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NEW EXTREMAL POLYNOMIALS AND THEIR

1.

Let G C C be a simply connected region whose boundary L := 0
Jordan curve and 29 € G be an arbitrary fixed point. Let w = ¢(z) (
®(z)) be the conformal mapping of G (2 := CG) onto the disk D(0,ro) :

APPROXIMATION PROPERTIES
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Abstract. Let G C C be a simply connected region whose boundary
L := 0G is a Jordan curve and zp € G be an arbitrary fixed point.
Let w = ¢(z) be the conformal mapping of G onto the disk D(0,7¢) :=
{w: |w| < 1o}, satisfying ¢(20) = 0, ¢'(20) = 1. Let us consider the
following extremal problem:

(1) 1% _P"”L;(G) — Htpl B P;l‘}Lp((;) — min, p > 0,

in the class of all polynomials satisfying P,(z0) = 0 and P} (20) = 1.
There exists a polynomial II, ,(z) furnishing to the (@) and II, ,(2) is
determined uniquely when p > 1. This kind of polynomials will be called
p—DBieberbach polynomials.

In this work, we investigate the approximation properties of the polyno-
mials {II,,(2)} to the ¢ in the L,— and C'—norms for some regions of
the complex plane.
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Statement of the Problem and Main Results
G

is
w

a

{w:|w| <re} (A := CD(0,1)) with normalization ¢(z0) = 0, ¢'(20) = 1
(®(00) = 00,®'(c0) > 0) and let ¢ := ¢~ ! (¥ := &~!) be an inverse map-

ping.

Let 0 < p < co. We denote by L} (G) the set of functions f(z) analytic in G
and satisfying f(z9) = 0, such that

11y =110y = [[ 1 GIPdor < o,
G

where do, denotes two-dimensional Lebesque measure.
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Let us consider the following extremal problem:
(2) I = Pall L1 () — min

in the class p,, of all polynomials P,(z), degP,(z) < n, satisfying P,(z9) = 0
and P/ (z) = 1.

Using a method similar to the one given in [I0, p.137], it is seen that there
exists a polynomial II,, ,(2) € p,, furnishing to the problem (), and if p > 1,
these polynomials II,, ,(2) are determined uniquely [10, page 142]. We call such
polynomials II,, ,(z) the p—Bieberbach polynomials of degree n for the pair
(G, Zo).

The main goal in this work is to investigate the approximation rate of I1,, ,,(z)
to the function ¢ in C—norm for some regions of the complex plane, i.e.

(3) [ =1L pllo(@) = max {le(z) =1L, ,(2)] : 2 € G} — 0, n — .

In case of p = 2 the solution of the extremal problem (2)) coincides with the well
known n—th Bieberbach polynomial 7, (z) = II,, 2(2) for the pair (G, zo) (see,
for example, [19], [26] and [I4]). The approximation properties in the C—norm
of m,(2) on G was observed first by Keldysh in 1939 [19] for the regions with
sufficiently smooth boundary. A considerable progress in this area has been
achieved by Mergelyan [21I], Suetin [26], Simonenko [24], Andrievskii [6], [7],
Gaier [13], [14], Abdullayev [I], [3], [4] Israfilov [17], [I8] and the others.

We shall consider the case p > 1 in the problem that was explained in
@). For this purpose, first, we will estimate the approximation rate of II,, ,(2)
to the function ¢ in L})—norm and then using the well known Simonenko and
Andrievski method (see, for example, [6],[13]), the approximation rate of II,, ,,(2)
to the function ¢ in C—norm will be obtained.

Let us give some definitions.

Definition 1.1. [20, p.97], The Jordan arc (or curve) L is called K— qua-
siconformal (K > 1), if there is a K— quasiconformal mapping f of the region
H > L such that f(L) is a line segment (or circle).

F(L) denotes the set of all sense preserving plane homeomorphisms f of the
region H D L such that f(L) is a line segment (or circle) and define

Ky = inf{K(f): f e F(L)},

where K (f) is the maximal dilatation of a such mapping f. L is a quasiconformal
curve, if K, < 0o, and L is a K —quasiconformal curve, if K, < K (see [23]).
We say that U € Lipg, for some 8 with 0 < 8 < 1, if

[0 (wy) — W(ws)| < ¢lwy —ws|®, 1< |unl,|ws] <2,

where c is an independent constant of wy,ws. Similarly, ¢ € Lipa, form some
awith 0 < a <1, if

lo(21) — p(22)| < ¢lz1 — 22|*, 21,22 € G.
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Definition 1.2. [T]] We say that G € Q(«a, ), if L is a quasiconformal
curve and ¢ € Lipa, ¥ € LipB for some o, with 0 < a, 8 < 1.

