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HERMITE EXPANSIONS OF ELEMENTS OF
GELFAND-SHILOV SPACES IN QUASIANALYTIC
AND NON QUASIANALYTIC CASE

Zagorka Lozanov—Crvenkovidl, Dusanka Perisié

Abstract. We study the Gelfand-Shilov spaces of Roumieu and Beurl-
ing type in the quasianalytic and nonquasianalytic case and characterize
elements of the spaces in terms of the coefficients of their Fourier-Hermite
expansion. The nontriviality conditions we assume on the spaces are new
and weaker than the usually considered, and therefore a lot of classical
spaces appear to be just examples of the spaces we consider in the paper.
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1. Introduction

In order to study the classes of functionals that are invariant under the
Fourier transform, but larger than the classes of tempered distributions S'(R?),
LM. Gelfand and G.E Shilov ([5]) introduced spaces S&(R9), o > 1/2. Their
topological duals have been successfully used in differential operators theory,
in spectral analysis and more recently, (in non-quasianalytic case) in theory of
pseudodifferential operators ([12]). The special cases, when the test spaces are
quasianalytic (i.e. when « € [1/2,1]) are important for applications, see for
example [4] and [10], where it was conjectured that the properties of the space
of Fourier hyper-functions, which is isomorphic with S{ are well adapted for the
use in quantum field theory with a fundamental length.

In the paper we study the Gelfand-Shilov spaces of Roumieu and Beurling
type (StMp}(R?) and SM»)(R?)) and their duals which generalize all nontriv-
ial Gelfand-Shilov 8¢ and Pilipovié¢ spaces Y o (R?) ([11]) in quasianalytic and
nonquasianalytic case in a uniform way.

We give characterization of the spaces S{Mr}(R?) and SM»)(RY) and their
duals in terms of the Hermite coefficients of their elements. Let us emphasize
that Langenbruch in [9], using different methods, proved the same character-
ization for the spaces we consider. During the preparation of the paper we
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were not aware of the paper [9]. Here we give the characterization using ana-
lytic methods, instead of mathematical induction - especially in proving rather
subtle estimates of the growth of Hermite functions and its derivatives.

In the special case when {M,} is a Gevrey sequence {p!*},a > 1/2, the
characterization was proved independently, and by different methods, by Zhang
[18], Kaspiriovskii [6], Avantiagi [1].

Let us note that the nontriviality conditions (M.3)” and (M.3)” for the
Gelfand-Shilov spaces, which we assume in the paper are new in the literature
related to the Gelfand-Shilov spaces. They are much weaker than usually used.
Therefore, we analyze them thoroughly. Our conditions (M.3)” and (M.3)”’ are
equivalent with Langenbruch’s conditions [9, (1.2)], but are given in a compact
form, from which is clear that a lot of classical spaces are just examples of the
spaces we consider in the paper.

The examples of the spaces SIMr}(R?) and SM») (RY) are:

e for M, = p°?, the space SIMr}(R?) is the Gelfand-Shilov space S& and
SMp)(R?) is the Pilipovi¢ space Y.0;

e for M, = pP, the space StMr}(R9) is isomorphic with the Sato space F,
the test space for Fourier hyperfunctions F’, and S(™»)(R?) is the Silva
space G, the test space for extended Fourier hyperfunctions G’;

e Braun-Meise-Taylor space Sy, w € W, studied in the series of papers by
the same authors (see [2] and references thereih), is the space S{Mr}(R%),
where

M, = sup ppef“’(p).
p>0
The sequence satisfies the conditions (M.1), (M.2) and (M.3)’, and it is in
general different from a Gevrey sequence.

e Beurling-Bjork space S, w € M., introduced in [3], is equal to the space
SMp)(R?), where
M, = sup ppe*“’(p).
p>0
The sequence satisfies the conditions (M.1) and (M.3)’, and it is in general
different from a Gevrey sequence. If we assume additionally that w(p) >
C(log p)? for some C' > 0, then (M.2) is satisfied.

e In [8] Korevaar developed a very general theory of Fourier transforms,
based on a set of original and well motivated ideas. In order to obtain
a formal class of objects which contain functions of exponential growth
and which is closed under Fourier transform he introduced objects called
pansions of exponential growth. From characterization theorem [8, Theo-
rem 92.1] and our results it follows that exponential pansions are exactly
tempered ultradistributions of Roumieu-Komatsu type, for M, = pP/2.

