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1. Introduction and Preliminaries

A lot of forms of continuity has been investigated by many mathematicians.
The term "nearly continuous” was used by Ptak in 1958 (see [7]) but an ”almost
continuity” term one can find in [3]. In 2004, the notion of almost nearly conti-
nuity of multifunctions was introduced in [2], while the nearly quasi-continuity
of multifunctions was introduced by the author in [g].

The purpose of the present paper is to consider almost continuity and almost
quasi-continuity for multifunction between topological space (which is domain)
and bitopological space. In section 2 are compiled some basic facts connected
with almost nearly continuity while almost nearly quasi-continuity has been
investigated in section 3.

In what follows, cl.(A) and int,(A) will represent the closure and interior
respectively of a subset A with respect to topology 7.

A set A in a topological space X will be termed semi-open (semi-closed) if
A C cl(int(A)), (A C int(cl(A)). It is known that the arbitrary union of semi-
open sets is a semi-open set. The notion of semi-open sets was introduced by
N. Levine (see [4]).

A subset of a bitopological space (Y, 71, 72) is said to be 7 mo-regularly open
(closed) if it is the 71-interior of some 75-closed set (71-closure of some T5-open
set) or equivalently, if it is the 7y -interior of its own 7o-closure (the 71-closure of
its own To-interior) (see for instance [9] and [5]).

A bitopological space (Y, 71, 72) is said to be 7 m»-nearly compact if for any
T1-open cover P of Y there exists a finite subfamily R C P such that ¥ =
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Uver intr, (clr, (U)) or, equivalently, if every cover of the space by 7 7o-regularly
open sets has a finite subcover (see [0]).

In order to localize the concept of nearly-compactness in bitopological space
we can define 71 75-N-closed sets.

A subset A of a bitopological space (Y, 71, 72) is 71 72-N-closed if for any cover
of A by 7-open sets there exists a finite subcolection the 7i-interiors of the 7o-
closures of which cover A or equivalently if for any cover of A by 71 7me-regularly
open sets, there exists a finite subcover. Of course, a bitopological space Y is
Ty To-nearly compact iff it is 73 75-N-closed.

A notion of N-closed sets (in usual topological space) was introduced by D.
Carnahan (see [I]).

Lemma 1.1. Let G be a 11-open subset of bitopological space (Y, 11,T2) such
that Y \ G is a Ty72-N-closed set. Then int,, (cl, (G)) is a Ti72-regularly open
set having 11 7o-N-closed complement.

Proof. 1t is evident that intr (cl.,(G)) is a T Te-regularly open set. Denote
K =Y \int,, (cl,(G)). Of course, K C Y \ G. Let {G;}+cr be a 11-open cover
of the set K. Then {G;}ier U (Y \ K) is an open cover of the set Y\ G. Then
there exist indexes t1, ..., tx such that

k
Y\ G c |Jinty, (clr, (Gy,)) Uint,, (cl,, (Y \ K)).

i=1

As int,, (cl, (Y \ K)) = int,, (cln, (int,, (cl, (G))) = int., (cl,(G)) then K N
int,, (cl, (Y \ K)) = 0. It was shown that K C Ule intr, (clr, (G, )). The proof
of 71 m-N-closedness of the set K is finished. O

A multifunction F': X — (Y, 7172) is said to be 7179-lower (upper) almost
nearly continuous at a point z € X if for any set V € 7 having 7 75-N-closed
complement such that © € F~ (V) (x € FT(V)) there exists an open neighbour-
hood U of x such that U C F~(int,, (cl,(V))) (U C F*(int,, (cl,(V)))). A
multifunction F is 71 o-lower (upper) almost nearly continuous if it is 71 m2-lower
(upper) almost nearly continuous at any point 2 € X. A notion of lower (upper)
almost nearly continuous multifunction with reference to topological spaces was
introduced in [2], and was also investigated by the author in [g].