Theorem 1.3. Let G € Q(«, ) for some o, f with0 < a < 1 (md% <pB<L1.
Then, the p—Bieberbach polynomials 11, ,(z) satisfy

const.
(4) ||50*Hn,pHc(§)§ oy
or any number n =23, ..., and v wit
f b 2,3 d ~ with
. (02-%-B-HE-1), 1<p<2
(0.2 -B1-a)1-2), 2<p<2+:%

Remark 1.4. If G is a convex region then gp € Lipl [12, p.582] and T €
Lipl[22, p.48]. So, [l is satisfied with v € (0, ) for allp > 1.

Generally, any region with quasiconformal boundary belongs to the class
Q(a, B). But quasiconformality coefficient of the curve is not known for this
region. Now we can give a similar result that the approximation rate depends
on the quasiconformality coefficient of the curve.

Theorem 1.5. Let L be a K— quasiconformal curve. Then, the p— Bieberbach
polynomials I1,, ,,(2) satisfy

const.
”(P - Hn,p”C(a) § Y
for any number n = 2,3, ..., and v with
2
[ (g - -), 1<p<2
! ; K1 2 K241
(O’W*mﬂ*;)), 2<p<24 355

2. Some Auxiliary Results

Throughout this paper, ¢, c1, ca, ..., are positive, and €, €1, €9, ..., sufficiently
small positive constants, in general dependent on G. The notation ”a < b” and
7a =< b” will be used instead of "a < ¢b” and "c1a < b < cpa” for some constants
¢, c1, Co, Tespectively.

The level curve (exterior or interior) can be defined for ¢ > 0 as,

Le=A{z:lp(z)| =t, ift<role(z)l=t, ift>ro}

and L,, := L, Ly := L respectively. Let us denote G} := intL;, §; = extL,
and d(z, L) :=inf{|( — 2] : ( € L}.

Let L be a K —quasiconformal curve. Then there exists a K2— quasiconfor-
mal reflection y(.) across L [5l, p.75] such that y(G) = Q, y(Q) = G and the
points on L are fixed.
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On the other hand, there exists a C'(K ) —quasiconformal reflection «(.) across
L (see, |5, p. 75] and [9]) such that

1

|21 —a(z)| < |21 — 2], n €L, e <]z < =
1
loz] < Ja,| =<1, e < 2| < o

1
2 -2
() ozl < la()", [z <e, laz| = |27, |2 > =,

and the Jacobian J, = || — |az|? of a(.) satisfies J, = 1.

For R > 1 let us denote L}, := a(LR), G = intL} and Qf = extL}. Let
o%, : QF, — A be a conformal mapping with normalization ®%(co0) = oo and
@7/ (00) > 0. According to [§] we have
(6) d(zaL> = d(t7LR) = d(Z7LR)7

[R(2)] < [PR(H] <1+ c(R-1)

for all z € L} and t € L such that d(z, L) = |z —t].

Lemma 2.1. Let G be a quasiconformal curve; r, := min {|¢(a(z))|: z € Lr}
and r* := max {|p(«(z))| : z € Lg},R > 1. Then,
(7) To—Te <10 —T".

Proof. Let us define F(w) := #‘ﬁ(w))) and extend it to the whole complex
plane as follows:

I TO ’ |w| > 1,
8 z=F(w):= so(a(\I’(U))
) ) { p((¥())), |w| <1

Also, let us denote:

1
m)5A—>{t:|t|20}a

€= F(w) — <—|> {w:|w| >ro} — {€:]¢] > 0},

t:=w(l-—

and
B = \t| +1 ~ t
E=0(t) :=F( ] t) — F(—M)

It is clear that ® : {¢: |t| > 0} — {£ : |¢| > 0} quasiconformal and ®(0) = 0,
®(00) = oo. Taking into account D—properties of quasiconformal mapping [9]
we have

max |P(t)] < ¢ min  |P(L)].

