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R-COMPLEX FINSLER SPACES
WITH (α, β)-METRIC

Nicoleta Aldea1, Monica Purcaru1

Abstract. In this paper we introduce the class of R-complex Finsler
spaces with (α, β)-metrics and study some important exemples: R-complex
Randers spaces, R-complex Kropina spaces. The metric tensor field of a
R-complex Finsler space with (α, β)-metric is determined (§2). A special
approach is dedicated to the R-complex Randers spaces (§3).
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1. R-complex Finsler spaces

In a previous paper [14], we expanded the known definition of a complex
Finsler space ([1, 2, 13, 17]), reducing the scalars to λ ∈ R. The outcome was
a new class of Finsler space called by us the R-complex Finsler spaces, ([14]).
Our interest in this class of Finsler spaces issues from the fact that the Finsler
geometry means, first of all, a distance, and this refers to the curves depending
on the real parameter.

In the present papers, following the ideas from real Finsler spaces with (α, β)-
metrics ([6, 18, 10, 11, 12]), we introduce a similar notion on R-complex Finsler
spaces.

In this section we keep the general setting from [13, 14], and subsequently
we recall only some necessary notions.

Let M be a complex manifold with dimCM = n,
(
zk

)
be local complex

coordinates in a chart (U,ϕ) and T ′M its holomorphic tangent bundle. It has
a natural structure of complex manifold, dimC T ′M = 2n and the induced
coordinates in a local chart on u ∈ T ′M are denoted by u =

(
zk, ηk

)
. The

changes of local coordinates in u are given by the rules

(1.1) z′k = z′k (z) ; η′k =
∂z′k

∂zj
ηj .

The natural frame
{

∂
∂zk , ∂

∂ηk

}
of T ′u (T ′M) with the changes of Jacobi matrix

of (1.1) changes into ∂
∂zk = ∂z′j

∂zk
∂

∂z′j + ∂2z′j
∂zk∂zh ηh ∂

∂η′j ; ∂
∂ηk = ∂z′j

∂zk
∂

∂η′j .

A complex nonlinear connection, (briefly, c.n.c.), is a supplementary distri-
bution H (T ′M) to the vertical distribution V (T ′M) in T ′ (T ′M). The ver-
tical distribution is spanned by

{
∂

∂ηk

}
and an adapted frame in H (T ′M) is
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δ
δzk = ∂

∂zk − N j
k

∂
∂nj , where N j

k are the coefficients of the (c.n.c.) and they

have a certain rule of change in (1.1). The dual adapted basis of
{

δk, ∂̇k

}
are{

dzk, δηk = dηk + Nk
j dzj

}
and

{
dz̄k, δη̄k

}
theirs conjugates.

We recall that the homogeneity of the metric function of a complex Finsler
space ([1, 2, 13, 17]) is with respect to all complex scalars and the metric tensor
of the space is one Hermititian. In [14] we changed a bit the definition of a
complex Finsler metric.

A R-complex Finsler metric on M is a continuous function F : T ′M −→ R+

satisfying:
i) L := F 2 is smooth on T̃ ′M (except the 0 sections);
ii) F (z, η) ≥ 0, the equality holds if and only if η = 0;
iii) F (z, λη, z̄, λη̄) = |λ|F (z, η, z̄, η̄),∀λ ∈ R;
It follows that L is (2, 0) homogeneous with respect to the real scalars λ,

and in [14] we proved that the following identities are fulfilled:

∂L

∂ηi
ηi +

∂L

∂η̄i
η̄i = 2L; gijη

i + gj̄iη̄
i =

∂L

∂ηj
;(1.2)

∂gik

∂ηj
ηj +

∂gik

∂η̄j
η̄j = 0;

∂gik̄

∂ηj
ηj +

∂gik̄

∂η̄j
η̄j = 0;

2L = gijη
iηj + gı̄j̄ η̄

iη̄j + 2gij̄η
iη̄j ,

where

(1.3) gij :=
∂2L

∂ηi∂ηj
; gij̄ :=

∂2L

∂ηi∂η̄j
; gı̄j̄ :=

∂2L

∂η̄i∂η̄j

are the metric tensors of the space.

2. R-complex Finsler spaces with (α, β)-metric

Following the ideas from the real case, [6, 18, 10, 11, 12], we shall introduce
R-complex Finsler spaces with (α, β)-metrics. Let us consider z ∈ M, and
η ∈ T ′zM, η = ηi ∂

∂zi , a section in a holomorphic tangent space.

