RN, a € T, such that

dratiev generalized random variables) (S) consists of formal expansions of

P2, p = bi(a!)!?(2N)* < oo, for some p € No.

—p,=p
a€l
The action of I onto a test function f is given by (F,f) = > c7(balca)a!
where (-|-) is the standard inner product in R¥.
The generalized expectation of F is defined as E(F') = (F,1) = by.
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The space (S )TF’)N can also be constructed as the inductive limit of the family
m,N .
(S*P)fp ={f= ZaeICaHa [ fll-p,—p < o0}, p € N,
In particular, for p = 0 the Kondratiev spaces are called the Hida spaces of

test and generalized stochastic functions.

Example 1.3. One-dimensional d-parameter singular white noise is defined
via the formal expansion

W(tw) = 3 m(t)He, ()

k=1

where t € R?, and ¢, 1 are as in the previous example. Singular white noise
belongs to the Hida space of generalized stochastic functions.

1.3.4. The Spaces exp(S)/"" and exp(S)T;,N

In [I3] and [II] the following space of generalized random variables was in-

troduced: The space of stochastic test functions exp(S)zlvN consists of those

elements f =3 . caHém) € (L)2™N ¢, € RN, a €I, such that

1112 pccp = D cA(al) #7e@0” < oo, for all p € No.
o€

m,N

—p

pansions of the form F =3 _; b H™ b, € RN, o € T, such that

The space of stochastic generalized functions exp(S) consists of formal ex-

||F|\27p’7p’ezp = Z b2 ()= Pe PN < oo, for some p € Ny.
a€l
Note, for each p € [0,1], exp(S)7" is nuclear and exp(S)TbN C exp(S)™N

(the canonical inclusion exp(S)™ C exp(S)7N is compact). Moreover, the

following relationship to the Kondratiev spaces holds:

exp(S); "N € (S);N C (LN € (S)1,Y € eap(8)7.
The canonical inclusion exp(S)7N C ()7 is compact. From the construction
it follows that exp(S)7=" is dense in (L)>™N ie. exp(S)pN C (L)>™N C

e:rp(S)TbN is a Gel'fand triple.

1.3.5. Hilbert space valued generalized random variables

Let H be a separable Hilbert space with orthonormal basis {e; : ¢ € N}.
As already suggested, we will treat H as the state space, i.e. we replace the
N-dimensional case with an infinitedimensional state space (see [9] and the
references therein). While in [9] the case m = 1 is considered, we keep our
white noise space dimension to be m > 1.
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Recall that the basic probability space is (S/,,, B, ity ). Denote by L2™(Q; H)
the space of functions on 2 with values in H which are square integrable with

respect to fiy,. The family of functions {H&m)ei : i € N,a € T} is an orthogonal
basis of the Hilbert space L*>™(; H). Each element of L?™(2; H) can be
represented in either of the following forms:

(w> = Zai(u})ei, a; = <f7 ei)H € (L)z’m7 Z Hai”%L)lm < 00,
=1 i=1

w) = i Z ai’aHgtm) (w)e“ A0 = <fﬂ Hc(ym)ei> € R? i Z a!|ai,o¢|2 < 00,

i=1 a€Z i=1 a€Z

W)=Y aaH{ (W), aa = (f,H)pyemn € H, Y _ allaa|? < oc.

acl acl

Now, one can build up spaces of H—valued generalized random variables
(H-valued Kondratiev spaces and others) over L?™(£2; H) following the same
ideas as in the RV-—valued case. Let p € [0,1].

Define S(H)!" as the space of functions f € L*>™(Q; H),

fWw) =371 et ai’aH&m) (w)ei, a; o € R, such that for all p € No,

IFI2 e = Z > al'*la; =y Za”*% a?(2N)P* < oo

=1 o€l a€eZ 1=1

Define S(H)™, as the space of formal expansions
Flw)=372, Y ower bi,aH&m) (w)ei, b o € R, such that for some ¢ € No,

o0 (o)

1FI2 e = D D @l ™ Jbia 2(2N) 70 = D3 al! by o 2(2N) 7 < oo
i=1 acT €T i=1

Note, we can also write
oo

TS G W = Y W) = Y aswe
€T i=1 = i=1

where aq = > 0 a;ne; € H and a; = Y eer Gisa ém) (w) € (S)Z‘. Also,

)
b = Y Al P llaa NPT = flaill}
=1

a€cl

I1£17

The same holds also for

ZZbH,H(m) e; = Zb H Zbi(w)ei,

acZ i=1 ol =1
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where by = 3.7 biqe; € Hand by =3 o7 bi)aH((lm)(w) € (S)™,. Also,

IFN2 g = Yt l[bal| (2N) Z 165112 5,— g
a€cl

The action of F onto f is given by

(F,f)=>_ al{ba,aa)n.

acl

Similarly as for the finite-dimensional case we have
S(H){™ CS(H)™ CS(H)™ c L>™(Q; H)CS(H) "y < S(H) ™) Cs(H)".