In the paper, the sequence { M), },en,, which generates the Denjoy-Carleman
classes C1Mr} (RY) and C(Mr) (R?) is a sequence of positive numbers. We suppose
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that it satisfies the first two standard conditions in ultradistributional theory:
the conditions (M.1) - logarithmic convexity and (M.2) - separativity condition.
We do not suppose nonquasianaliticity of Denjoy-Carleman classes C'{MP}(]Rd)
and CM»)(RY) of functions, which is the standard nontriviality condition in
the theory of ultradistributions (the condition (M.3)” in [7]). Instead, we sup-
pose a weaker condition (M.3)" (resp. (M.3)"’), which is minimal nontriviality
condition appropriate for the spaces S{Mr} (R4), (resp. SM»)(R%)). The intro-
duction of conditions (M.3)" (resp. (M.3)"’) gives us the possibility to treat the
quasianalytic and nonquasinanalytic cases in a unified way. In nonquasianalytic
case, the dual space S{M?’}(Rd) is the space of tempered ultradistributions and
in quasianalytic case the elements of S(M»)'(R?) are hyperfunctions.
An example of a class of sequences which satisfy the above conditions is:

(L.1) M, =p*(logp)’”, peN, s>1/2,t>0,

and (only) in Beurling-Komatsu case we assume additionally s +¢ > 1/2.

If the nonquasianalytic condition (M.3)’ is also satisfied, the spaces
SIMY (R4) and SM»)'(RY) are the proper subspaces of Roumieu-Komatsu
and of Beurling-Komatsu ultradistributions (see [7]). If however, the condition
(M.3)’ is not satisfied, these spaces of ultradistributions are trivial, nevertheless
the spaces which are studied in this paper are not.

In Section 2. we prove the basic identification of the space S{Mr}(R?) and
its dual space, with the sequence spaces of the Fourier-Hermite coefficients of
their elements. First we prove that the test space S{Mr}(R?) can be identified
with the space of sequences of ultrafast falloff, i.e. (in one-dimensional case) the
space of sequences of complex numbers {a, }nen, satisfying for some 6 > 0 the
following

> Jan|? exp[2M (6v/n)] < o.
n=0
Here, M(-) is the associated function for the sequence {M,}yen, defined by

pP
(1.2) M(p) = sup log —

, p>0.
PENg My,

In the special case (L), one have M(p) = p= (log p)~ =, p > 0.

Next we prove that the dual space S{MP}/(Rd) can be identified with the
space of sequences of ultrafast growth, i.e. (in one-dimensional case) the space
of sequences {b, }nen, which, for every 0 > 0, satisfy

Z b |? exp[—2M (04/n)] < oo.
n=0

There is an analogy between the Gelfand-Shilov spaces of Roumieu and
Beurling type. It would be more appropriate to call the latter type of the
spaces the generalized Pilipovic spaces. One can modify the results obtained



132 Z. Lozanov—Crvenkovié, D. Peri$i¢

for one type of spaces to another, but there are differences, about which one
should take care. Therefore, in Section 3 we obtain sequential characterization
of generalized Pilipovi¢ spaces SM»)(R%) and state the kernel theorem for the
spaces of tempered ultradistributions of Beurling-Komatsu type.

In the last section we give the proofs of the two essential lemmas. The first
one gives appropriate estimation for the growth of the derivatives of Hermite
functions. We need sharper estimations for the derivatives of Hermite functions
than the estimations usually given in the literature (see for example [17, p 122]).

1.1. Notations and basic notions

Throughout the paper by C' we denote a positive constant, not necessarily
the same at each occurrence. Let {M,},en, be a sequence of positive numbers,
where My = 1.

The Denjoy-Carleman class C{M»}(R?) is a class of smooth functions ¢ such
that there exist m > 0 and C' > 0 so that

(1.3) 16)|oe < CmI* My, |a] € N7,
where we use the multi-index notation:
0\ (x) = (0/0x1)* () 02)* - -+ (0 /D)™ ().

and |a| = a1 +ag + -+ ag, a = (a1, as,...,a4) € N&. The class of functions
equipped with a natural topology is the space of ultradifferentiable functions
of Roumie-Komatsu type £{Mr}(R?) (for the definition see [7]). In the special
case, when {Mp}pen, is a Gevrey sequence {p*"},cn,, the space is the Gevrey
space GUH(RY).