We call a multifunction F': X — Y 779-almost nearly continuous at a point
x € X if for any sets Vi,V5 € 7 having 7 79-N-closed complement such that
z € F*(V1) and z € F~(V2) there exists an open neighbourhood U of x such
that U C F*(int,, (cl., (V1)) N F~(int,, (cl,(V2))). We define a 717-almost
nearly continuous multifunction at any point x € X to be 7 13-almost nearly
continuous multifunction.

Let us recall the notions of quasi-continuous (lower and upper) and quasi-
continuous multifunctions.

F is called upper (lower) quasi-continuous at a point z € X if for any
open subset V of Y such that z € F*(V) (x € F~(V)) and for any open
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neighbourhood U of x there exists a nonempty open set W C U such that
W C FH(V) (W C F~(V)) (see [6]). We call F the quasi-continuous at a point
x € X if for any open subsets V; and Vs of Y such that x € F*(V;)NF~(V3) and
for any open neighbourhood U of x there exists a nonempty open set W C U
such that U € FT(V1)NF~(V3) (see [6]). A multifunction F' is said to be quasi-
continuous (lower and upper) and quasi-continuous multifunctions if F' has this
property at any point of X.

Now we are ready to introduce the notions of a 77p-almost nearly quasi-
continuous and upper (lower) almost nearly quasi-continuous multifunction.

A multifunction F' is said to be 7 ma-upper (lower) almost nearly quasi-
continuous at a point x € X if for any subset V € 7 of Y having 7 79-N-
closed complement such that z € F+(V) (z € F~(V)) and for any open neigh-
bourhood U of z there exists a nonempty open set W C U such that W C
F*(int,, (cl,(V))) (W C F~(int, (cl,(V)))). We call a multifunction F 77o-
almost nearly quasi-continuous at a point x € X if for any subsets Vi, V5 € 7y
of Y having 7172-N-closed complement such that z € FT (Vi) N F~(V3) and
for any open neighbourhood U of x there exists a nonempty open set W C U
such that W C F*(int,, (clr,(V1))) N F~ (int,, (cl-,(V2))). A multifunction F
is said to be a T 7ma-almost nearly quasi-continuous (T1Te-upper almost nearly
quasi-continuous, T1Te-lower almost nearly quasi-continuous) multifunction if F
has this property at any point of X.

2. Almost nearly continuity

Theorem 2.1. Let F : X — (Y,71,72) be a multifunction. The following
statements are equivalent.

(a) F is 1io-upper almost nearly continuous.

(b) For any x € X and for any Tima-regularly open set G having T172-N-
closed complement such that F(x) C G there exists an open neighbourhood U of
x such that F(U) C G.

(¢) For any x € X and for any 71-closed T179- N-closed set K such that
x € FY(Y \ K) there exists a closed set H # X such that x € X \ H and
F~(cl;, (int, (K))) C H.

(d) F*(inty, (cl,(V))) is an open set for any Ti-open set V. C Y having
T1To-N-closed complement.

(e) F~(cly, (intr,(K))) is a closed set for any T1-closed T172-N-closed set K.

(f) FT(Q) is an open set for any Tima-regularly open set G having T172-N-
closed complement.

(g) F~(K) is a closed set for any T11o-regularly closed T172-N-closed set K.

Proof. (a) = (b). Let z € X and G be any 7379-regularly open set hav-
ing 7 72-N-closed complement such that F(x) C G. Because F' is 71y Ta-upper
almost nearly continuous at x and G is 77e-regularly open (and 7i-open at
the same time) set there exists an open neighbourhood U of z such that U C
F*(int,, (cl,(@))) = F*(G). This gives an inclusion F(U) C G.
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(b) = (a). Let x € X and V be a 7y-open set having 7y 72-N-closed
complement such that z € F*(V). By Lemma [[T] int,, (cl.,(V)) is a 717e-
regularly open set having 7 75-N-closed complement. It is obvious that F(x) C
int,, (cl-,(V)). Under assumption there exists an open neighbourhood U of x
such that F(U) C int, (cl,, (V). This clearly forces U C F* (int, (cl-,(V))).

