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MICROLOCAL TIME DECAYS FOR HYPERBOLIC
EQUATIONS WITH LOWER ORDER TERMS?

Michael Ruzhansky?

Abstract. In this paper we present microlocalised time-decay rates of
solutions to hyperbolic equations with constant coefficients with arbitrary
lower order terms. A particular attention is paid to regions with multi-
plicities.
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1. Introduction

In this note we give an overview of microlocal time-decay rates of oscillatory
integrals appearing in the solution to the Cauchy problem for hyperbolic partial
differential equations with constant coefficients and arbitrary lower order terms.
We will be most interested in microlocal decay rates corresponding to different
regions in the phase space. These decay rates can be then put together in the
standard way as explained, for example, in [10]. Thus, we consider equations of
the form

m m—1
" L(Dy, Dy) = D{"u+ Y Pi(De)DP* Pu+ Y > capDyDju=0,
j=1 =0 |a|+r=Il

Dlu(0,z) = fi(x) € CER™), 1=0,...,m—1,

with (t,2) € R x R™. Results on the time-decay rates of its solutions can be

expressed in terms of its characteristic roots 71 (£), . . ., Tim (§), which are solutions
to the characteristic polynomial equation L(7, ) = 0 with respect to 7. Symbol
P;(§) of P;(D;) (where as usual D, = —i0,) is assumed to be a homogeneous

polynomial of order j, and the ¢, , are complex constants. We assume that
equation () is strictly hyperbolic in order not to worry about its well-posedness.
Throughout, we assume the stability conditions

(2) Im 7(¢§) >0 fork=1,...,m,
for all £ € R™. Solution to the Cauchy problem () can be written in the form

m—1
ut,x) = > Ej(t)f;(=),
7=0
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where propagators E(t) are defined by
3) Bi(0f(@) = [ ew6(3 emrate, o)) fle) de.
k=1

with suitable amplitudes A;? (t,€). In the areas where roots are simple, phases
and amplitudes are smooth, and we can analyse the sum (B]) termwise, reducing
the analysis to single integrals. In the case of multiple characteristics we can
group terms in () in a special way to obtain suitable decay estimates. We note
that properties of characteristics may be different in different regions. To isolate
different types of behaviour in different areas we can microlocalise with cut-off
functions x(&), to study integrals of the form

~

@ XDIEOF) = [ (3 Ot 0) (e Fe) e
k=1

We will denote various constants throughout the paper by the same letter
C'. Balls with radius R centred at £ € R™ will be denoted by Br(§). We will
use the notation (¢) = /1+[€2,(D) = V1 —A and |D| = | — A|'/2. The
Sobolev space Wzl, is then defined as the space of measurable functions f for
which (D)'f € LP(R™).

We will also use the standard notation for the symbol class S* = S, as
a space of smooth functions a = a(z,&) € C°(R™ x R™) satisfying symbolic
estimates |8£8?a(:£7§)| < Cop(1 + [€))r~ 1ol for all 2,& € R”, and all multi-
indices a, 3.

If the function a = a(§) is independent of x, we will sometimes also write
a € S7o(U) for an open set U C R", if a = a(§) € C(U) satisfies [0ga(§)] <
Co(1+ €)= 1ol for all £ € U, and all multi-indices a.

Estimates for wave type equations have been thoroughly analysed in [T} 2
4, [6, 1T} [T4]. The case of dissipative wave equations was treated in [5] and for
the analysis of the Klein-Gordon equation we refer to [3] and references therein.
Equations with homogeneous symbols were analysed in [12] [13].

The present paper is based on the lecture of the author at the 12" Serbian
Mathematical Congress, which was based on papers [7,[8, 9 10]. For the detailed
proofs we refer to [10].

2. Away from the real axis

We begin by looking at the zone where roots are separated from the real
axis. If the roots are smooth, we can analyse solution (B]) termwise:

Theorem 2.1. Let 7 : U — C be a smooth function, U C R™ open. Let
a€ S §(U), i.e. assume that a = a(§) € C*(U) satisfies
|08a(€)] < Call + [¢)) 1,

for all € € U and all multi-indices . Let x € S (R™) be such that x = 0
outside U. Assume further that:
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(i) there exists § > 0 such that Im 7(&) > 6 for all § € U;
(i) |7(O)] < C(A+[€]) for all € U.

