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Abstract.  The beginning of the study of non-symmetric affine con-
nection spaces is especially in relation with the works of A. Einstein on
United Field Theory (UFT). The paper is a short survey of the develop-
ment of the theory of these spaces.
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1. Notion, covariant derivatives

Although the notion of non-symmetric affine connection is used in several
works before A. Einstein, for example in [6] (Eisenhart, 1927), [10] (Hayden,
1932), the use of non-symmetric connection became especially actual after ap-
pearance the works of Einstein, related to creating the Unified Field Theory
(UFT).

Einstein was not satisfied with his General Theory of Relativity (GTR, 1916),
and from 1923 to the end of his life (1955), he worked on various variants of
UFT. This theory had the aim to unite the gravitation theory, to which is related
GTR, and the theory of electromagnetism.

Remark that at UFT the symmetric part g;; of the non-symmetric basic
tensor g;; is related to gravitation, and antisymmetric g;; to the electromag-

\

netism. The same is valid for Fék and F;k. While at the Riemannian space
- \2

(the space of GTR) the connection coefficients are expressed by virtue of g;;,
in Einstein’s works on UFT (1945-1955) (e.g. [1-[5]) the connection between
these magnitudes are determined by the equations

agij )

(1) gi{’m = Yijom — Ff:mgpj - an_jglp =0, (gij,m = drm

Beginning with 1951 L. P. Eisenhart ([7], [8]) has dealt in several works with
the problems of spaces with non-symmetric basic tensor and non-symmetric
connection. At [21], [22], [24], are also used non-symmetric connections.
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Because of nonsymmetry of the connection coefficients L;k, it is possible to
define 4 kinds of covariant derivative in the space Ly. For example:

i i J
(2) i \m =ljm + me J ijtp'
2 me
pm m]‘
; mp i

2. Ricci type identities, curvature tensors and pseudoten-
sors in Ly

In the place of the difference t* —t

Jimn Jinm>

which gives the Ricci identity
in Riemannian space, now we have 10 cases based on the 15 and 2"¢ kind of
covariant derivative:

i1y i
(3) tjl...js|m|n tjl...js\m\n’
A B v ow

where
O psv,w) = {(1,1;1,1),(2,2:2,2),(1,2:1,2), (2,1;2,1),(1,1;2,2), (1,1; 1, 2),
(1,1;2,1),(2,2;1,2),(2,2;2,1),(1,2;2,1).

In [I1] Ricci identities are derived in the space Ly for a tensor of the type
(r,s). For example:

(4) ;\lmn - ;lnm = flizpmntf - ]l%pjmn 2Lmn ]|p7
(5) ;gmn - ;an = }Q%mentg - R ]mntl + 2Lmn ]|p7
i = Linm = 4 pmnt] — A gty + ALy = Lty )

(6)

(L:an;n - meLfLJ)m”t + 2Lmn JI:D
(7) Simi=n = tijnjm = B'pmnt] = B jmnty,

102 2 1 3 3

where

9) Ry = D — Lijon + L Ly — I L

mj,n nj,m np mp>
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(10) ]??lpmn = L;m’ﬂ - L;j,m + L?mLizp - LijL:f?m + Lﬁm(L;j - Lép)7
(12) ézjmn = L;m,n - L;n,m + LfnjL;)n - L‘Z]L;m
(13) éi]‘mn = L;mn - Lizj,m + Lé)mL?np - Lgr)z]L;m7
The magnitudes Jt%ipmn, t = 1,2,3 are tensors and we call them curva-
ture tensors of the first, second and third kind respectively and 1;11 (t =
jmn
1,2,...,15) are not tensors and we call them curvature pseudotensors of the

first,..., the fifteenth kind respectively.