[t|=R—1 [t|=R—1
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Since L = JG is a quasiconformal curve, then the function Fisa quasicon-
formal mapping of the plane. So, we have

F(w)| — F(w) — F(%
$3|Wﬂ7b 1mg|@0 (rar)l o
©) min |F(w)| — ro = €2 min |F(w) — F(2)] = c -
tI=R ItI=R vl

From (@) and (&) we have

’l"2
max 7|¢(a(qf(w)))‘ —ro  max(rg — |e(a(T(w)))])

o > =R [tI=R
3 > 5 = . e
; r _ min (rg — |p(a(¥(w
|?\1ir11% |<p(a(\15](w)))\ 70 \tIZR( 0 — le(a(®(w)))])
— 1mi N,

» L ﬁg@@(@&ﬂ_m_ﬁ

To — max lp(a(W(w)))|  ro—7s
The inequality ([I0) gives the proof. O

Lemma 2.2. [J] Let L = 0G be a quasiconformal curve. Then, for every z €
L there exists an arc $(zg, z) in G joining zy to z with the following properties.

i) d(§, L) < |§ — 2| for every £ € B(z0, 2),
it) If B(&4,&,) is the sub arc of (20, 2) joining &, to &,

mesP(€1,€,) < € — &

for every pair §; and &5 € [(z0, 2).

Lemma 2.3. Let G € Q(a, 8) for some a, 8 with 0 < a, 3 < 1. Then for all
polynomials P, (z), deg P, < n with P,(z) = 0, we have

1, P> 2,
(11) 1Pl = 1Palliye § Viogn, p=2.
nea . p< 2.

Proof. The proof for the case p = 2 and p > 2 was already given in [7], [16]
respectively. We will only prove the case p < 2.

Let z € L be an arbitrary point. Since G € Q(«, ) then L = 9G is
quasiconformal, therefore according to Lemma there exists 3(z9,2) C G
joining zp to z and satisfying the conditions in Lemma Using mean-value
property of the subharmonic function |P/(£)|” (see, for example [11], p.4]) we
have

v
(md?(¢, L))"

for every arbitrary point & € 5(2o, 2).

(12) 1P (&) < 1Pall () »
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At the same time,

(13) Pa(2)] = / Pl(€)de| < / PL(6)] e
(20,2) B(z0,2)

and combine (I2]) and (3] we have

P

d
(14 P 1Pilyey [ .

According to Lemma we obtain

(15) &, 1) =g -+ = 1o(©) — ) = (3)]

n

From (I4) and (I5) we have
2
|Pa(2)| < ”PWHL;)(G) < nre HP”HL;,(G) :

Since z € L is an arbitrary point, taking maximum for z € G, we obtained the
proof of ([[I]) in the case p < 2. O

3. Approximation in the Lzl)—norm

Assume that the region G, bounded by a quasiconformal curve L and 1 <
R’ < 2, be fixed. Using quasiconformal reflection «(.), defined as in (), we can
extend ¢ to the extL as follows:

N o(z), z€G,
P(2) = { o(a(z)), z€Gr —G.

Then,
Fo(z) = 0, z €@,
Pz\2) = o'(a(2)az(z), z€Gr —G.

From the Cauchy-Pompeiu Formulas [20, p 148], we obtain:

(16) w(z):;i/f(_g)zdﬁ—i // ?f_(i)dag, el
Ly &

Gp -G

Let N be a sufficiently large natural number. For n > N and arbitrary
0 <& <1, let us choose R = 1+ cn®~ ! such that 1 < R < R'. Then, G — G =
(Grr — GRr) U (GR — G) and ([I0) can be shown as follows:

(17) o(z) =1 (2) + I(2), z¢€QaG,
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“aa e ]

Gri—Gr

S

Since I;(z) is analytic function in G, there exists a polynomial p,,_1(z), where
degpn—1 <n —1 [25, pl42], such that

(18) [11(2) = pu-1(2)] <

where

d
E—z00

and

Sla

Let Q,(z f Pn_1(t)dt. Then, from ([[7) and ([IX) we have

¢(2) = Qu2)l < = +1B3(2)].

Taking integral over G of p-th power of above inequality we obtain

(19) / [146) - Qe dn. <+ [[ 1)1 do..
G

The Hilbert transformation

(TF)(z) =~
C

is a bounded linear operator from L, to L, for p > 1 and Calderun-Zygmund
inequality (see [Bl p. 98]) gives

@ [ [ & ao. < [[ 1t e
G Gr-G Gr—-G

So, from (I9) and (20) we have

(21) /w >|pdaz<—+/ ¢ (@) doe, p> 1.
GRG

Lemma 3.1. Let p > 1 and G € Q(a, B) for some o and B with 0 < o < 1,
% < B < 1. Then, for anyn=1,2,...,

llo = Hn,p”g}(g) <n7*,

where
e (0.2+B-HE-1), 1<p<2
afl 2 a
(0,7—5(1—04)(1_5))a 2<p<2+ %5
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Proof. Since L = JG is a quasiconformal curve, the estimation (2I) is true for
G € Q(a, B). For the calculation the integral in the right-hand side in (2I) we
consider two cases of p: 1 <p <2 and p > 2.