(a) = (c). Let z € X and K be a 11-closed 7172~ N-closed set such that x €
F*(Y \ K). By the above and assumption there exists an open neighbourhood
U of z such that U C F*(int,, (cl, (Y \ K))) = F (Y \ cl, (int, (K))) = X \
F~(cly, (int,,(K))). Denoting H = X \U we have that F~(cl,, (int, (K))) C H.
It is evident that H is a closed proper subset of X.

(¢c) = (a). Let x € X and V be a 71-open set having 71 72-N-closed com-
plement such that x € F*(V). Let us denote K = Y \ V. It is clear that K
is a 7-closed 7172~ N-closed set such that z € FT(Y \ K). By the assumption
there exists a closed set H # X such that x € X \ H and F~(cl,, (int,, (K))) C
H. An analysis similar to that in the proof of (a) = (¢) shows that U C
F*(int, (cl,,(V))), where U = X \ H is an open set containing x.

(a) = (d). Let V C Y be a m-open set having 7 72-N-closed comple-
ment. Let z € F*(int,, (cl,,(V))). Clearly, int,, (cl,,(V)) € 71 and has 717o-
N-closed complement. By the definition of 717-upper almost nearly conti-
nuity at a point z, there exists an open neighbourhood U of z such that
U c F*(inty, (cly, (int, (cl,(V))))) = F*(int,, (cl,,(V))). Since x was arbi-
trary chosen, the set F*(int, (cl,,(V'))) is an open set.

(d) = (a). Let x € X and V be a 71-open set having 7175-N-closed comple-
ment such that x € F (V). Under the assumption the set U = F (int,, (cl, (V)))
is an open set containing z.

(d) = (e). Let K be a 11-closed 7 72-N-closed set. Therefore Y\ K is 7j-open
and has 71 75-N-closed complement. Let us observe that U = F* (int, (cl., (Y \
K))) = X\ F~(cl,, (int,, (K))). The above equality and openness of the set U
imply that the set F~(cl., (int,, (K))) is closed.

(e) = (d). The proof is similar to the above.

(d) = (f). Let G be a Tyo-regularly open set having 7175-N-closed comple-
ment. Then F*(int,, (cl,,(G))) = FT(G) is an open set.

(f) = (d). Let V be a 7-open set having 73 75-N-closed complement. It is
clear that it suffices to observe that the set int,, (cl,, (V') is 7y mo-regularly open
set having 71 79-N-closed complement.

The proof of equivalence (e) < (g) runs as the proof of (d) < (f) O

Theorem 2.2. Let F : X — (Y,71,72) be a multifunction. The following
statements are equivalent.

(a) F is Ti7o-lower almost nearly continuous.

(b) For any x € X and for any Ti1e-regularly open set G having T172-N-
closed complement such that F(x) NG # 0 there exists an open neighbourhood
U of x such that F(2) NG # 0 for any z € U.

(¢c) For any x € X and for any 71-closed 1172~ N-closed set K such that
x € F~(Y \ K) there exists a closed set H # X such that x € X \ H and
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F*(cl;, (int,(K))) C H.

(d) F~(int,, (cl,(V))) is an open set for any Ti-open set V. C Y having
T1To-N-closed complement.

(e) Fr(cl,, (int,,(K))) is a closed set for any T1-closed T172-N-closed set K.

(f) F~(G) is an open set for any T1-open T172-reqularly open set G having
T1T9-N-closed complement.

(g) FT(K) is a closed set for any T172-reqularly closed T 72-N-closed set K.

Theorem 2.3. Let F : X — (Y,71,72) be a multifunction. The following
statements are equivalent.

(a) F is T17m2-almost nearly continuous.