Definition 2.1. A R-complex Finsler space (M, F ) is called (α, β)-metric if
the fundamental function F is R-homogeneous by means of the functions
α(z, η, z̄, η̄) and β(z, η, z̄, η̄),

(2.1) F (z, η, z̄, η̄) = F (α(z, η, z̄, η̄), β(z, η, z̄, η̄))

where

α2 : =
1
2

(
aijη

iηj + aı̄j̄ η̄
iη̄j + 2aij̄η

iη̄j
)

= Re{aijη
iηj + aij̄η

iη̄j};

β : =
1
2

(
biη

i + bı̄η̄
i
)

= Re{biη
i},(2.2)

with aij = aij (z) , aij̄ = aij̄ (z), both invertible or one of them being zero, and
b := bidzi, bi = bi(z) a differential 1-form on M.
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If aij = 0 and (aij̄) invertible, then the space is said to be of Hermitian
type. If aij̄ = 0 and (aij) invertible, then the space is called non-Hermitian.
Moreover, aij = ∂2α2/ ∂ηi∂ηj and aij̄ = ∂2α2/ ∂ηi∂η̄j .

Indeed, α and β are homogeneous with respect to η and η̄, i.e. α(z, λη,
z̄, λη̄) = λα(z, η, z̄, η̄), β(z, λη, z̄, λη̄) = λβ(z, η, z̄, η̄) for any λ ∈ R+, thus
L(z, λη, z̄, λη̄) = λ2L(z, η, z̄, λη̄) for any λ ∈ R, and so the homogeneity property
implies

∂α

∂ηi
ηi +

∂α

∂η̄j
η̄j = α ;

∂β

∂ηi
ηi +

∂β

∂η̄j
η̄j = β;(2.3)

αLα + βLβ = 2L ; αLαα + βLαβ = Lα;
αLαβ + βLββ = Lβ ; α2Lαα + 2αβLαβ + β2Lββ = 2L,

where Lα := ∂L
∂α , Lβ := ∂L

∂|β| , Lαα := ∂2L
∂α2 , etc.

In the following, we propose to determine the metric tensors of a R-complex
Finsler space with (α, β) metric, i.e. gij := ∂2L(z, η, z̄, λη̄)/ ∂ηi∂ηj ; gij̄ :=
∂2L(z, η, z̄, λη̄)/ ∂ηi∂η̄j , each of these being of interest in the following. We
consider

∂α

∂ηi
=

1
2α

(
aijη

j + aij̄ η̄
j
)

=
1
2α

li;
∂β

∂ηi
=

1
2
bi;(2.4)

∂ρ0

∂ηj
= ρ−2lj + ρ−1bj ;

∂ρ1

∂ηi
= ρ−1lj + µ0bi;

where

li : = aijη
j + aij̄ η̄

j ; liη
i + lj̄ η̄

j = 2α2; bk := ajkbj + aj̄kbj̄ ;(2.5)

bl : = bkakl + bk̄alk̄; ε := bjη
j ; ω := bjb

j ; ε + ε̄ = 2β;

ηi : =
∂L

∂ηi
= ρ0li + ρ1bi; ρ0 :=

1
2
α−1Lα; ρ1 :=

1
2
Lβ ;

ρ−2 : =
αLαα − Lα

4α3
; ρ−1 :=

Lαβ

4α
; µ0 :=

Lββ

4

and their conjugates, with
(
ajk

)
and (aj̄k) are the inverse of (aij) and (aij̄),

respectively.
The functions ρ0, ρ1, ρ−2, ρ−1, µ0 are called invariants of the R-complex Fins-

ler space with (α, β)-metric (as in [18]). Subscripts −2,−1, 0, 1 give us the
degree of homogeneity of these invariants. Note that ηi = ρ0li +ρ1bi is uniquely
represented in this form. Indeed, if f(z, η)li + g(z, η)bi = 0, contracting it by
ηi, we obtain f(z, η)α2 + g(z, η)β = 0. Deriving the last relation with respect
to β, it results g(z, η) = 0, and from here f(z, η)α2 = 0. So, α 6= 0 leads to
f(z, η) = 0.