Then for all t > 0 we have

o) [pro( [ e @naenefe )|

La(Ry)

< Ce Hf||W1§vp+la\+rw ;

where %—i—% =1,1<p<2 N, > n(% — %), r > 0, a a multi-index and
feCeR). If p=1, we take Ny > n.

Moreover, let us assume that equation L(1,£) = 0 has only simple roots 11, (€)
which satisfy condition (i) above, in the open set U C R™, for allk =1,...,m.
Then solution u to () satisfies

m—1

(6) 1Dy DEx(D)ult, )| arn) < Ce* Z ||fl\|ngvp+\a\+w-fz,
1=0

where 1 < p < 2, % + % =1, and Np,r,a are as above.

We note that we may have different norms on the right.hand side of ({@l). For
example, we also have the following estimate:

m—1

(7) 1D DEXD)ult. Mlaaezy < Ce Y IIfll oot
1=0

where 1 < p < 2, l—l—%:l,Nézg(%—%), and N/, > 3 for p=1.

To be able to derive time decay in the case of multiple roots, we will group
terms in (B)) in the following way. Assume that roots 1 (§),...,7(£) coincide
on a set contained in some M, that is

MDA = =718}

For € > 0, we define
M = {£ e R" : dist(§, M) < e}

Choose € > 0 so that these roots 7 (£),...,7(§) do not intersect with any of
the other roots T741(§), . .., Tm (&) in M=, If different numbers of roots intersect
in different sets, we can apply the following theorem to such sets one by one.
We note that by the strict hyperbolicity of () the set M*® is bounded. Here we
will estimate the sum

L ~
(®) [ ems (o emenase o) et de.
k=1
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Theorem 2.2. Let the sum [B) be the solution to the Cauchy problem ().
Assume that roots 71(§), ..., 7(§) coincide in a set contained in M and do not
intersect other roots in the set M®. Let x € C§°(MF®). Assume that there exists
0 > 0 such that Im 74,(§) > 6 for all§ € M® and k=1,..., L.

Then for all t > 0 we have

La(Rz)

L
|prps ([ eme(Semrabee) v fie i)
‘ k=1
<00+ 0% e e
where%Jr%:l, 1<p<2.

Thus, if characteristic roots are separated from the real axis on the support
of some x € C§°(R™), we can separate the solution [B)) into groups of multiple
roots for which the LP — L7 norms still decay exponentially as stated in Theorem
We also note that since M€ is bounded, assumption (ii) of Theorem 2]
is automatically satisfied and, therefore, it is omitted in the formulation of
Theorem

2.1. Roots with non-degeneracies

The following case that we consider is the one when roots satisfy certain
non-degeneracy conditions. These may be conditions on the Hessian, convexity
conditions, or simply the information on the index of the corresponding level
surfaces. In this section we will give the corresponding statements. We always
assume the stability condition ([2]) but no longer assume that roots are separated
from the real axis.

First we state the result for phases with the non-degenerate Hessian. The
behaviour depends on critical points £° with V7(¢°) = 0 and the behaviour
of the Hessian at such points. As usual, we say that the critical point £° is
non-degenerate if the Hessian Hess7(£°) is non-degenerate.

Theorem 2.3. Let U C R" be a bounded open set, and let 7 : U — C be smooth
and such that Im 7(§) > 0 for all £ € U. Assume that there are some constants
Co and M such that

| det HessT(€)| > Co(1 + |£])™™M

Jorallé € U. Let x € S9o(R™) be such that x = 0 outside U and leta € Sy §(U).
Assume that T has only one non-degenerate critical point in U, and that U

1s sufficiently small. Then there is a constant C > 0 independent of the position

of U such that for all t > 0 we have

<C(1+1)"2Gq

La(Ry)

o |

/n e @ EHTEON ()3 (€) F(€)deE

. 1 1 _ _ M1
with1<p<2, s +o=1 Ny, =F(;
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For example, the case of the Klein—-Gordon equation corresponds to M =
n + 2 in this theorem. Since we want to have estimate (Z3]) uniformly over all
U of fixed volume but independent of its position, we use the norm || f[|,,~,. If

p
we want an estimate just for a single U, norm || f|[ ,~, on the right-hand side of
p

@) can be replaced by ||f||Le. For details of this we refer to [10]. The condition
that critical points are isolated and therefore can be localised by different sets
U may follow from certain properties of 7.