In the paper we define the Gelfand-Shilov space of Roumieu type as sub-
classes of the Denjoy-Carleman class C1M»}(R?) invariant under Fourier trans-
form, closed under the differentiation and multiplication by a polynomial, and
equip them with appropriate topologies.

We assume that the sequence {M,},en, satisfy

(M.1) M2 < My 1My, p=1,2,....
(logarithmic convezity)

(M.2) There exist constants A, H > 0 such that
M, < AHP ming<q<p MgM,—4, p=0,1,...
(separativity condition or stability under ultradifferential operators)

(M.3)” There exist constants C, L > 0 such that
p? <CLPM,, p=0,1,...
(nontriviality condition for the spaces STMr}(R9))

In Section 4, where we discus generalized Pilipovié spaces (Gelfand-Shilov spaces
of Beurling type), instead of (M.3)” we assume:
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(M.3)"" For every L > 0, there exists C > 0 such that
p? <CLPM,, p=1,2,....
(nontriviality condition for the spaces SMr) (R%)).

To discuss our results in the context of Komatsu’s ultradistributions, let us state
condition :

(M.3) Y552, S5 < oo,

p=1
(nonquasianalyticity)

The condition (M.1) is of a technical nature, which simplifies the work and
involves no loss of generality. This is a well-known fact for the Denjoy-Carleman
classes of functions.

The condition (M.2) is standard in the ultradistribution theory. It implies
that the class C{M»}(R?) is closed under the (ultra)differentiation (see [7]), and
is important in the characterization of Denjoy-Carleman classes in a multidi-
mensional case.

The nontriviality conditions (M.3)” and (M.3)”’ are weaker than the con-
dition (M.3)’. Under the conditions (M.3)" and (M.3)”’ all Hermite functions
are elements of the spaces STMr}(R%) and S(M»)(R?) respectively. The small-
est nontrivial Gelfand-Shilov space is 311 //22 (RY). Condition (M.3)" essentially
means that the space Sll//QZURd) is a subset of S{M»}(R?). The smallest nontriv-

ial Pilipovié¢ space does not exist. Note, Eig = {0}, but the space > o (R?),
a > 1/2, is nontrivial. Moreover, every nontrivial Pilipovi¢ space Y o (R?),
contains as a subspace one generalized Pilipovié space, for example, the space
SMp)(RY), where M, = p?/%(logp)?*, t > 0.

In [9], Langenbruch gives another equivalent condition for nontriviality of
the spaces of Roumieu and Beurling type: There is H > 0 such that for any

C > 0 there is B >) (there are C' > 0 and B > 0 respectively) such that
(1.4) a®/? My < BOIHIOHBIN, 5,

for any o, 0 € Ng. It is easy to see that the condition (L.4) is (assuming a
technical condition (M.1)) equivalent to (M.3)”’ (resp. (M.3)”’).

The condition (M.3)’ is necessary and sufficient condition that the classes
C1Mp}(RY) has a nontrivial subclass of functions with compact support, i.e.
that C{1Mr}(R9) is non-quasianalytic class of functions.

For example, the sequence (L)) satisfies conditions (M.1), (M.2), (M.3)",
and if ¢ > 0 also the condition (M.3)”” but not (M.3)’ while for s > 1 it satisfies
the stronger condition (M.3)’.

2. Gelfand-Shilov spaces of Roumieu type

2.1. Basic spaces

We define the set StMr}(RY) as a subclass of the Denjoy-Carleman class
CtMp}(R?) which is invariant under Fourier transform, closed under the differ-
entiation and multiplication by a polynomial. This implies that it is a subset
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of the Schwartz space S(R?) of rapidly decreasing functions and, therefore, of
every L1(R%), ¢ € [1,00]. The same set can be characterized in one of the
following equivalent ways:

1. The set STM»}(R?) is the set of all smooth functions ¢ such that there
exist C' > 0 and m > 0 such that

lexp[M(mz)lplls < C and  ||exp[M(mz)|Fel|lz <C,

where || - ||2 is the usual norm in L(R?), F is the Fourier transform and the
function M(-) is defined by (2.

2. The set SIM»} is the set of all smooth functions ¢ on RY, such that for
some C' >0 and m >0

(2.1) (14 22)P2p@]| < lea‘Hﬁl]VIM]V[w, for every a, 3 € N.