If in forming the Ricci-type identities, we use the third and the fourth kind of
covariant derivative, we get ten new identities analogous to (4) — (7). In these
identities appear the same quantities ]1%, ];,g;zil,é,...,é, but in a different

distribution. Only in the last case there appears a new curvature tensor ii :

i i _ pi P D i
(14) a’j|m\n ajjln:Lm - ‘? pm’na/j + }3z jnmp,
where

In [I2] the author proved that by Ricci-type identities, in which appear curvature
pseudotensors, we can obtain identities in which appear 8 new curvature tensors
l;%, ey l;%, and which we call derived curvature tensors.

All above identities and all curvature tensors and pseudotensors of the space
Ly are the generalizations of the Ricci-identity, respectively curvature tensor of
the space with symmetric connection and of the Riemannian space.

In [I3] is shown that from all tensors }1%, e ,i%; 11%, el ]é? we have five inde-
pendent ones, while the others are linear combinations of these five tensors and
the curvature tensor R, formed by the symmetric connection L}k (symmetric

part of L;k).
3. Geometric interpretations of the curvature tensors and
pseudotensors in Ly

In Ly one can define two kinds of parallel displacement of vectors. For a
vector field v*(t), defined along a curve C : z° = x%(t), we say that it is a field of
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the first kind parallel vectors, respectively a second kind, if for the differential
we have
(16a,b) clivi = —L;mvpdxm, gvi = —Lﬁnpvpdwm.

According to [9], one can give the next geometric interpretation of two kinds
parallel displacement and the torsion in Ly. Consider at the tangent space a
surface element, determined with help of two infinitesimal vectors, whose origin
is the point P(z*) and let the ends of these vectors be Q(z* + dz*), R(z* + dz?).
Making the same kind of parallel displacement, e.g. the first, of the vector dx’
along 62° and 62’ along dz’, we get different points S, T for the ends and for
their coordinates:

(17) :rTl - af; = cli(ém’) - (f(dxl) = (Lpm — Lipp)daP o™ = 2L;$ndxp(5xm.

Consequently, using the same kind of parallel displacement, we obtain S # T,

if the connection is non-symmetric, i.e. if L;,m # 0. But, calculating 6(dz?) with
Vv

respect to (16a), and d(dz*) with respect to (16b), we get
d(dz") = (21(6:10’) = —L, dxPdz™, 6(da’) = ?(dwi) =L} dx"da?,

from where ‘ ‘ ‘ ‘
2t — ' =d(0z") — (dz') =0,
T S 2 2

that is the points S and T coincide and we obtain an infinitesimal parallelogram
PQSR.

To obtain a geometric interpretation of curvature tensor, F. Graif considers
the first kind parallel displacement of a vector v* along the whole considered
contour PQSR and for the increment obtains

(18) Avt = R0 dz™ 6z,
1 1’
Using the second kind parallel displacement, we obtain
(19) Avt = R 0 de ™S,
2 27
M. Prvanovi¢ ([23], 1977) uses for two opposite sides of mentioned parallelogram

the first kind displacement, and for the rest of sides over sides - the second kind
displacement. In this manner one obtains

(20) Av' = —];ijnmvjdxm(h",
3
and changing the kind of the displacement along all the sides obtains

(21) Avt = {fijmnvﬂdazm&c".
4
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On the basis of the above one may attempt to examine all the possibilities
that appear by changing the kind of displacement of vectors along the contour
PQSR. We have in all 2% = 16 cases (4 sides, 2 kinds of displacement), which
are presented at the table [15]:

1 2 3 45 6 7 8 9 10 11 12 13 14 15 16
PQ: 1 2 2111111 1 2 2 2 2 2 2
Qs: 1 2 1 2 1 11 2 2 2 1 1 1 2 2 2
RS: 1 2 2 112 212 2 1 1 2 1 1 2
PR: 1 2 1 2 21211 2 1 2 2 1 2 1

Consider, for example, the ninth case in the cited table. In this case one
obtains

(22) Aot = 2L

,‘(dljn _ (51’"L) + Az Ujd$m5$rb7
9 .

io,]
jmY
v jmn

where éijmn is the curvature pseudotensor (12) of the space Ly. In [I5] in this

manner are obtained geometric interpretations of all cited curvature tensors and
pseudotensors in Ly .