The same construction can be carried out for the exponential growth rate
spaces. Let expS(H)7" be the space of functions f € L*»™(Q; H), f(w) =

ZZ 12 aer @iaH ( )(w)el, ai € R, such that for all p € Ny,

AP 3) SRR 9D BICTNCTL

1=1 a€T a€Z 1=1

The corresponding space of stochastic generalized functions expS(H )Tp con-

sists of formal expansions of the form F(w) =", > o7 bi,aH(gm)(w)ei, bia €
R, such that for some ¢ € Ny,

o0 o0
112, —geap=p_ > oM Pbia[Pe 1N =3 "N "ol =2)b, o [2e 71" < oo,

i=1 a€Z a€T i=1
Both S(H)}" and expS(H)}" are countably Hilbert spaces and
expS(H)" C S(H),! C L*™(Q;H) C S(H )", € expS(H)™,.

In general, S(H);" and expS(H)}' are not nuclear spaces. They would be
nuclear e.g. if H were finite-dimensional (see [I5, Prop.50.1}).

Note, since (S)}" and exp(S)}* are nuclear spaces, by [15, Prop.50.7] we have
again (as for the Schwartz spaces in the deterministic case) an isomorphism with
the tensor product spaces:

SH)™ = (5)", ® H, expS(H)", = exp(S)”,

,® H.

Remark. For technical simplicity, in the sequel we consider only the case
m = 1, but all results can be carried over to the general case.

Examples of elements of S(H)q are H—valued Brownian motion and singular
white noise (see [9]).
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1.4. Expansion theorems for GRPs (I)

We give now an overview of the results obtained in [I3] and [I1]. Elements
of the spaces L£(A, (S)-1) and L(A, exp(S)_1), but also of L(ExzpA, (S)-1) and
L(ExpA,exp(S)_1), are GRPs (I). As already mentioned, these processes are
generalized both by the time-parameter ¢ and by the random parameter w.
Further we will also denote by [-, -] the action of an element from L(A, (S)_1)
or L(A,exp(S)_1) onto an element from A, and with (-,-) the classical dual
pairing in A" and A.

Consider, for example, GRPs (I) as elements of the space A* = L(A, (S)_1).
Elements of A = L(Ay, (S)-1) are called GRPs (I) of R-order k. We have a

chain of continuous canonical inclusions

(LAD) = A5 C AT C - C AL C A = | A

keNp

For technical reasons we assume that the set of multi-indices 7 is ordered in a
lexicographic order and denote by o/, j € N, the jth element in this ordering.

Definition 1.1. Let f; € A, j = 1,2,...,m and let 0,5 € (S)_1, j =
1,2,...,m. Then Z;nzl fi®04: is a GRP (I), i.e. an element of A* defined by

m

(3) D [ ®0a0| =Y (f10)0as,  pEA
j=1 j=1
Theorem 1.1. Let k € Ng. The following conditions are equivalent:
(i) &€ Af.
(ii) ® can be represented in the form
(4) ©=3 fi®Hu, fieAu JeEN
j=1

and there exists ko € Ng such that for each bounded set B C Ay

) sup 3 1(£. ) (2M) 7+ < oc.
gaEBj_l
(i1i) ® can be represented in the form (4)) and there exists k1 € No such that

(6) ST p2N) e < oo,

Jj=1

Since A* is constructed as the inductive limit of the family Aj, k € Ny, we
obtain the following expansion theorem for a GRP (I).
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Theorem 1.2. & € A* if and only if there exist k, kg € Ny, such that series
expansion ([{]) and condition [3) hold.

It has been shown in [II] that these expansion theorems for GRPs (I) are
consistent with the expansion theorems of Pettis—integrable generalized stochas-
tic processes defined pointwisely as in [5].

Analogously to the previous theorems concerning GRPs (I) with values in
(S)—1 one can consider GRPs (I) taking values in other spaces of generalized
stochastic functions. Consider, for example, the space exp(S)_1, which will
provide a larger class of GRPs (I). Let “? A* = L(A, exp(S)—1) and “"PA; =
L( A, exp(S)_1) be GRPs (I) and GRPs (I) of R-order k, respectively. Further,
let all the other terms be defined analogously as for A*; i.e. we replace (S)_1
with exp(S)_1 in Definition [[T] and else where necessary.