The topology of the Gelfand-Shilov space of Roumieu type is the inductive
limit topology of Banach spaces SM»™ m > 0, where S™»™ denotes the space
of smooth functions ¢ on R%, such that for some C' > 0 and m > 0

mlel+18] 2\8/2 (a)
@2 lellsrm= sup |14 232 @) < oo,
a,BeNg a8
equipped with the norm || - [[sn, ,,. So, SIMo} — ind lim,, oSMrm

It is a Frechet space. We will denote by S{M»} (R9) the strong dual of the
space SIMpk(RY).
The Fourier transform is defined on S{M»}(R%) by

Fol) = [ etpla)dn, o e SUIRD,

and on S{M»}’ by
(Ff.o) = {f,Fo), fesM (RY), pesMIRY

The space is a good space for harmonic analysis since the Fourier trans-
form is an isomorphism of S{MP}/(Rd) onto itself, and the space of tempered
distributions S’ is its subspace.

2.2. Hermite functions
We denote by

dn
’Hn(x) — (—1)717'('_1/42_“/2(71/!)_1/2612/2W (e—xz) , neN,
x
the Hermite functions (the wave functions of a harmonic oscillator), where
H_r = 0 for k = 1,2,3.... The functions arise naturally as eigenfunctions
of harmonic oscillator Hamiltonian, and so play a vital role in quantum physics,
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but they are also eigenfunctions of the Fourier transform. This fact will be used
often in the paper.

In the paper we will use the properties of the creation and annihilation
operators:

1 d _

(11) L-L* —LYL- =1,

(0t 47):

1
Lt =—
V2

(1.2) L Hp =nHn_1, LTH,=vVn+1H, 41,

(1.3) LYL™H,, = nH,,

the fact that the sequence {H,,}nen, is an orthonormal system in L?(R), and
FHn) = V2mi"H,.

The Hermite functions in multidimensional case are defined simply by taking
the tensor product of the one-dimensional Hermite functions:

Hn(x) = Hpy (1) Hny (2) -+ - Hpy (24), = (21,22,..24) € R,

where n = (n1,ns, ...,ng) € N%. The functions H,, n € Ng, are elements of the
space STM»}(R?) and of the space S(M»)(R9). This is an immediate consequence
of Lemma 211

Let ¢ be a smooth function of the fast falloff (¢ € S(R?)). The numbers

an(p) = /]Rd o(x)Hp(x)dx, ne€ Ng

will be called the Fourier-Hermite coefficients of ¢. The sequence of the
Fourier-Hermite coefficients {a,(¢)},ens of ¢ we call the Hermite represen-
tation of ¢.

We will extensively use the following estimations, which we prove in the last
section.

Lemma 2.1. a) If conditions (M.1), (M.2) and (M.3)” are satisfied, there
exist C > 0 and mg > 0 such that for every m < mg

mets

1 4+ 22)8/29(e) < (O MBmH )

(2.3)

b) If conditions (M.1), (M.2) and (M.3)”’ are satisfied, then for every m > 0
there exists C > 0 such that the estimate [(Z.3) holds.

We will also need the following lemma:
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Lemma 2.2. a) If o € C* and N € N then

2N 2N —
24) (L7 L7)Np(z) =2V (1 4 22 _‘L = Z (V)50 (),

p=0 ¢=0

where c,S{Y} are constants which satisfy the inequality

(2.5) kM| < 26N (2N — gV

b) Moreover, if conditions (M.1), (M.2) and (M.3)"are satisfied for p,q € N,
p+q < 2N, then it holds:

A42
(2.6) eS| < 52NM Ay

2.3. Hermite representation of Gelfand-Shilov space of Roumieu
type

The fact that the Schwartz space S(R?) is isomorphic with sequence space s
of sequences of fast falloff, has a lot of important consequences (see for example
[15], [16] and [17]), for example simple proofs of the kernel and structure theo-
rems for the space of tempered distributions [I5]. An analogue of that property
holds for the Gelfand-Shilov space of Roumieu type. In this section we will
prove this fact.