(b) For any x € X and for any T 1e-regqularly open sets G1,Ga having 11 72-
N-closed complement such that F(z) C Gy and F(x) NGy # 0 there exists an
open neighbourhood U of x such that F(z) C G1 and F(z) N Ga # 0 for any
zeU.

(¢) For any x € X and for any 71-closed T179- N-closed sets K1, Ky such
that x € FT(Y \ K1) N F~ (Y \ Ka) there exists a closed set H # X such that
z € X\ H and F~(cl,, (int,, (K1))) U F*(cly, (int, (K2))) C H.

(d) F*(int,, (cl, (V1)) N F~(int, (cl,, (V2))) is an open set for any T1-open
sets V1, Vo CY having 1 79-N-closed complement.

(e) F~(cl, (int,, (K1)))UF T (cl,, (int,, (K2))) is a closed set for any 11 -closed
T172-N-closed sets K1, Ks.

(f) FT(G1) U F~(Gs) is an open set for any T1m2-reqularly open sets G1,Go
having closed 11 T5-N-closed complement.

(g) F~ (K1) N F*(K3) is a closed set for any Tima-reqularly closed T175-N-
closed sets K1, K.

Proof. (a) = (b). Let x € X and G4, Gy be 1y7o-regularly open subsets of YV
having 73 75-N-closed complement such that F(x) C G; and F(z) NGy # 0. By
T To-almost nearly continuity there exists an open neighbourhood U of = such
that U C F'*(int,, (cl,(G1))) N F~ (int,, (cl-, (G2))) = FT(G1) N F~(Gs).

(b) = (a). Tt is sufficient to observe that for any 7 7o-regularly open sets
G1, G9 having 11 75-N-closed complement the sets int., (cl-, (G1)), int,, (clr, (G2))
are T17o-regularly open having 71 79-N-closed complement (see Lemma [IT]).

(a) = (c). Let z € X and K7, K be 11-closed 7172-N-closed sets such that
x € FH(Y\K;)NF~ (Y \Ks). Therefore Y\ K1,Y \ K5 are 71-open sets having
T179-N-closed complement. Under assumptions there exists an open neighbour-
hood U of  such that U C F™* (int, (cl., (Y \ K1))) N F~ (int,, (cl, (Y \ K2))) =
X\ [F*(cly, (int, (K1))) U F~(cl,, (int,, (K2)))]. It is clear that H = X \ U is
closed subset of X and the inclusion F'*(cl,, (int,, (K1)))UF~ (cl, (int., (K3))) C
H is satisfied.

(c) = (a). The proof is similar to the proof (a) = (c).

(a) = (d). The statement is a result of Theorems [ZTH) and [Z21).

(d) = (a). The proof is clear.

(d) = (e). It is enough to observe that the complement of the set

F*(inty, (cl, (A))) N F™ (ints, (cl,, (B)))
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is equal to F*(cl,, (int,, (A))) U F~(cl,, (int,, (B))) for any sets A, B C Y.
(d) = (f). It is easily seen that the set

FH(G1) N F(Ga) = F* (inty, (el (G1))) N F (inty, (cly, (Ga))

for any 7 mo-regularly open sets G, Ga.
(f) = (d). The proof is a consequence of Lemma [[T
(f) © (d). The proof is similar to the proof (d) < (e). ad

3. Almost nearly quasi-continuity

Theorem 3.1. Let F : X — (Y, 71,72) be a multifunction. The following
statements are equivalent.

(a) F is Timo-upper almost nearly quasi-continuous.

(b) For any x € X and for any T1m2-regularly open set G C'Y having 1172-
N-closed complement such that F(z) C G and for any open neighbourhood U of
x there exists a nonempty open set W C U such that F(z) C G for any z € W.

(¢c) For any x € X and for any 11-closed T172-N-closed set K C'Y such that
r € FY (Y \ K) and for any closed set H such that x € X \ H there exists a
closed set M such that H C M, M # X and F~(cl,, (int,, (K))) C M.