Theorem 2.1. The tensor fields of R-complex Finsler space with (α, β)-metric
are given by

gij = ρ0aij + ρ−2lilj + µ0bibj + ρ−1 (bj li + bilj) ,(2.6)
gij̄ = ρ0aij̄ + ρ−2lilj̄ + µ0bibj̄ + ρ−1

(
bj̄ li + bilj̄

)
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or in the equivalent form

gij = ρ0aij +
(

ρ−2 − ρ0ρ−1

ρ1

)
lilj +

(
µ0 − ρ−1ρ1

ρ0

)
bibj +

ρ−1

ρ0ρ1
ηiηj ,(2.7)

gij̄ = ρ0aij̄ +
(

ρ−2 − ρ0ρ−1

ρ1

)
lilj̄ +

(
µ0 − ρ−1ρ1

ρ0

)
bibj̄ +

ρ−1

ρ0ρ1
ηiηj̄ .

Proof. Taking into account (2.3), we have

gij =
∂2L

∂ηi∂ηj
=

∂

∂ηj

(
∂L

∂ηi

)
=

∂

∂ηj
(ρ0li + ρ1bi) =

∂ρ0

∂ηj
li + ρ0

∂li
∂ηj

+
∂ρ1

∂ηj
bi

and

gij̄ =
∂2L

∂ηi∂η̄j
=

∂

∂η̄j

(
∂L

∂ηi

)
=

∂

∂η̄j
(ρ0li + ρ1bi) =

∂ρ0

∂η̄j
li + ρ0

∂li
∂η̄j

+
∂ρ1

∂η̄j
bi.

From here, immediately results (2.6).
To prove (2.7), we compute ηiηj , and obtain libj + ljbi = 1

ρ0ρ1
(ηiηj−ρ2

0lilj−
ρ2
1bibj). 2

As in real case, we may consider the following examples of R-complex Finsler
spaces with (α, β)-metric:

1. R-complex Randers spaces: L(α, β) = (α + β)2 with

(2.8) Lα = Lβ = 2(α + β) = 2F, Lαα = Lββ = Lαβ = 2.

2. R-complex Kropina spaces: L(α, β) =
(

α2

β

)2

, (β 6= 0) with

Lα =
4α3

β2
; Lβ = −2α4

β3
; αLα + βLβ = 2L(2.9)

Lαα =
12α2

β2
; Lαβ = −8α3

β3
; Lββ =

6α4

β4
.

3. R-complex Randers spaces

As noticed in [14], an R-complex Finsler space produces two tensor fields
gij and gij̄ . For a properly Hermitian geometry gij̄ to be invertible is manda-
tory requirement, but from some physicist point of view, for which Hermitian
condition is an impediment; it seems more attractive that gij be an invertible
metric tensor. These problems lead us in [14] to speak about R-complex Her-
mitian Finsler spaces (i.e. det

(
gij̄

) 6= 0) and R-complex non-Hermitian Finsler
spaces (i.e. det (gij) 6= 0). The present section applies our results to R-complex
Randers spaces, better illustrating the interest for this work.

A first question is when a R-complex Randers metric is positively defined on
T̃ ′M, i.e. α > −β, equivalently with

(3.1)
[
Re{aijη

iηj + aij̄η
iη̄j}]

1
2 > Re{biη

i}, for all η 6= 0.
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The answer comes namely. If we suppose that (3.1) is true, then by substituting
ηi = −bi into (3.1) we obtain ω+ω̄

2 =: ||b|| ∈ (0, 1). Conversely, ||b|| ∈ (0, 1) imply
that ||b||(1 − ||b||) < 0. Setting bi = −ληi, λ ∈ R, it results (3.1). So, we have
proved the following proposition.

Proposition 3.1. A R-complex Randers metric is positively defined on T̃ ′M
if and only if ||b|| ∈ (0, 1).

The invariants of a R-complex Randers space are:

ρ0 : = α−1F ; ρ1 := F ;(3.2)

ρ−2 : = − β

2α3
; ρ−1 :=

1
2α

; µ0 :=
1
2

and substituting them into (2.6) and (2.7), we obtain

Proposition 3.2. The metric tensor fields of a R-complex Randers space are
given by

gij =
α

F
aij − β

2α3
lilj +

1
2
bibj +

1
2α

(bj li + bilj);(3.3)

gij̄ =
α

F
aij̄ −

β

2α3
lilj̄ +

1
2
bibj̄ +

1
2α

(bj̄ li + bilj̄)

or equivalently

gij =
F

α
aij − F

2α3
lilj +

1
2L

ηiηj ,(3.4)

gij̄ =
F

α
aij̄ −

F

2α3
lilj̄ +

1
2L

ηiηj̄ .