By su,.0, 0 = (01, ...,04) € R%, we denote the set of multisequences {an}neng
of complex numbers which satisfies

1/2

{antlo = | > IanIQexp[ Z (Gk\/ﬁ)] < oo,

nENd

equipped with the norm ||{a,}s-
The space sy, of sequences of ultrafast falloff is the inductive limit of the

family of spaces {sa, 0,6 € R%}, and it is a nuclear space (see [16]).

Theorem 2.3. The mapping which assigns to each element of SIMr}(R?) its
Hermite representation is a topological isomorphism of the space S{MP}(Rd) and
the space squr,y of sequences of ultrafast falloff.

The space StM»}(R?) is nuclear, since the space s{yy,} is nuclear.

We will prove Theorem 2.3 in one-dimensional case, the proof in multidi-
mensional case is an immediate consequence.

Proof. 1. Let ¢ € SIMp}(R), then there exists x> 0 such that

[lollag, 0 = sup 11+ 220209 (@) < .

iy M M,
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>From the property (1.3) of the creation and annihilation operators it follows
that

@) ane) = [ @Malade =nY [ @)L Moo =

= n_N/ ((L_L+)Ncp(m))Hn(x)dm =

dz
_ N 2 —7H\N
=V [ 2 (LY plo) ) Halo)
>From Lemma [2.2] and condition (M.2) it follows that
(1 +2*) (L L)V p(a)| <
2N 2N—p »
<52NM2Z Z (1+2?) |xg0 ()\é
p=0 ¢=0 q

N NP a1 4 22)@+2)/20(0) ()

< C52NH*N M3
D D IwaTs

HOOM*(PJHI) <

_ 2N 2N—p _k\ Pta _
o L\ 2N e 1\ 2N =(p+q)
< C 52N H*N MR ||y w2 (67) ( ) (Zk) =

< CONMR Il 1,

where k is a constant such that Inpu < k and 6 = V52Hpe™*
Since ||H, ||z = 1, from the above it follows that for each N € Ny

lan(@)]* < C 02NN MY |lell3y, s

where 6 = /26H -2 - (1 + ). Therefore, for N = o+ 2 by (M.2) and (M.1)

lan(9)|* < C 02202 MaH 0|3y, 0 < On ™20 2(H20)** M3, ||2l[3s, 0

which implies
- 1/2
[{an}lo = (Z IanIQeXP[ZM(HQH\/ﬁ)]> < Cllolla,u < oo,
n=0

for 0 = v/52H -2 (1 + p).
2. Let for some 6 > 0 the sequence {a, }nen, satisfy

o0 1/2
[{an}lo = (Z |an|2eXp[2M(9\/ﬁ)]> < 0.

n=0
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It follows that the sequence is a sequence of fast falloff, so the sum > a, Hy ()
converges to some ¢ in S. We will prove that ¢ also belong to the space
SRR,

Let mg and C be positive constants such that for every m < mg holds:

motB

M, M; |(1 4 22)P/2H() (x))] < C exp[M (8mH/n)].

(2.8)

the existence of which is determined by Lemma Bl By using thw Cauchy-
Schwartz inequality and Lemma 2] we have:

ma+ﬁ|‘(1+x2)ﬁ/2 iaH (a)H )

n=0

<O anliZgexp [M (8mHVn )] <

00 1/2
<C <Z |a,|? exp [2M (0v/n )}) .

0 1/2
. (Z exp[—2M (6v/n)] exp [M (8mH/n )]) )

Since exp[—M (0y/n)] < C, it follows that for m < 6/(8h)

(@)
mo+B ©
il = sup S0+ 2 (Z H> e <

a
’ n=0

oo 1/2
<c (Z a2 exp [2M (Wﬁ)]) = ll{an}lo-

n=0

This concludes the proof of the second part of the theorem. o
Let f be an element of the space S{M»} (R9). The numbers

an(f) = {f,hn), neNg.

will be called the Fourier-Hermite coefficients of f, the sequence {a(f)},end,
the Hermit representation of f, and the formal series

Z an(f)Hn(x)

nGNg

will be called the Hermite series of f.
Let us now characterize the Hermite representation of S{MP}/(]Rd).
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Theorem 2.4. 1. If f € S{MP}/(Rd) then for every 0 = (61,...0q4) € RY its
Hermite representation {an},ene satisfies

d
(2.9) by ()] < exp lz M(ak\/nk)] , n=(ni,..nq)
k=1

and f has the representation:

(frp) = Z bu(flan(p), w€ S{Mp}(Rd)v

neNg

where the sequence {an () }nena is the Hermite representative of ¢ € SMpH(RY),
2. Conversely, if a sequence {bn}neNg satisfies that for every 0 = (61,...04) €
R4,

d

(2.10) [bn| < exp [Z M(GW@] ,

k=1

it is the Hermite representation of a unique f € S{MP}/(]Rd) and the Parseval
equation holds:

(fro) =D balHan(p), @€ SHHRY,

neNd

where the sequence {an () }ncna is the Hermite representative of ¢ € SMpH(RY),

Proof. For simplicity we will give the proof in one-dimensional case.
1. Let f € SI™}(R) and let > 0. Then for every p > 0 there exists C' > 0
such that

(o) < Cllellay

for every ¢ € SIMr}(R). From the above and Lemma 211t follows that there
exist mg > 0 and C' > 0 such that for m < min(mqg, 6/(8m))

meth

M, M;

b (f)] = |{f, H)| < C'sup (1 + 2%)%2H()| | <
o,

< Cexp [M(8mH+/n)] < Cexp [M(6y/n)] .

2. Let the sequence {b,} satisfy condition ZIQ) for every 6 > 0. We will
prove that the series fozo b, M., converges in the space S {MP}/(R) to an element,
of the space S{MP}/(]R) defined by

(2.11) Fro= buan(e),
n=0
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where {ay,(¢)} is the Hermit representation of ¢. >From the Schwartz inequality
it follows that for every 6 > 0

Z [bn[|an ()] <
n=0
> 1/2 > 1/2
< (3 a2 exol-2M(0vm)]) - (Y lan()F exp2M(0vR)]) T <
n=0 n=0

<c(z|an Pexp2a(0vi)]) < Clll

which implies that the mapping f defined by ([2I1)) is an element from S{MP}/(R).
The equation f = > > b,H, holds in the space S{MP}/(R), since

k
©) :kllrr;oanan( = hm Zb Hny )

n=0

k

= 1lim () by Ha, 0),

k—oo
n=0

by virtue of the completeness of the space S{MP}/(R) we have that f =7 b, H,
in the space STM»}(R). ]

3. Gelfand-Shilov spaces of Beurling type - Generalized
Pilipovié space

The definition of the Denjoy-Carleman class C(*»)(R9) differs slightly from
the standard one. It is a class of functions ¢ such that for every m > 0 there
exists C' > 0 so that equation (IL3) holds. The class of functions equipped
with a natural topology is the space of ultradifferentiable functions of Beurling-
Komatsu type £M»)(R?) (see [7]). In the special case, when {M,}yen, is a
Gevrey sequence {p°P},en,, the space is the Gevrey space GE)(RY).

We define the set SM»)(R9) as a subclass of the Denjoy-Carleman class
CMp)(R4) which is invariant under Fourier transform, and closed under the
differentiation and multiplication by a polynomial. Analogously as in Section
2, one can characterize the space S»)(R%) in one of the following equivalent
ways:

1. The set SM»)(R?) is the set of all smooth functions ¢ such that for every
m > 0 there exists C' > 0 so that

lexp[M(mz)lplls < C and  ||exp[M(mz)|Fel|lz < C.
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2. The set SM»)(R?) is the set of all smooth functions ¢ on R? such that
for every m > 0 there exists C' > 0 so that

(3.1) 11+ 22)P 20|, < Cm‘o‘HwaMw, for every o, 3 € Ng.

The topology of the generalized Pilipovi¢ space S(Mr)(R?) is the projective
limit topology of the Banach spaces SM»™ m > 0, where SM»™ is defined as
in Section 2. Let us stress out that every nontrivial Pilipovi¢ space > o (R9)
contains as a subspace one generalized Pilipovié space, for example, the space
SMp)(R?), where M, = pP/?(logp)P".

We will denote by S(»)(R9) the strong dual of the space SMr)(R?). Tt
contains space of tempered distributions as a proper subspace and the Fourier
transform maps it into itself.

Analogously as in Section 2, one can prove the following theorem:

Theorem 3.1. The mapping which assigns to each element of SMr)(RY) its
Hermite representation is a topological isomorphism of the space S(MP)(Rd) and
the space s(yr,) of sequences of ultrafast falloff, where the space s, is the
space of sequences of ultrafast falloff and is the projective limit of the family of
spaces {snr,,0,0 € R‘j_}, defined in Section 2.