(d) For any x € X and for any t1-open set G C Y having T172-N-closed
complement such that F(x) C G there exists a semi-open set A such that v € A
and A C F*(int,, (cl,,(Q))).

(e) A set FT(Q) is semi-open for any 11 72-reqularly open set G C'Y having
T1To-N-closed complement.

(f) A set F~(K) is semi-closed for any T 72-regularly closed T 72-N-closed
set K CY.

Proof. (a) = (b). Let x € X and G be a 1y 7mp-regularly open subset of YV
having 7y 75-N-closed complement such that F(x) C G and let U be an open
subset of X and x € U. Under the assumptions (F is 7y7o-upper almost nearly
quasi-continuous) there exits an open nonempty set W C U such that W C
F*(int,, (cl,(G))). As G is Ti7a-regularly open we have G = int,, (cl,(G))
and, consequently W C F'*(G).

(b) = (a). Let now x € X and G be a 71-open set having 71 79-N-closed
complement such that F'(z) C G and let U be an open subset of X such that
xz € U. By Lemma [[J] we know that the set int,, (cl,,(G)) is a 7y7a-regularly
open and Y \int, (cl., (G)) is 7y 72-N-closed. Because F(z) C int,, (cl.,(G)) then
there exists an open nonempty set W C U such that W C F* (int,, (cl,, (GQ))).

(a) = (c). Let © € X and K be a 11-closed 71 72-N-closed subset of Y such
that z € F*(Y \ K). It is clear that Y \ K is an 7i-open subset of Y having
T172-N-closed complement. Let H be a closed subset of X such that z € X \ H.
Then X \ H is an open set. According to the definition of 7172-upper almost
nearly continuity, there exists an open nonempty set W C X \ H such that
W C F*(int,, (cl, (Y \ K))). Let us observe that int,, (cl., (Y \ K)) = int,, (Y"\
int,,(K)) =Y \ cl, (int,, (K)). It follows that W C F™ (Y \ (cl, (int,,(K))) =
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X\ F~(cl;, (intr, (K))). Let M = X\ W, then X\ M C X\ F~(cl,, (int, (K)))
since F'~ (cl,, (int,, (K))) C M. Tt is evident that M is a closed set and M # X.

(c) = (a). Let x € X, G be an 7y-open subset of Y having 71 79-N-closed
complement such that F'(z) C G. Therefore K = Y'\G is 71-closed 7 75-N-closed
subset of Y such that z € F*(Y \ K). Let U be an open neighbourhood of x.
Then H = X\U is a closed set such that z € X\ H. Under the assumptions there
exists a closed set M such that H ¢ M, M # X and F~(cl, (int,,(K)) C M.
The last inclusion follows that X\ F'* (int,, (cl.,(G))) € M = X\W, where W =
X \ M is an open nonempty set. It was shown that W C F*(int,, (cl,,(G))). Tt
is easy to see that W C U.

(a) = (d). Let z € X andG be an 1-open subset of Y having 71 79-N-closed
complement such that F(x) C G. We know that for any open neighbourhood
U of the point x there exists an open nonempty set Wy C U such that Wy C
F*(int,, (cl,(G@))). Let A= {z} UJ{Wy : U is an open neighbourhood of z}.
Hence A C cl(int(A)) and consequently A is a semi-open set and x € A. Addi-
tionally A C F*(int, (cl,,(G))).

(d) = (a). Let z € X and G be an 71-open subset of Y having 7;75-N-
closed complement such that F'(z) C G. Let U be an open neighbourhood of
2. Under the assumptions there exists a semi-open set A such that z € A and
A C F*(int,, (cl,(G))). Let W = U Nint(A). Because U N A # () then W = (.
It is easy to check that W C U and W C A. Therefore W C F*(int, (cl,, (G))).