Theorem 1.3. Let k € Ny. The following conditions are equivalent:
(1) ® € “*PA;.
(ii) ® can be represented in the form
(7) ©=) fi®Hu, fieAu JEN,
j=1

and there exists ko € Ny, such that for each bounded set B C Ay,
e j
(8) sup Y [(fj, )7 THENT < oo,
peB =1

(111) ® can be represented in the form (7) and there exists ki > 0, such that

> J
S5 < oo,

j=1
For examples of GRPs (I) refer to [I1].

1.5. K{M,} spaces

Now we give a brief overview of some basic notions from the theory of K{M,,}
spaces, which are constructed similarly as the tempered distributions, but are
more general. For further details refer to [I].

Let (Mp)pen, be a sequence of continuous functions on R such that the
following conditions are satisfied:

(9) 1< My(z) < My(x), z€R, p<p'.
(P) For every p € Ny there is p’ € Ny such that

lim M, (z)M ! (x) = 0.

|| — o0 P
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(N)  For every p € Ny there is p’ € Ny such that Mlej,l € LY(R).

K{M,} is defined as a space of smooth functions ¢ € C*°(R) endowed with
the family of norms

I llp=sup{Mp(x)l¢"(2)| : z€R, i <p}, p € No.

For the properties of X{M,} and its strong dual K'{M,} we refer the reader to
[1]. In this paper we shall consider a subclass of such spaces. Namely, as in [2,
p.82], we shall assume that {M,, p € Ny} are smooth functions such that

D for every k,p € Ny there exist p’ € Ny and C > 0 such that
|MF) ()| < CMy(2), z€R.

With the quoted conditions on M,, p € Ny, the sequence of norms || - ||,
p € Ny, is equivalent to the sequence of norms

1@ llna=supd( | My(a)e O @)Pda)!2 i < pb. p € No.

For example, if we choose M,(z) = (1 + |z|?)?
decreasing functions S(R) as IC{M,,}.

Further on we will also assume that the weight functions M, satisfy condition

, we obtain the space of rapidly

(T) for every p € Ny there exist p € Ny such that
Mpy(x —uw)My(u) < Mp(z), 0<u<|z|, xR
Note that the functions M, (x) = (1 + |x|?)%, and the functions defined to
be M,(z) = ePl*I" | for |2| > 2o > 0 and smooth around zero, r € [1,00), satisfy
condition (T).

1.5.1. H-valued K{M,} spaces

Conditions (P) and (N) imply that K{M,} is a nuclear space. Thus, if H is a
Hilbert space with orthonormal basis {e; : i € N}, we can consider the H—valued
K{M,} spaces, denoted by K{Mp}(H), as the tensor product K{M,}(H) =
K{M,} ® H. Thus, a function ¢ belongs to K{M,}(H) if and only if it is of the
form ¢ — Y, diei, ¢ € K{My}, i € N, and 92 5.5 = 322, [4]12 < o0 for
all p € Ng.

1.6. Structure theorems for GRPs (II)

We give now an overview of the results obtained in [12]. Let V be a
topological vector space, V' its dual space, (2, F, P) be a probability space
and ZP = LP(Q), p > 1, be the space of random variables X such that
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Jo | X[PdP < co. By L"(R™), r > 1, we denote the space of r—integrable func-
tions with respect to the Lebesgue measure m.

Definition 1.2. A GRP (II) is a mapping & : Q x V — C such that for every
p eV, &(-, ) is a complex random variable and for every w € Q, &(w,-) is an
element in V'.

As in [2], we will suppose that the expectation of £, denoted by E({(w,p)) =
m(p), ¢ € V, exists and belongs to V’. Due to this fact we shall suppose that
E(&(-,¢)) =0 for every p € V.

The proof of the following results can be found in [12].

Theorem 1.4. Let G = [[_(a;,3;) C R", —0 < a; < B < 00, i =

=1 =

1,2,...,n, and let £ be a GRP on Q x L"™(G), r > 1.
a) There ezists a function f:Q x G — C such that

(i) for every x € G, f(-,x) is measurable and for every w € Q, f(w,-) €
LP(G), p=r/(r—1).