If we apply different versions of the stationary phase method under different
conditions, we can reach different conclusions here. For example, we also have:

Theorem 2.4. Let U C R™ be a bounded open and let 7 : U — C be smooth
and such that Im 7(§) > 0 for all € € U. Let x € S{4(R™) be such that x = 0

outside U and let a € S;g(U). Assume that T has only one critical point £° in
U, and that U is sufficiently small.

Suppose that there are constants Co, M > 0 independent of the size and
position of U and of £°, with the following conditions. Suppose that

rank Hess7(£%) = k,
that this rank is attained on a k x k submatriz A(€°) and that
| det A(€”)] > Co(1+1€") 7.

Then for all t > 0 we have

- 1 1 _ _ M1 1
withl <p<2, s +.=1N,=5(;— )~ p

_k(1_ 1
<O+t 2G| f]

/n T ERTOD g (6)y (€) F(€)dE

La(Ry)

The proof of this theorem is similar to the proof of Theorem 23] once we
restrict to the set of k variables (possibly after a suitable change) on which the
rank of the Hessian is attained on A(£9).

This result can be improved depending on further properties of A(£Y). For
example, if rankA(£°) = n — 1 and this is attained on variables &1,...,&, 1,
the analysis reduces to the behaviour of the oscillatory integral with respect to
&n. If the [-th derivative of the phase with respect to &, is non-zero, we get
an additional decay by ¢~'/!. This follows from the stationary phase method,
or from an appropriate use of van der Corput lemma. We will not formulate
further statements here since they are quite straightforward.

The next theorem is an estimate of oscillatory integrals with real-valued
phases under convexity condition. The convexity condition is weaker than (but
does not contain) the condition that the Hessian of 7 is positive definite and the
result can be compared with Theorem [2.3] dependent on suitable properties of
roots.
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Let us first give the necessary definitions. Given a smooth function 7 : R® —
R and A € R, set

Ya=Ea(r)={€eR":7(§) = A} .

A smooth function 7 : R™ — R is said to satisfy the convexity condition if
surface Xy is convex for each A € R. Note that the empty set and the point set
are considered to be convex. If the Gaussian curvature of X never vanishes,
Y, is automatically convex (the converse is not true). This curvature condition
corresponds to the case k = n — 1 in Theorem 2.4 Another important notion
is that of the maximal order of contact of a hypersurface:

Definition 2.1. Let ¥ be a hypersurface in R”. Let o € 3, and denote the
tangent plane at ¢ by T,. Now let P be a 2-dimensional plane containing the
normal to X at o and denote the order of the contact between the line T, N P
and the curve ¥ N P by v(X; 0, P). Then set
7(X) := supsupy(Z; 0, P).
cexX P

We note that y(S™) = 2 since v(S™; 0, P) = 2 for all ¢ € S” and all planes
P containing ¢ and the origin. If ;(£) is a characteristic root of an m™ order
homogeneous strictly hyperbolic constant coefficient operator, then y(3,,) < m
([13]). Now we can formulate the corresponding theorem.

Theorem 2.5. Suppose T : R — R satisfies the convexity condition and let
X € C°(R™) ; furthermore, on suppy, we assume:

o for all multi-indices a there exists a constant C, > 0 such that
087(€)] < Call+ €)1
o there exist constants M,C > 0 such that for all || > M we have |7(§)| >
Clels

e there exists a constant C' > 0 such that |0,7(M\w)| > C for all w € S,
A > 0; in particular, |V7(€)| > C for all £ € R™\ {0};
e there exists a constant Ry > 0 such that, for all X > 0,
1

XEA(T)

TAEER™ 7(6) = A} € B, (0).

Also, set v := supysoY(Xx(T)) and assume this is finite. Let a; = a;(§) € S;g
be a symbol of order —j of type (1,0) on R™. Then for all t > 0 we have the
estimate

(10) ||| e @ng @ nefie) d

_n-1l(1_1
<+~ G
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where %—i—% =1,1<p <2, and the Sobolev order satisfies Ny, j ¢ > n(% - %) —J

for0<t <1, and Ny > <n—"T_1) (%—%)—jfortzl.