(d) = (e). Let G be a 7m7e-regularly open subset of Y having 7172-N-
closed complement and let z € F(G). Then F(z) C G. Under the assump-
tions there exists a semi-open set A, such that z € A, and A, C F*(G) =
F*(int,, (clr,(GQ))). Tt is easily seen that the set A = J{A, : x € FT(G)} is
semi-open and is equal to the set F(G).

(e) = (d). Let z € X and G be an 7-open subset of Y having  m5-N-closed
complement such that F(z) C G. Then by Lemma [Tl int,, (cl, (G)) is a 7 7o-
regularly open set having 73 72-N-closed complement. Therefore F'* (int, (cl, (G)))
is semi-open. Of course x € F'* (int,, (cl,, (G))).

(e) = (f). Let K be a 7y me-regularly closed 71 72-N-closed subset of Y. Then
Y \ K is a 1y7e-regularly open having 7172-N-closed complement subset of Y.
Under the assumptions F*(Y \ K) is a semi-open set. From this we see that
the set X \ FT(Y \ K) = F~(K) is semi-closed.

(f) = (e). The proof is similar to the above. O

Theorem 3.2. Let F : X — (Y,71,72) be a multifunction. The following
statements are equivalent.

(a) F is Timo-lower almost nearly quasi-continuous.

(b) For any x € X and for any T17mo-regularly open set G C'Y having 1172-
N-closed complement such that F(z) NG # 0 and for any open neighbourhood
U of x there exists a nonempty open set W C U such that F(2) NG # (0 for any
zeW.

(¢c) For any x € X and for any 1 -closed T172-N-closed set K C'Y such that
x € F7 (Y \ K) and for any closed set H such that x € X \ H there exists a
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closed set M such that H C M, M # X and F7(cl,, (int,, (K))) C M.

(d) For any x € X and for any Ti-open set G C Y having T172-N-closed
complement such that F(x) NG # 0 there exists a semi-open set A such that
x € A and A C F~(int, (cl, (@))).

(e) A set F~(Q) is semi-open for any T ma-regularly open set G C'Y having
T1Ta-N-closed complement.

(f) A set F*(K) is semi-closed for any Tma-reqularly closed T173-N-closed
set K CY.

Theorem 3.3. Let F : X — (Y,71,72) be a multifunction. The following
statements are equivalent.

(a) F is 1i7m9-almost nearly quasi-continuous.

(b) For any x € X and for any Time-regularly open sets G1,Gs C'Y having
T172-N-closed complement such that F(x) C G1 and F(x) NGy # 0 and for any
open neighbourhood U of x there exists a nonempty open set W C U such that
F(2) CGy and F(2) NGo # 0 for any z € W.

(c) For any x € X and for any 11 -closed 11 75-N-closed sets K1, Ko CY such
that z € FH(Y\K1)NF~ (Y \ K2) and for any closed set H such that x € X \ H
there exists a closed set M such that H C M, M # X and F~(cl., (int,,(K1)))U
F*(cl,, (int,,(K>3))) C M.

(d) For any x € X and for any 1 -open sets G1,Go C Y having T172-N-closed
complement such that F(z) C G1 and F(z) N Gy # 0 there exists a semi-open
set A such that x € A and A C F* (int, (cl,,(G1))) N F~(int, (cl,, (G2))).

(e) A set FT(Gy) N F~(Ga) is semi-open for any TiTa-reqularly open sets
G1,Go CY having T172-N-closed complement.

(f) A set F~(K1)UF*(K3) is semi-closed for any 11 72-regqularly closed T172-
N-closed set K1,Ko C Y.

Proof. (a) = (b). Let x € X and Gy, G2 be two 1 72-regularly open subsets of
Y having 7 72-N-closed complement such that 2 € F*(G1) N F~(Gs). Let U
be an open subset of X containing x. Under assumption there exists an open
nonempty set W C U such that W C F*(int,, (cl.,(G1)))NF~ (int, (cl., (G2))).
We have W C F(G1) N F~(G2) because Gy, Gy are T 7o-regularly open sets.