(ii)
€)= [ Fwtptdr, wen, pel’(G)
b) Let G =R™. If there exists A € F such that P(A) =0 and
[E(w, o) < CW)llgllr , w e NA,

then the correlation operator Ce(-,-) has a representation

Celo.v) = [ [ e .0 ws)i)dids, g0 € L' (G).
Theorem 1.5. a) Let € be a GRP on K{M,}. Then for every e > 0 there
exist d € No, M € F satisfying P(M) > 1—¢, and functions f, : QxR —

C, a=0,1,...,d, such that f,(-,t) is measurable for every t € R, fq(w,-)
is in L*>(R) for everyw € M, a =0,1,....,d and

d
(1) §0) = 3 [ falotMap (W, we M. o (M}
a=0

d
(11) Z ” foz(w7') HLQSd? we M.
a=0

In particular, if there exist C(w) > 0, w € Q, and d € N such that

(12) [§(w,p) < Cw) [l ¢ |

then representation ({Id) is valid on the whole €.

d2, wE Q, p e ’C{Mp},
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b) Moreover, if £ is also a continuous mapping from K{M,} to Z*, then for

almost every t, s € R there exist E(fo(-,t)f3(-,s)), a < d, B < d and the
correlation operator Ce(p, ), ¢, € K{M,} has the representation

Celp,9) =

d d
=23 [ [ B T ) MM (0P s

a=0 =0

¢) If € is a GRP on K{M,} such that (I2) holds and w — C(w) is in Z2,
then & : K{M,} — Z? is continuous and ({I0) holds for every w € Q.
Condition C(-) € Z?% is sufficient but not necessary for the continuity of
£ K{M,} — 72

2. Hilbert space valued GRPs (I)

Now we expand on the results of [II] and consider Hilbert space valued
GRPs. Let H be a separable Hilbert space with orthonormal basis {e; : i € N}.
We replace the Kondratiev space (S)-; with the H—valued Kondratiev space
S(H)—_1 and define H—valued GRPs (I) as linear continuous mappings from the
Zemanian test space A into S(H)_1, i.e. as elements of

A(H)" = L(A, S(H) 1)

Elements of A(H); = L(A,S(H)_1) are called H-valued GRPs (I) of R-
order k. Thus, L € A(H); if and only if there exists kg € N such that L €
L(Ak,S(H)_1,-k,).- Note that L£(Ag, S(H)_1,_k,) is a Banach space with the

usual dual norm

I LI g, = sup {I[L; 9]l -1, —ko:mr : 9 € Ag, |lgllx < 1}

Clearly, A(H)j, € A(H);, and ||f||* g = Il - if f € A(H)_g. We have a
chain of continuous canonical inclusions

LA(I;H) = A(H); C A(H); € -+ C A(H); CAH) = | A(H);.

keNy

Definition 2.1. Let f; € A, j = 1,2,...,m and let 0,; € S(H)_1, j =
1,2,...,m. Then Z;”:l [ ® 045 is an element of A(H)* defined by

m

(13) D i ®baip| =Y ([1:¢)0eis g EA

Jj=1 Jj=1

Recall, each 0,; € S(H)_1 can be represented as

(14) Oos (@) = > OjixHor(w)ei,  Oji € R.

i=1 k=1



144 D. Selesi

Thus, ([I3) can be written in an equivalent form

Z iks P )ei
k=1
ZZ zk®H 62,90 ’

i=1 k=1

m

D i) DD Oy Hon (w
=1

i=1 k=1

E'qg

s
Il
—

where F;, = Z;nzl fjejik e A.

Lemma 2.1. Let (fy)nen be a sequence in A" and (6,:)jen be a sequence in
S(H)_1. If there exists ko € Ng such that for any bounded set B € A,

(15) sup > [(f5, ) - 1003 [l -1, ko:rr < 00,
peB )
then 37771 fj ® 045 defined by

(o9} m
> fi @00 = lim Y f; @6
= m— 00 =

is an element of A(H)*.

Proof. Denote T = 327 f; @045 and Ty = 377" fj ® 045, m € N. Clearly,
T,, € A*. By (DE), Y, € E(A, S(H)*l,fko)'

The sequence of partial sums Y,,, m € N, is a Cauchy sequence in A(H)*
because, for given € > 0 and m > n,

||[Tm790} - [Tm(p]nflﬁko;H = Z |<f]'790>| |0 H*L*ko;H <é&,
j=n+1

if n,m are large enough.
Since

o |* = sup{[[[T, @lll -1, ~kosr = » € A, [l@l] < 1}

<sup{d _ [(F5,0) - 100l -1,kosr = 0 € A, [0l <1},

j=1

it follows that
sup [Trll* < sup SUP{Z| fiso) Nbaill=1,—kosmr = @ € A, [l]] <1}

J=1

oo
<sup{Y_ [(f5 ) - Basll-1 kot = ¢ € A Il <1} < o0,
j=1
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by condition (IH). According to the Banach-Steinhaus theorem,
T =limm—ooLm

also belongs to L(A, S(H)_1,—k,)- O

Theorem 2.1. Let k € Ny. The following conditions are equivalent:
(i) € A(H)j.
(i) ® can be represented in the form
(16) (I)Zzz.fij(g)Haﬂ €i, fijGA—k; i,jGN,
i=1 j=1
and there exists ko € Ny such that for each bounded set B C Ay
(7) sup Y~ 3 |(fig ) (2M) 0 < o