The next objective is to obtain the determinant and the inverse of the tensor
fields gij and gij̄ . For this we apply Proposition 11.2.1, p. 287 from [6] and
Proposition 2.2 from [4] for an arbitrary non-singular Hermitian matrix (Qij̄) :

Proposition 3.3. [4] Suppose:
• (Qij̄) is a non-singular n× n complex matrix with inverse (Qj̄i);
• Ci and Cı̄ := Ci, i = 1, .., n, are complex numbers;
• Ci := Qj̄iCj̄ and its conjugates; C2 := CiCi = C̄iCı̄; Hij̄ := Qij̄ ± CiCj̄

Then
i) det(Hij̄) = (1± C2) det(Qij̄)
ii) Whenever 1± C2 6= 0, the matrix (Hij̄) is invertible and in this case its

inverse is H j̄i = Qj̄i ∓ 1
1±C2 CiC j̄ .

Proposition 3.4. For the R-complex non-Hermitian Randers space F := α+
|β|, (with aij̄ = 0), we have

i) gij = α
F aij + α(2β+αω)

FM ηiηj + α2γ̄
FM bibj − α2(ε+2α)

FM (ηibj + biηj);
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ii) det (gij) =
(

F
α

)n M
4α2F det (aij) ,

where

γ : = ajkηjηk = lkηk; li = aijη
j ; γ + γ̄ = 2α2;(3.5)

bk = ajkbj ; bl = bkakl;

M : = γ̄(αω + 2β) + α (2α + ε)2 .

Proof. Applying Proposition 11.2.1, p. 287 from [6] in two steps, we are
yields gij and det (gij) . For the beginning we write gij in the form gij̄ =
F
α

(
aij − 1

2α2 lilj + α
2F 3 ηiηj

)
.

1) In the first applications we set Qij := aij and Ci := 1
α
√

2
li. We obtain

Qji = aji, C2 = γ
2α2 , 1 − C2 = γ̄

2α2 and Ci = 1
α
√

2
ηi. So, the matrix Hij =

aij − 1
2α2 lilj is invertible with Hji = aji − 1

γ̄ ηiηj and det
(
aij − 1

2α2 lilj
)

=
γ̄

2α2 det (aij) .

2) Now, we consider Qij := aij − 1
2α2 lilj and Ci :=

√
α

F
√

2F
ηi. Hence Qj̄i =

aj̄i + 1
γ̄ ηiη̄j , C2 = α

2F 3

[
aji + 1

γ̄ ηiηj
]
ηiηj = M−2γ̄F

2γ̄F , 1 + C2 = M
2γ̄F 6= 0 and

Ci =
√

α

F
√

2F

[
aji + 1

γ̄ ηiηj
]
ηj =

√
α
2F

(
2α+ε

γ̄ ηi + bi
)

. It results that the inverse

of Hij = aij − 1
2α2 lilj + α

2F 3 ηiηj exists. It is

Hji = aji + 1
γ̄ ηiηj − αγ̄

M

(
2α+ε

γ̄ ηi + bi
)(

2α+ε
γ̄ ηj + bj

)
and

det
(
aij − 1

2α2 lilj + α
2F 3 ηiηj

)
= M

2γ̄F det
(
aij − 1

2α2 lilj
)

= M
4α2F det (aij) .

Taking into account that gij = F
α Hij , with Hij from 2), we obtain gji =

α
F Hji and det (gij) =

(
F
α

)n
det (Hij) . From here, immediately results i) and

ii). 2

Example 1. We set α as

(3.6) α2(z, η) :=
(1 + ε|z|2)∑n

k=1Re(ηk)2 − εRe < z, η >2

(1 + ε|z|2)2 ,

where |z|2 :=
∑n

k=1z
kzk, < z, η >:=

∑n
k=1z

kηk, defined over the disk

∆n
r =

{
z ∈ Cn, |z| < r, r :=

√
1
|ε|

}

if ε < 0, on Cn if ε = 0 and on the complex projective space Pn(C) if ε > 0.