(b) = (a). Let x € X and G, G2 be two 11-open sets having 7 75-N-closed
complement such that z € F*(G1) N F~(G2). By Lemma [T} int,, (cl-,(G1))),
int,, (cl., (G2))) are Tio-regularly open sets having 7 72-N-closed complement
and it is clear that x € F*(int,, (cl,,(G1))) N F~(int,, (cl,,(G2))). So for any
open neighbourhood U of z there exists an open nonempty set W C U such
that W C F*(int,, (cl,,(G1))) N F~ (int, (cl, (G2))).

(a) = (¢). Let z € X and K37, K> C Y be two 11-closed 71 72-N-closed sets
such that z € FH(Y \ K1) N F~ (Y \ K3). Let H be a closed subset of X such
that © € U = X \ H. Under the assumptions there exists an open nonempty
set W C U such that W C F*(int,, (cl, (Y \ K1))) N F~(int, (cl, (Y \ K2))).
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Let us denote M = X \ W. Then M is a closed set other than X and

X\ [F* (inty, (clr, (Y \ K3))) N F (intr, (clr, (Y K2)))]

[X\ F (int, (clo, (Y \ K1) U [X\ F™ (intr, (clr, (V' K3)))]
= F~(cl,, (int,, (k1)) U FF(cly, (int,, (K2)))
c M.

(¢) = (a). The proof is similar to the above.

(a) = (d). Let x € X and Gy, G5 be two 7y-open subsets of Y having 71 75-N-
closed complement such that F(z) C Gy and F(z) N G2 # ). We know that for
any open neighbourhood U of z there exists an open nonempty set Wiy C U such
that W C F*(int,, (cl, (G1))) N F~ (int, (cl-, (G2))). Let A = {z} U J{Wy :
U is an open neighbourhood of z}. It is clear that A C cl(int(A4)) and hence
semi-open. Of course, z € A and A C F* (int,, (cl,(G1)))NF~ (int, (cl, (G2))).

(d) = (a). Let 2 € X and Gp,G2 be two T-open subsets of Y hav-
ing 7179-N-closed complement such that z € F™(Gy) N F~(Gs). Let U be
an open neighbourhood of x. We know that there exists a semi open set
A C Ft(int,, (cl,(G1))) N F~(int,, (cl,,(G2))) such that z € A. Let W de-
note the set U Nint(A). Because UN A # () then W # (. Of course W C U and
W C A. Therefore A C F*(int, (cl,(G1))) N F~ (int,, (cly, (G2))).

(d) = (e). Let Gy, G2 be two Ty7o-regularly open subsets of Y having 71 7o-
N-closed complement such that 2 € F*(G1) N F~(G2). Let us denote by A, a
semi-open set such that x € A, C FT(int,, (cl,(G1))) N F~(int, (clr, (G2))) =
F*(G1) N F7(Gz). Then the set A = User+(Gi)nr-(Gs) Az is semi-open and
equal to the set F¥(G1) N F~(Gs).

(e) = (d). Let x € X and G4, G2 be two 71-open subsets of Y having 71 75-
N-closed complement such that F(z) € Gy and F(z)NGy # 0. Then by Lemma
[CTint,, (cl,,(Gy)) and int,, (cl, (G2)) are 7y mo-regularly open sets having 7, 72-
N-closed complement and F(z) C int, (cl,,(G1)) and F(z)Nint, (cl, (G2)) # 0.
Under assumption F* (int, (cl, (G1))) N F~ (int,, (cl-,(G2))) is a semi-open set.
According to the above remark, the proof is finished.

(e) = (f). Let Ky, K5 be two 7 mo-regularly closed 7175-N-closed subsets of
Y. Then F*(Y\ K;)NF~ (Y \ K>) is a a semi-open set. The complement of this
set is a semi-closed set and it is equal to the set X \[FT(Y\K1)NF~ (Y \ Ks)] =
Fi(Kl) U F+(K2)

(f) = (e). The proof is similar to the above. i
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