S

Proof. Let ® € A} = L(Ay,S(H)_1). There exists kg € Np, such that ® €
L(A, S(H)-1,—k,). The mapping f;; : Ar — R given by

Y= ([(I)a ‘P]lHaiei)foko;H

is linear and continuous for each H,ie;, i.e. fij € A} = A_j for each ¢,j € N.
Thus,

<fij790> = ([(Dv@HHajei)foko;Hy peAr, jeN.
Also, [®,¢] € S(H)_1,_k, has the expansion

(18) = ZZ Pl Hai€i) 1 _o;r Hasei-
=1 j=1

The series on the right-hand side of ({I8)) converges if and only if

S [0 lHar0 | N = 3108 R M) < o

=1 j=1 Jj=1
which yields (IT). Now, by Definition 2] ([8) is equal to

:ZZ fz]a Hgie; = Zfij®Ho¢jei790 )
i=1j=1 j=1

and this implies ([I6]).
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Conversely, let ® = 3772 >3 f;; ® Hyse;, where fi; € Ay, i,j € N, and
let (I7) hold for any bounded set B C Aj.
Since [®, ¢] € S(H)_1,—k,, it has the expansion

oo o0

[(1)790] = Z

™

([(D7 (P] ‘Haﬂ ei)fl,*ko;HHaj €;

o
Il
N

<
Il
_

o
M8

o
Il
fa
<.
Il
—
o~
Il
N

([

Jue ® Horep, @l|Hpi€i) 1, posn Hese

M8
EMS

M
M8
K
M8

o
Il
N
<.
Il
_
Il
_

(

(fik, o) Horel|Hyiei) -1, —kosmHai€i
k

Il
—

(fij, @) 2N) "R H s, 0 € Ay,

v
Mg

.
Il
i
Il
—

J

where in the last step the orthogonality of the basis H,;e; was used.
The sequence of partial sums ®,, = 3", 377" | fij @ Hasei, m € N, is a
Cauchy sequence in L( Ay, S(H)_1,—k,) because, for given € > 0,

1@, ] — [ nv@]” 1,—ko;H — Z Z fzjv 2N)~ koo <§g,

i=n+1j=n+1

if we choose n, m large enough. This yields that (®,,)men is a Cauchy sequence
in A(H)j. Also, (I7) implies that

sup 1P| < Sup{ZZI Figs )P (@N) TR o € A, [llle < 1} < oo

i=1 j=1

Thus, due to the Banach-Steinhaus theorem, ®¢ = lim,,—o ®,, € A(H)}. So
it has to be of the form

oo oo

20 =3"3 Fy ® Hurer

i=1j=1
It remains to show that &3 = ®. Since
(fij: o) = (Fi @) = (D0, @l Has€:) -1, kot — (2, D) Hasei) -1, —kostr
= ([ lim®pp, | Hao i) —1,—kosrr = ([Ps @l Had €i) -1, kosrt
= lim ([P — P, ¢]|Hasei)-1,kosH
= lim (] Z Z fij ® Hosei, @l |Hos€i)—1,—kosh

m—oo .
i=m+1j=m+1

- W}E»noo Z Z f"]’ 2N) oo =0

i=m+1j=m+1



Hilbert Space Valued Generalized Random Processes — Part I 147

for any ¢ € Ay, it implies that fij = fij, 1,7 €N. a

Corollary 2.1. If ® can be represented in the form ({I0) and there exists k1 €
No such that

(19) 32 WlPutam) e <o

then ® € A(H)j.

Proof. According to the Cauchy-Schwartz inequality, it is obvious that (9]
implies ([IT). i

Remark: Note, that in the finite dimensional valued case we had an equiv-
alence between (@) and () in Theorem [Tl But now ([I7)) does not necessarily
imply (I3). This implication would be true ounly if S(H)_; were a nuclear space
(see [2, Theorem 1, page 67]), which it is not.

Since A(H)* is constructed as the inductive limit of the family A(H);, k €
Ny, we obtain the following expansion theorem for an H—valued GRP (I).

Theorem 2.2. & € A(H)* if and only if there exist k, kg € Ny such that
series expansion (I6) and condition {I7) hold.