Case 1) 1 < p < 2. Using Holder inequality [27, p.105] we obtain

[ ¢ o / etane| /[ o |
Gr—-G g r—G .
< | /] @'<£>2dag) /[ o
\(Gn-G
an)*

A

P
2

) (Gr—G)
(22) = [mes (cp(a(GR -G [mes (a(GRfé))} -5
Casel-i).
(23) mes (go(a(GR — @))) < 7rr(2) — 7 < g — 7y

Let us denote points w. € ¢(a(Lg)), |ws| = r« and w', |w'| = r¢ such that
|lwy —w'| = |wy| — |w'| and let 2 =Y(w') € L, z, = (ws) € L}, , 2= a(z4),
W := P(2). Using boundary properties of the region and (), we get

ro—|we| < p(2') = o(2)]
< Y -zt = -2
= () - w@)" <o’ — @
1\
(24) < (R—1)* < <> .
n
From (24) and (23]) we obtain
_ 1\ *°
(25) mesp(a(Gr — GQ)) < <n) .
Casel-ii). According to (Bl) we have
mes (a(Gr — G)) = // doe
a(Gr—
(26) = // dO’a(g) = // | daw

1<|w|<R

Let lw|—1=|w — @], |w| =1 and Z = ¥(w). Then, according to [8] and known



New extremal polynomials and their approximation properties 29

properties of quasiconformality we have
d(¥(w), L)
lw| =1
¥ (w) — ¥(w)|
jw| =1

(27) < |w_@|ﬁ<( ! >1_5

lw| =1 jw] =1

W' (w)]

Replacing (1) in (26]) we obtain

o mteon-< [T ()" ()

1<|w|<R

Using (20), [28) and (22) we obtain the proof when 1 < p < 2.
Case 2) p > 2. According to [2] and analogously to (1) we have

[ ¢ do // V) do
Gr—G

¢

p(a(Gr—
2—p
= // < )) doy,
To — |w|
¢(a(Gr—
(£-1)(p-2)
=< // ( ) doy
o — |wl
p(a(Gr—

IA

(£-D(p-2)
1 a
// ( ) doy,
o — |w|

re <|w|<ro

< (g =) mED0D),

where p < 2 + 2= According to (@) in Lemma BTl we have ro —r. <ro —7*.
So, using (B) and the same procedure as in the Casel-i, we have

// /(@) dog < (rg—r,)' = GDE2)
GroG

< (rg—r*)GEDE-2)

1\ @B-01-a)(p-2)
< (0
n

Po(z) := Qn(2) + (¢(20) — @n(20)) (2 = 20)-

Let us set,
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It is clear that P, (z) is a polynomial satisfying normalization conditions P, (zo) =
0, P/ (z0) =1, and

1 1\*
e — PnHLZl)(G) = + (n) + ¢’ (20) — @1, (20)] -

Using Mean Value Theorem we obtain
/(20) = Qutanll < = I = @il < 2+ (3 )
P i oy T T )

Considering extremal properties of p—Bieberbach polynomials the proof is
completed. O

Lemma 3.2. Let L = 0G be a K—quasiconformal curve. Then, for any
n=1,2,..,

(29) [ —1np |L11)(G) <n,
where
(0, =) 1<p<2,
IS 1 K2 2 K’ +1
O — el —3) 2<p<2+%

Proof. We are going to follow the same procedures as in Lemma [B] with us-
ing the own properties of quasiconformal curve. Then, there is a polynomial

Qn( )a deg Qn <n and Qn(ZO) =0 SatiSfying (m:l)
Case 1) Let 1 < p < 2. From (22)) we have

/ 0 (&) doe < [mes (p(a(Gr — G)))]® . [mes ((Gr — G))]' "2

Case 1—i) Let us define R* =1+ 2(R—1) for R > 1 and L}, = a(Lg~).
Let ®%. be an appropriate conformal mapping ®5. : Q5. — A normalized by
P}, (00) = 00, Pir. (00) > 0 ; Uy := @5, and Sp = {z P (2)] = E}