By computation we obtain aij = 1
1+ε|z|2

(
δij − ε ziz̄j

1+ε|z|2
)

and aij̄ = 0 and so,

α2(z, η) = 1
2

(
aijη

iηj + aı̄j̄ η̄
iη̄j

)
. Now, taking β(z, η) := Re <z,η>

1+ε|z|2 , where bi :=
zi

1+ε|z|2 , we obtain some examples of R-complex non-Hermitian Randers metrics:

(3.7) Fε :=

√
(1 + ε|z|2)∑n

k=1Re(ηk)2 − εRe < z, η >2

1 + ε|z|2 + Re
< z, η >

1 + ε|z|2 .
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Proposition 3.5. For the R-complex Hermitian Randers space F := α + |β|,
(with aij = 0), we have

i) gjı̄ = α
F ajj̄ + 2β+αω

FH ηiηj − α3

FH bib̄j − α
FH

[
(ε̄ + 2α) ηib̄j + (ε + 2α) biη̄j

]
;

ii) det
(
gij̄

)
=

(
F
α

)n H
4αF det

(
aij̄

)
,

where

α2 = ajk̄ηj η̄k = lk̄η̄k; li = aij̄ η̄
j ;(3.8)

bk = aj̄kbj̄ ; bl̄ = bkakl̄;
H : = α(4F + 2β + αω) + εε̄.

Proof. We apply Proposition 3.3 two times. Again, we write
gij̄ = F

α

(
aij̄ − 1

2α2 lilj̄ + α
2F 3 ηiηj̄

)
.

1) Setting Qij̄ := aij̄ and Ci := 1
α
√

2
li we obtain Qj̄i = aj̄i, C2 = 1

2 ,

1 − C2 = 1
2 and Ci = 1

α
√

2
ηi. So, the matrix Hij̄ = aij̄ − 1

2α2 lilj̄ is invertible

with H j̄i = aj̄i + 1
α2 ηiη̄j and det

(
aij̄ − 1

2α2 lilj̄
)

= 1
2 det

(
aij̄

)
.

2) Considering Qij̄ := aij̄ − 1
2α2 lilj̄ and Ci :=

√
α

F
√

2F
ηi, it gives Qj̄i = aj̄i +

1
α2 ηiη̄j , C2 = α

2F 3

[
aj̄i + 1

α2 ηiη̄j
]
ηiη̄j = H−2αF

2αF , 1 + C2 = H
2αF 6= 0 and Ci =

√
α

F
√

2F

[
aj̄i + 1

α2 ηiη̄j
]
η̄j =

√
α
2F

(
2α+ε̄

α2 ηi + bi
)
. So, Hij̄ = aij̄− 1

2α2 lilj̄ + α
2F 3 ηiηj̄

is invertible and its inverse is H j̄i = aj̄i+ 1
α2 ηiη̄j−α2

H

(
2α+ε̄

α2 ηi + bi
) (

2α+ε
α2 η̄j + b̄j

)

and det
(
aij̄ − 1

2α2 lilj̄ + α
2F 3 ηiηj̄

)
= H

2αF det
(
aij̄ − 1

2α2 lilj̄
)

= H
4αF det

(
aij̄

)
.

But gij̄ = F
α Hij̄ , with Hij̄ from 2), so that we obtain gj̄i = α

F H j̄i and det
(
gij̄

)
=(

F
α

)n
det

(
Hij̄

)
. It results in i) and ii). 2

Example 2. We consider α given by

(3.9) α2(z, η) :=
|η|2 + ε

(
|z|2|η|2 − |< z, η >|2

)

(1 + ε|z|2)2 ,

defined over the disk

∆n
r =

{
z ∈ Cn, |z| < r, r :=

√
1
|ε|

}

if ε < 0, on Cn if ε = 0 and on the complex projective space Pn(C) if ε > 0,

where |< z, η >|2 :=< z, η > < z, η >. By computation we obtain aij = 0 and

aij̄ = 1
1+ε|z|2

(
δij − ε zizj

1+ε|z|2
)

and so, α2(z, η) = aij̄(z)ηiη̄j . Thus it determines
a purely Hermitian metrics which have special properties. They are Kähler with
constant holomorphic curvature Kα = 4ε. Particularly, for ε = −1 we obtain
the Bergman metric on the unit disk ∆n := ∆n

1 ; for ε = 0 the Euclidean metric
on Cn, and for ε = 1 the Fubini-Study metric on Pn(C). Setting β(z, η) as in
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Example 1, we obtain some examples of R-complex Hermitian Randers metrics:

(3.10) Fε :=

√
|η|2 + ε

(
|z|2|η|2 − |< z, η >|2

)

1 + ε|z|2 + Re
< z, η >

1 + ε|z|2 .

Similar considerations can be done for the R-complex Kropina spaces. We
are aware of the fact that the subject offers much other working paths with
various applications.
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