Let U be a H-valued GRP in the sense of [5], given by the expansion
ZZCL” w)e;, teR, wedS'(R),
i=1 j=1

such that a;;(t) € L}, .(R), 4,7 € N. Then there is a H-valued GRP (I), denoted
by U associated with U, such that

oo (oo}
/ Z Z aij (1) Hai (w)eip(t Z Z Aij, ¢ w)ei,

=1 j=1 =1 j=1

w € S§'(R), where a;; € S'(R) is the generalized function associated with the
function a;;(t) € L}, .(R), i,5 € N. Thus, U has the expansion

5 o0 o0
=D @y ® Ha.
i=1 j=1

The expansion theorems for “*? A(H)* = L(A,expS(H)_1) can also be
stated as in the case of a one-dimensional state space:

loc

Theorem 2.3. Let k € Ny. The following conditions are equivalent:
(1) ® € ““PA(H);.
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(ii) ® can be represented in the form

(20) (I):ZZij(gHoﬂ €, fijEA—k7 i7j€N7
i=1 j=1
and there exists kg € Ng such that for each bounded set B C Ay
(21) sup > > (S, P)Pe ko < oo,
$eB 1 j=1

Corollary 2.2. If ® can be represented in the form (20) and there exists k1 €

Ng such that
SN Al e <o,

i=1 j=1

then ® € <*? A(H)7.

Theorem 2.4. ® € “*? A(H)* if and only if there exist k, kg € Ng such that
the series expansion (20) and condition (Z1)) hold.

2.1. GRPs (I) on nuclear spaces

Recall, since (S)_1 is a nuclear space, we have S(H)_; = (S)_1®H. Assume
now that A is also a nuclear space (this is not a strict restriction since in most
cases it is one). Then, by Proposition 50.7. in [I5], we have £(A,S(H)_1) =
A" ® S(H)_1. Combining this with the previous remark, we can now consider
GRPs (I) as elements of A’ ® (S)_1 ® H, or, if we regroup the spaces, also
as elements of A’ ® H ® (S)_1, which is again by nuclearity of A isomorphic
to A(I; H) ® (S)—-1. In other words, it is equivalent whether we consider the
state space H as the codomain of the generalized random variables or as the
codomain of the deterministic generalized functions representing the trajectories
of the process.

Similarly as we did for GRPs (I), we have a representation for elements of
A'(I; H). A function g belongs to A_;(I; H) if and only if it is of the form
Yoic1gi®ei, gi € Ay and sup,cp Yoo [(9i,¢)|* < 00 holds for each bounded
set B C Aj. The sum > .=, g; ® e; is defined by the action (3.2, ¢; ® €;,¢) =
Yoic1{gi, p)ei, ¢ € A, provided the latter sum converges in H.

Thus, if ® is a GRP (I) given by the expansion ® = 2, Zj‘;l fij @ Hyiei,
fij € A, we can rewrite its action in the following manner:

SN fii®Haeno| =Y. (fijs o) Hasei = > (O fij @ ei, o) Hys.
i=1 j—1 i=1 j—1 j=1 i=1

Also, from supe iy 352 |(fig @) P(2N) 7 < 00, B C Ay, we get

suppep 3251 I1(9: )3 (2N) 77" < oo, where g; = 3772, fij @ e; € A_x(I; H)

and ||gj||2—k;H = 3% |£ii2A7%. In view of these facts we can now reformulate
our representation theorem for GRPs (I):
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Theorem 2.5. Let k € Ny. The following conditions are equivalent:
(i) ® € A(H);.

(i) ® can be represented in the form

(22) = "fi®Hw, fj€AkH), jeEN,
j=1

and there exists kg € Ng such that for each bounded set B C Ay,

(23) sup Y [[(f5, )17 (2N) R0’ < oo
pEB

j=1
Corollary 2.3. If ® can be represented in the form (22) and there exists k1 €
No such that

(24) ST g @N) R <

j=1

then ® € A(H)j.

3. Hilbert space valued GRPs (II)

Recall, H is a separable Hilbert space over C with orthonormal basis {e,, :
n € N}. While for GRPs (I) we had L(A(H);(S)-1) = L(A;S(H)_1), i.e. it
was equivalent whether H was the codomain of the z—variable function space
or the w-variable function space, for GRPs (II) we have a different situation
already by the definition of a GRP (II).

Now we state the definition of a Hilbert space valued GRP (II) and the
corresponding structure theorems for them. We will restrict our attention to
GRPs on K{M,} spaces.