Then,

mes (p(a(Gr — G))) = mes{[poP¥he 0 P 0] (Gr — G)}
= mes{[poVp.]o[(PR. 0 )(Gr -G}

The function ¢ can be extended to the Gi D G using the reflection y(z) as
a K?—quasiconformal mapping as follows:

{ ¢(2) z €@,

2 U
oy (E€GrR-G

Therefore, ¢ is a K?—quasiconformal mapping in G and, since U%. is a confor-
mal mapping in Q%., then ¢ o ¥%. is a K?—quasiconformal in Q%. N G. From
the Goldstein Theorem [I5], we have

(31) mes{[p o Th]o [(®h 0 @)(Gr — G)]} < {mes([®f- 0 a] (Gr — G)} =
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for an arbitrary small € > 0. _
According to [8] we can choose R > 1 such that intSg —intLy. D a(Gr—G)

and R—1< R —1. Then,
mes [Px. 0 a] (G — G)

IN

mes [®p. (intSp — intLy,. )]
- 1
(32) <~ R-1<R-1x-—

n
From BI)-B2) we obtain

(33) mes (alGn - 6) < (£ =

n

Case 1-ii) U%. can be extended to the whole plane as a K2—quasiconformal
mapping and from the Goldstein Theorem [15], we have

mes (a(Gr — G)) = mes{| **OQ)R*OQ](GR—G)}
< {mes[(®5 0 a)(Gr — G)} 7

1—

(34) =< (i) =

If we combine [B3]) and B4) in B0, Case 1 is obtained.
Case 2) Let p > 2.
Taking into account Lemma 2.1 in [2] we have

(35) [0 ()" = (1)0

ro — |wl
Where 9= (p-2)% K2+1 So, according to (B) and (B3] we obtain

//'“" ‘pd"“// <ro|w|) s [ (gm) e

a(Gr— p(a(Gr— re<|w|<ro

Let w = te? r, <t < rpand 0 < < 27. From (36) we have

Jf ot

a(Gr—

2T 1o

//(TO_ ) ¢ dtdo
_ zw/o<rol_t>ﬁ(t—ro+ro) dt

Tx

) 1 9 ro 1 9—1
27ry / ( ) dt — 27T/ ( ) dt
ro — t To — t

Tx T s

= (TO — T*)l_ﬂ, 0 <1.

)
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Taking into account Lemma 2] and Case 1-ii we have

“Pl(§)|p dO’g =< (7‘0 _r*)lfﬁ

a(CGr—G)
< [mes{w:r* <|w| <re}'”"?
< {mesl(poa)(@r— G
< {mes[poUh. o ®%h. 0a] (Gr — G}

1—9
1\ &%
< () |
n
This gives Case 2 and if we define P,(z) as in Lemma B then using extremal

properties of II,, ,(z) we obtain (29). O

We use a method similar to the one of Andrievskii and Simonenko employed
in the proofs of the analogous theorems for p = 2 (see [7], [14] and [24]).

Lemma 3.3. Let G C C be a simply connected region so that
_ —H
1% HnypHL;D(G) =n

for each p € (0,1),n=2,3,..., and

1, p> 2,
(37) 1Pallo@ < I1Pallyey § Viesn, p=2,

n'l n>0,0<p<2,
for all polynomials P, (2) of degree < n and normalized P, (z9) = 0. Then,
lle — Hn,p”g(é) < n7H

Proof. In fact, for each s = p—n and natural numbers n, k with 2% < n < 2F+1,
by Lemma B.J] and Lemma we obtain

|[Tgea,, — HmPHL;(G) =<n7t
and this, for each j > k

HHW“,p - HZj,pHL;(G) <27
Since,

oo
o(2) = Igrs1 , + Z [Mait1, — i p], 2 € G,
j=k+1
consequently
)
lo =Tnplo@ < Moy = Tapl+ D Moy =T
j=k+1

oo
< nTr Y U
j=k+1
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4. Proof of Theorem and Theorem

Proof. To give the proof of Theorem [[.3]and Theorem [L.5] in the light of analogy
given above, it is enough to choose suitable p and 7 in [B7) for any region.
Therefore, by taking p from Lemma Bl (4 from Lemma B2]), and 5 from
Lemma [Z3] ( from [4, Lemma 2.4]) the proof of Theorem (Theorem [TH])
can be obtained. O
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