In the case without convexity, we also introduce an analogue of the order of
contact. Thus, if ¥ is a hypersurface in R”, not necessarily convex, we define

Y0(2) == sup inf v(E; 0, P) < y(X),
oex P

where v(X; o, P) is as in Definition 211 If p(&) is a polynomial of order m, ¥ =
{£ € R" : p(§) = 0} is compact and Vp(§) # 0 on 3, then (X) < () < m
([30).

Theorem 2.6. Suppose 7 : R™ — R is a smooth function. Let x € C*°(R™);
furthermore, on suppy, we assume:

e for all multi-indices « there exist constants Cy > 0 such that
08 T(&)] < Call + €))7

o there exist constants M,C > 0 such that for all || > M we have |7(§)| >
Cll;

e there exists a constant C > 0 such that |0,7(Aw)| > C for all w € S*~1
and X > 0;

o there exists a constant Ry > 0 such that, for all A > 0,
1
Y {¢ eR™: 7(§) = A} C Bg, (0).

Set v = supyso Y0 (EA(T)) and assume it is finite. Let a; = a;(&) € S;g be a
symbol of order —j of type (1,0) on R™. Then for allt > 0 we have the estimate

H/ @O ¢ (6)3(6) F(€) dg‘ <o+t wGd) 11y 5.0

La(Ry)

where %—i—% =1,1< p <2, and the Sobolev order satisfies N, ; > n(% —2)—J

1 1 -
for0<t <1, and N+ > (n— 7—0) (%_5)_J fort>1.

As a corollary and an example of these theorems, we get the following possi-
bilities of decay for parts of solutions with roots on the axis. We can use a cut-off
function x to microlocalise around points with different qualitative behaviour
(hence we also do not have to worry about Sobolev orders).

Colorallary 2.1. Let Q@ C R™ be an open set and let 7 : @ — R be a smooth
real valued function. Let x € C§°(Q). Let us make the following choices of K (t),
depending on which of the following conditions are satisfied on suppy.
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(1) If det Hess(€) # 0 for all € € Q, we set K(t) = (1+ 1)~ ¥ 77,
(2) If rankHessT(€) = n — 1 for all € € Q, we set K(t) = (1+ )" G747,

(3) If T satisfies the convexity condition with index v, we set K(t) = (1 +

(4) If T does not satisfy the convexity condition but has non-conver index ~y,
1 1 1
we set K(t) = (141t) 5 v 4,

Assume in each case that other assumptions of the corresponding Theorems 23l
are satisfied. Let 1 <p <2, % + % = 1. Then for all t > 0 we have

We note that no derivatives appear in the LP—norm of f because the support
of x is bounded. In general, there are different ways to ensure the convexity
condition for 7. We refer to [I0] for a detailed discussion.

/n @O0 g () (6) F(€)de

S CKM®|fllze@mny-
La(Rp)

2.2. Roots meeting the real axis

In this section we will present the results for characteristic roots (or phase
functions) in the upper complex plane near the real axis, that become real at
some point or in some set.

For M C R"™, denote
ME ={£ e R dist({, M) < e},

as before. The largest number v € N such that meas(M®) < Ce” for all
sufficiently small € > 0, will be denoted by codimM, and we will call it the
codimension of M.

We will say that the root 7, meets the real axis at £ with order s; if
Im 71,(£°) = 0 and if there exists a constant co > 0 such that

col€ — €°[* < Tm 7,(¢),

for all ¢ sufficiently near £9. More generally, if the root 7, meets the axis on the
set Z = {£ € R"™ : Im 74(€) = 0}, we will say that it meets the axis with order
s if

codist(&, Z)® < Im 73 (€) .

We will localise around each connected component of Zj, e.g. around each point
of Zy, if it is a union of isolated points. As usual, when we talk about multiple
roots intersecting in a set M, we adopt the terminology introduced earlier.
Since we are dealing with strictly hyperbolic equations, roots can meet each
other only for bounded frequencies, so we may assume that set M is bounded.
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Theorem 2.7. Assume that the characteristic roots 71(§),...,7(§) intersect
in the C' set M of codimension {. Assume also that they meet the real azxis
in M with the finite orders < s, i.e. that

codist(€, M)® < Tm 73,(€),

for some co > 0 and all k = 1,...,L. Assume that [B)) is the solution of the
Cauchy problem () and we look at its part [§). Let x € C§°(MEF) for sufficiently
small € > 0. Then for all t > 0 we have

v |oroz( / Ee“'f(kile”k@”A;?(t,g))x(@ ) a)|

La(Ry)

1

< e+ G T ),
where%—l—%:l, 1<p<2.