Definition 3.1. An H-valued GRP (II) is a mapping § : Q x K{M,}(H) — C
such that:

(i) for every o € K{Mp}(H), &(-, ) is a complex random variable,
(it) for every w € Q, £(w,-) is an element in K'{M,}(H).
For r > 1 denote L"(R"; H) = L"(R™) ® H and recall that its dual is
LP(R™; H), p = r/(r — 1). The dual pairing of f € LP(R™; H), ¢ € L"(R"; H)

can be written as [p, (f(t), ¢(t)) mdt. It can easily be checked that the following
H-valued version of Theorem [[4] holds.

Theorem 3.1. Let G = [[ (2, 5) C R", —00 < a; < ff; < o0, i =
1,2,..,n, and let £ be a GRP on Q x L"(G;H), r > 1. There exists a func-
tion f: Q x G — H such that
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(i) for every x € G, f(-,x) is measurable and for every w € Q, f(w, ) €
LP(GyH), p=r/(r—1).

(i)
§(w,go):/G(f(w,t),gp(t))Hdt, we, ¢el(G;H).

The following H-valued analogue of Theorem holds:

Theorem 3.2. a) Let & be an H-valued GRP (II). Then for every e > 0
there exist d € Ng, M € F satisfying P(M) > 1 — ¢, and functions
fa i QXR— H, a=0,1,....d, such that f,(-,t) is measurable for every
t€R, folw,-) is in L>(R; H) for everyw € M, a =0,1,...,d and
(25)

d
Ewp) = /R<fa(w7t)aMd(t)w("‘)(t)mdt, we M, e K{M}(H),
a=0

(26) Z” Jalw, ") 2@ < d, we M.

In particular, if there exist C(w) > 0, w € Q, and d € N such that
(27) (W, )| < CW) | ¢ llazn, w€Q, ¢ € K{Mp}(H),
then representation (23) is valid on the whole .

b) Moreover, if £ is also a continuous mapping from K{M,}(H) to Z?, then
for almost every t,s € R there exist E({fa(-,t), fa(-.8)u), « <d, 8 <d
and the correlation operator Ce(p,v), ¢,v € K{M,} has the representa-
tion

Celp,¥) =

=S [ B0, T MV ), T s

a=0 8=0

c) If € is a GRP on K{M,}(H) such that [Z7) holds and w — C(w) is in Z2,
then & : K{M,}(H) — Z? is continuous and (Z3) holds for every w € Q.
Condition C(-) € Z?% is sufficient but not necessary for the continuity of
£ KMy} (H) — 22

Proof. a) Since for every w € Q, &(w,-) is in K'{M,}(H), it follows that for
every w €  there exist C'(w) > 0 and p(w) € N such that

(@, 0)] < CW) | ¢ lp)2im, ¢ € K{M,}(H).
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We can assume that p(w) > C(w). For every ¢ € K{M,}(H) and N € N, put

An(p) ={weQ: [§w,9)| <N ll¢lnan}, Av= (] Ax(p).
PER{Mp}(H)

Since KK{M,}(H) is separable, it contains a countable dense subset D and
Ay = ﬂwep An(p) € F. Thus, from

(oo}
Q= |J Ay and Ay CAyy, N€EN,
N=1

it follows that for the given € > 0 there exists an integer d such that P(A44) >
1 —¢e. Denote M = Ay. It follows

[§w, o)l <d |l ¢
We extend € on the whole €2 by

a2, weM, o K{M}(H).

(25) ales) ={ 5P DS v ern ),

Further, put R = {¢ € K{Mp}(H) : || ¢ ||a,2,a< 1} and

S(w) =sup [&1(w, )| = sup [&(w,9)], we Q.
YER peDN R

It follows that S is measurable on Q, S(w) < d,w € Q. Thus,

(29) [S1(w, @)l < S W) | ¢ lazn, ¢ € K{Mp}H), we Q.

Inequality (29) holds also for the space H¢,(R; H) C H4(R; H), where H%(R; H)
~ HYR) ® H is the H-valued Sobolev space, and H{, = {¢p € HY(R; H) :
Myo® € L>(R;H), a = 0,1,...,d}, equipped with the topology induced by
the norm (gl s = S0 || Map |2 s -

We need the following consequence of [29):
(30) if (o, )ven is a sequence in K{M,}(H) and ¢, — 0in HY,

then & (w,,) — 0,v — 0.