4. Properties of the curvature tensor in Ly

4.1. Mixed curvature tensors

Staying only on independent curvature tensors ]1%, . ,]5%, at Ly we obtain
[14], [19]:
(23) Ijijmn = _§ij7Lma 0=12, CyClgijmn =0,0=4,5,

jmn

The Bianchi identity which is valid in the symmetric connection space, in
Ly is not valid, but we obtain 20 identities [I6], [I7], examining the expressions

C’yclljijmn‘v for 0=1,...,5,w=1,...,4.

mnuv

So, for example, we get

(24) CYCLR' jyn)o = 20yl Ll B 0,
1 Vv

mnuv mnv
4.2. Covariant curvature tensors

In GRy the covariant curvature tensors are defined by the equation

-Ze%ljmn = g@-ze%pjmrue = ]., .. .,5
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and from here one obtains that the following properties hold [14], [19]:
(25) gijmn = _gjimn = _{}ijnma 0= 17 2a gijmn = _}gjimnv 0= 374

Rijmn = Rmnija CyClRZJmn = 0; CyCZRl]mn = Oa
5 5 imn 4 afy 5
{a7/877} C {i’j7m7n}'
In the Einstein’s condition g ;; ., = 0 we see that the index ¢ is treated as in
L

the first kind derivative, and j as in the second one. Proceeding in that sense,
Einstein, in his theory for covariant curvature tensor, obtains a Bianchi-type
identity [4]:

(27) Rik’lm n + Rikmn;l + R iknl ym — 0.
-4+ —d++ —+-=

5. Infinitesimal deformations and mappings in Ly

An application of more kinds of covariant derivative at L makes possible to
express more concise some results. For example, let us consider the infinitesimal
deformations defined by

(28) =gt e (), x=(z'...,2Y), i=1,...,N,

where ¢ is an infinitesimal parameter and z'(z) a vector field. As is known, a
deformed geometric object A(z) (e.g. a tensor, a connection) of the object A(x)
is

(29) A=A+ceL. A,

where £,A is the Lie derivative of A in the direction of the field z*(z). Then,
e.g. for a tensor ) [26], [28], [29] we have:
iy __ 4tj i 4DJ j 44D P 4ij oy
(30) L.ty = tkl,pzp — 2h bt — 20t + et + 2t
Using the covariant derivatives of one kind, for example the first, instead of
partial derivatives, we have
L.ty = tzjllpzp — Z{pth — Z\jptZz

(30") b g g

+ szt;jl + zfltﬁjp + 2(Lysty) + Lty + Lyt + Lyt )27,

1 1 \ \ v v

from where we see that the Lie derivative is a tensor. But, using more kinds of
covariant derivative, we obtain in the considered case [27]:
L.t = tzjllpzp — z’|pt£{ - Z"jptz
(30") * " "
+ 27t + 2t

v



Spaces with non-symmetric affine connection 163

where (A, 1, v) € {(1,2,2),(2,1,1),(3,4,3),(4,3,4)} i.e. in (30”) we have 4 man-
ners of the presenting Lie derivative.

In his doctoral thesis [25] and other works M. Stankovié examines geodesic
and other mappings of the spaces Ly and GRy and obtains certain invari-
ant objects of these mappings. In this way one generalizes results, known for
Riemannian spaces.

The equations

(31) ot =at(ut, . M) (i =1,..., N, rank(zl) = M, x!, = 02" /ou®)
define a subspace of GRy with induced basic tensor
(32) Jap = THThgij,

which generally is non-symmetric too. The question posed by M. Prvanovié
is: Can a given generalized Riemannian space(with nonsymmetric g;; in (32))
possess any subspace, whose induced basic tensor is symmetric? It has been
proved in [I8, 20] that the answer is affirmative and several examples were
constructed.
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