We assume € > 0 to be small enough to make sure that the type of behaviour
assumed in the theorem is the only one that takes place in M*®. In the comple-
ment of M® we may use other theorems to analyse the decay rate. Moreover,
we assume that set M is C!. In fact, it is usually Lipschitz, but in order to
avoid to go into depth about its structure and existence of almost everywhere
differentiable coordinate systems, we make the technical C'! assumption.

Let us now give a special case of this theorem where simple roots meet the
axis at a point, so that we have L = 1 and £ = n. The following statement is
also global in frequency, so we have the result in Sobolev spaces.

Theorem 2.8. Consider the m™ order strictly hyperbolic Cauchy problem (1)
for operator L(Dy, D), with initial data f; € WéVpHaHrﬂ, forj=0,...,m—1,
where 1 < p <2 and2 < ¢ < o0 aresuchthat%+%:1,7"20andaisa
multi-index. We assume that the Sobolev index N, satisfies N, > n(% - %) for
1<p<2and Ny >n forp=1.

Assume that the characteristic roots 71(§), ..., Tm(§) of L(7,§) = 0 satisfy
Im 7, > 0 for all k, and also the following conditions:

e forallk=1,...,m, we have

liminf Im 75(€) > 0;

|§]—o00

o for each £° € R" there is at most one index k for which Im 73,(¢°) = 0
and there exists a constant ¢ > 0 such that

|§ - £O|S S clm Tk(f)a

for & in some neighbourhood of 9. Assume also that there are finitely
many points £ with Im 73, (€%) = 0.



24 M. Ruzhansky

Then the solution u = u(t,z) to the Cauchy problem () satisfies the following
estimate for all t > 0:

,Q l,l
(12) [Di D u(t,)||lLe < Cor(1+1)7 lefjll Nptlaltr—-

As a special case, such estimate together with ([I4) below (used with s =
51 = 2), we improve the indices in Sobolev spaces over L? for the dissipative
wave equation compared to [5].

If conditions of Theorem [Z.8 hold only with £ = 0, namely if Im 74(£%) = 0
implies £ = 0, we will call the polynomial L(7,€) strongly stable. Now we will
give some improvements of (IZ) under additional assumptions on the roots:

Remark 2.1. The order of time decay in Theorem 2.8 may be improved in the
following cases, if we make additional assumptions. If, in addition, we assume
that Im 74 (£%) = 0 in (H2) implies that £ = 0, then we actually get the estimate

1 1 [e|

|prpgute, | <o iGoi)- anjn Nytaltr—s

La(Ry)

where here and further in this remark N, is as in Theorem 2.8
Now, assume further that for all £€° in (H2) we also have the estimate

(13) ()] < eal€ — €0,

with some constant ¢; > 0, for all ¢ sufficiently close to £°.
If we have that Im 75,(¢°) = 0 in (H2) implies that we have ([3)) around such
&9, then we actually get

|DiDzutt, | <o+t Z||fj|| Nptlatsros

La(Ry)

And finally, assume that for all €% such that Im 75,(£°) = 0 in (H2), we also
have £° = 0 and ([3) around such £°. Then we actually get

a9 |progute,)|, <ol -Eew anju ol

La(Ry)

Estimate ([4]) with s = s; = 2 gives the decay estimate for the dissipative
wave equation.

Moreover, there are other possibilities of multiple roots intersecting each
other while lying entirely on the real axis. For example, this is the case for
the wave equation or for more general equations with homogeneous symbols,
when several roots meet at the origin. In this case roots always lie on the real
axis, but they become irregular at the point of multiplicity, which is the origin
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for homogeneous roots. In such cases we have to look at the structure of such
multiple points by making cut-offs around them and studying their structure in
more detail. In particular, there is an interaction between low frequencies and
large times, which does not take place for homogeneous symbols. The detailed
discussion of this topic and corresponding decay rates can be found in [I0].
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