LetT'y = H?:o L?(R; H) and endow it with the scalar product ((¢q), (Vo)) =
Zi:o Je{Pas Ya)udt, (pa), () € Tq. Clearly, I'y is a Hilbert space. Define
a mapping 0 : K{M,}(H) — Tq by 8(p) = (Map, Mai?',..., Map'?), ¢ €
K{M,}(H), which is injective, and denote A = §(K{M,}(H)). Note that

Define a mapping 2 x I'y — C, for every w € €, by

51(“179_1(1/}))7 ’(/} € A
L%(R;H)

Fw,9) = limy o &1(w, 07 (1), VEA, b, €A, 9, —> 4,
0, e AL,
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The existence of the limit follows from (B0) and (BIl). Thus,

F(w,¥) = F(w,¥), ¥ €Tq, d=1+9, e Ayt e AL

Clearly, F(,@ is measurable for any ¢ € I'y. Let ¢ € K{M,}(H), w € Q.
We have
[F(w,0()| < SW) || ¢ llazsz=S(w) [| 0(¢) [Ir, -

So, for every w € Q, F(w,-) is a continuous linear functional on 'y and it is

of the form .

Flw,) =Y Falw,"), we
a=0
Here F,(w,-), € Q, a < d, are continuous linear functionals on the subspaces
Iy CTg,a0 < d, where

Lo ={¢=(p) €Tq: s € L*(R;H), ¥ =0, B # a}.

It is endowed with the natural norm such that it is isometric to L?(R; H), for
every a € {0,1,...,d}. Let ¢ € T'4. Denote by [¢], the corresponding element
in I'qo. The Sth coordinates of [¢)], are equal to zero for § # « and the ath
coordinate is equal to 9),. Since F' is a GRP (II), it follows that F,, = F'|r, , is
a GRP (II) on 2 x 'y ie. on Q x L2(R; H), for every o, a < d.

By Theorem B.1] for every o = 0,1, ...,d, there exists a function f, : Q x
R — H such that f,(-,t) is measurable for every t € R, f,(w, ) € L?(R; H),
w € Q, and

Folw,9) = / a8, (O mdt, o € AR H), w € Q.

Thus, if w € Q and ¢ = §(p) for ¢ € K{M,}(H), then

d d

(62 Fw) = 3 Faebla) = [ (Falort) Malt)o!®) s
a=0 a=0 "
and
d
IE @, e, = D falw, Mlz@e < Sw) <d, we,
a=0

where || - [|1-, is the dual norm. Now, the assertion follows by (28).

The proof of the last assertion in a) follows by repeating the previous proof
starting from relation (29)). It follows that £ is of the form (I0Q)) for every w € Q.

b) ObViOHSly, C§ (QD, 1/’) = E(<£(, 50)3 g(a w))H)a 2 1/1 € K{Mp}(H) is bilinear.
The continuity follows from

Ce(p, 1) = [E(E(C, 9), 8¢, m)l <N EC, @) [lz2]1 €0 ) [l z2 <

<l llazmll ¢ llaom sup{ll €C, 9) |22, ¢ € K{Mp}(H), [| ¢ [la2:m< 1}
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-sup{|| £(,¥) [l 22, ¥ € K{Mp}(H), || ¥

Fubini’s theorem implies

Celp, ) = E(E(9),6(-¥))u) =

la,2;m< 1}.

d d

E(Y / (oo t), Ma) @ (1)) ) (3 / (Foo8), Ma(5) 00 () ds)

a=0“R a=0

d d

=SS B / / (Falr ) Ma()0' () 11 (F3( 5), Ma ()0 (5)) srdis)

a=0 =0

d S

d
= ZZ(/R/RE(<fa('at)afﬁ('vS)>H)Md(t)Md(5)<@(a)(t)7w(ﬁ)(S»HdtdS-

a=0 $=0

This proves the last assertion in b).

c) If £ is a GRP on K{M,}(H) which satisfies (I2) and C(-) € Z?2, then £ is a
continuous mapping K{M,}(H) — Z?. Namely, for any sequence (¢,)nen in
K{M,}(H) such that ¢, — 0,n — oo, it follows

1€C, @n) lz2= BUEC, 0n)?) < B(C?()) || @n 72,5 0.

The next example shows that £ : K{M,}(H) — Z? may be a continuous
mapping from K{M,}(H) to Z?* although C(-) ¢ Z2. O

Example 3.1. Let Q@ =R, H = R, F be the Borel field, P(4) = fA ﬁ
for A € F, and let, for x € R, ¢ € K{M,},

(33) §(z,9) = X(2)p(X (2)) = X (2)(0(y — X (2)), ¢(y))-

It is a GRP (II), and moreover it is a continuous mapping from K{M,} to Z2,
i.e. it is also a GRP (I). For every « € R we have

(34) €z, )| = [X(2)p(@)] < [X(@)] | ¢ [lp2

although |X| ¢ Z2.
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