Since the space s(yy,) is nuclear, from the above theorem follows the nuclearity
of the generalized Pilipovié¢ space.

By analogous argument as in Section 2 one can prove the theorem which
characterizes Hermite representation of the elements of the space S (MP)/(Rd).

Theorem 3.2. 1. If f € S(MP)/(Rd) then for some 0 = (61,...,04) € RY its
Hermite representation {an},eng satisfy

d
(3.2) bn (f)] < exp lz M(ek\/m] . n=(ni,..nq)
k=1

and [ has the representation:

(f,0) = D balfan(p), @€ SMI(RY,

nENg

where the sequence {an () }neng 15 the Hermite representative of ¢ € SMp)(RY).
2. Conversely, if a sequence {bn}neNg satisfies for some 0 = (01, ...,0,4) € RZ,

d
(3.3) bu] < exp [Z M(é}w@] ,
k=1

it is the Hermite representation of a unique f € S(MP)/(Rd) and the Parseval
equation holds:

(f,0) = bu(Planlp), ¢ SH),
n=0
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where the sequence {an ()}, eng is the Hermite representative of ¢ € SMp)(RY),

4. Proofs of Lemmas

Let us prove Lemmas [2.1] and

Lemma 2.1 a) If conditions (M.1), (M.2) and (M.3)” are satisfied, there
exist C > 0 and mg > 0 such that for every m < mg

mo+s

M, M;

(4.1) (1 + 22821 (2))] < C MEmHV),

b) If conditions (M.1), (M.2) and (M.8)”’ are satisfied, for every m > 0 there
exists C > 0 such that the estimate (2.3) holds.
Proof.

(03

F[H,] = V2ri"H,, and jT-aﬂ‘P] = Fl(iz)*¢]

(see for example [17]) it follows that
1
H =i " —=F[€*H,] and €N F[p] = F[(—D?)7¢].
) =it FIEH] and €] = F((-DY))

This implies that for an even number 8 € N it holds:

B/2q () 1y — 10" NP2 _
. (a2 @) = Z=F| (1= g5) (€@ Ma@)] =
' B NV N v
= E/R(l—kg )(1—@) €3 Hn(ﬁ))wd?
From
£ =2"2(L" + L)%
and

() - ()

we obtain that
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427 % (ﬁ/2> (—;)V (L™ + LH2(L™ = LY)(L™ + L) H,(€) =

¥=0
B 2—a/2jzi (642> <_;>v [(L‘ — L)V (L™ 4+ L) Ha (&) +
42735 (L L)X (L — LT)*(L™ + L*)“Hn(ﬁ)]-

The term
(L™ = LY> (L™ + L) Ha(6).

which appears in the sum on the right-hand side of the above equality is a sum

of 22727 terms of the form
)Y R .22 S A Lu““”Hn(f)

where f; stands for + or —.

In (a';%) of them LT appears exactly j times, j € {0,1,2, ..., + 27}, and

in the case

(4'4) Lﬁl e .Lﬁa+2an(€) = Cn1ﬂ2‘~~ﬁa+2’yH"7«+2j7(a+2’Y> (f),

where H_j, := 0 for k = 1,2,... and Cy,y,..4,,,, is a constant. From L™H, =

vn Hp_1, and LYH,, = v/n+ 1 H,,1, it follows that

Cﬁ1ﬁ2~~ﬁa+2~, < C——-..—++m+ =
@5 ((n+j)!)1/2( (n+3)!
AT (n+j—(a+2y—j

1/2
) S ey,

Since ||Hn||zz = 1 we have that

a+-2y
- - e Oé+2 N
(4.6) [[(L7 = LT (L™ + L) Ha()ll2 = Y ( j 7><n+y>< e
7=0
< (n + a4+ 27> (at2v)/2 2(1—}-27.

Analogously, one can obtain

(4.7) (L7 + L5 (L7 = LT)(L + L) Hn ()l 12 =

<

a+2vy+2 2 2
= 2 (a e > (n+§)@HD2 < (a4 2y +2)@F2HD/2 gat22

i=0 J

>From above it follows that for 3 € N even:



144 Z. Lozanov—Crvenkovié, D. Peri$i¢

(4.8)
(1+22)%/2H(@) ()| =

= [Jarer(1- 25) e @) e <

B/2 B v at2y
1 _a 5 1 Oé+2’y> . 9 /2
< 272 2 I ) n—+ (a+27)/ +
< LS (O ()X (5o

v=0 v j=0
a+2y+2 1/2
_1/2 a+ 27 + 2 . (a+2,y+2)/2:| / dé’ <
o ;0 ( 7w d) il ([ 125) <
from (E6) and (@E7)

B/2 ,p
< 2_%_% Z (2) ((Tl Lo+ 27)(04—0—2“/)/2 . 2a+2’y+
Y
v=0

+273 (n+a+2vy+ 2)(a+2v+2)/2 ) 2a+27+2) <

N

B/2 .8
<9273 (2)(n+a+27+2)(a+2’v+2)/2.2a+27+2(1+2é) <
Y
v=0

<275 3 (n4a+ f42)@TEN/2 004042(1 4 973) 90/ <
<2531 4 V) (n+ a4 B+ 2)@ A2 <

<3. 98 +358+2 2(°‘+ﬁ+2)/2(max(n,a + B+ 2))(a+5+2)/2 <
< ¢ 20t28 rnax(n(‘”'m'm/27 (a+ B+ 2)(a+ﬂ+2)/2).

For 3 odd, we have
(L +2?)P2H ()] < (1 +2?) DR ()] <
< C 29728 max {\/ﬁ(a+5+3)/2, (a+ 0+ 3)(a+ﬁ+3)/2} )
Therefore, for every a, 3,n € N
(1 + %) PR (@) < € 47+ max {n(eHHD/2 (a4 g4 g)(rF/2)
This and (M.2) imply that for every «, 8 € Ny
|1+ )21 (a)

- o MaMg (8mH )*+A+3 max {n(@F+6+3)/2 (q + g + 3)(a+A+3)/2} -
mets Ma+p+3
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MM
<C ma+6ﬂ max {exp[ (8mH+/n)], bup

(SmH)FEF/?
W)
The above estimation and (M.3)" imply that (£ holds for all m < mgy =
(8HL)™!

If moreover (M.3)”” holds, then for every m > 0 there exists C' so that (1)
holds, which implies the second part of the theorem. O

Lemma 2.2 a) If ¢ € C* and N € N then
d 2N 2N—p
(4.9) (L7LNVe(z) =2V(1 422 — — =3 > Mare (),
p=0 g¢=

0

where cz(,{\é) are constants which satisfy inequality

(4.10) M| < 26N (2N — gV

b) Moreover, if conditions (M.1), (M.2) and k*/2 C M, are satisfied for p,q € N,
p+q < 2N, then it holds:

2

M
(4.11) M) < 52N N
P M, M,

Proof. Let us first prove inequality ([@I0) by induction. For N = 1 the
estimation is obvious. Let us suppose that (£9) and (@I0) hold for some N € N.
Then

2N+22N+2—p

d2
oN+1(] 4 42 — de YN+, z Z N+1) oD (),
p=0 q=0

where

N N N
et =2 () + ), — el = 0+ 2+ Dept), — 20+ D) 1)

for p,q € N, p,qg <2(N +1). The constants c,(ﬁ) are equal to zero if k41> 2N
or k or [ are negative. Therefore,

4.12

|(céﬁ+)1>| <26V 2. [2N — )V 4 @N - N L 2N 1) - )V
+ (2N = q)?(2N — N7 T £ 3(2N — )(2N — ¢
+202N — )N £ 22N — g)(2N — )V 4 2(2N —
<26Vt 2.13. (2N +1) — )N,

~—
T
"U
)
S
|
=
=+

Thus, by induction (@I0) holds for every n € N.
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Let us now prove ({I1)). Using the estimation [I0), p+ ¢ < 2N, condition
(4.13) k*2 < ¢ LF M,

and the fact that the Gevrey sequence satisfy condition (M.2) with H = 2,
A =1, and (M.1) and (M.2) we have that

)] < 26N (2N — g)N~EpE < 26V (2N — q)VEp~E EEED <

M2N*(p+q) a
ON — q)N—3
(4.14) < 26N — ( %) Moy (pyg) <
pz(2N — (p+q)N 2
4 M, M, Moy
<26V . 2N=3 1. Myy P79 < 59N .
- 6 2N (P‘HI) Mqu — Mqu
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