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p-VALENT HOLOMORPHIC FUNCTIONS WITH
COMPLEX ORDER BY USING SUBORDINATION

Sh. Najafzadeh1, A. Ebadian2, M. Eshaghi Gordji3

Abstract. A new class of multivalent holomorphic functions with com-
plex order in terms of subordination is introduced. We find some prop-
erties of this class like, sufficient coefficient bound, integral operator and
Feketo-Szego problem.
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1. Introduction and preliminaries

Let

(1) Ap,n = {f(z)| f(z) = zp +
∞∑

k=n+p

akzk}

be the class of analytic and p-valent functions in the unit disc D = {z : |z| < 1}.
For the functions f and g, analytic in D, we say f is subordinate to g denoted
by f ≺ g if for some analytic function ω(z) with conditions ω(0) = 0 and
|ω(z)| < 1, f(z) = g(ω(z)), z ∈ D. We define

∑λ
p,n(α, γ, η, b) to be the

subclass of Ap,n consisting of functions of the form (1.1) which satisfies

(2)
U

(λ,p)
z f(z)

zp
≺ 1 + [γ + b(α− γ)(p− η)]z

1 + γz
,

where −1 ≤ γ < α ≤ 1, 0 < η < p, 0 6= b ∈ C, 0 ≤ λ ≤ p and U
λ,p)
z f(z) as a

fractional differential operator defined by

U (λ,p)
z f(z) =

Γ(p + 1− λ)
Γ(p + 1)

zλ Dλ
z f(z),

U (0,p)
z f(z) = f(z), U (1,p)

z f(z) =
zf ′

p
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and Dλ
z f(z) is the fractional derivative of order λ (see [2]). The special cases of

this class were studied by Mogra [4], Patel [5] and M.K. Aouf [1]. It is easy to
see that if f(z) ∈ Ap,n then

(3) U (λ,p)
z f(z) = zp +

∞∑

k=n+p

akδp(k, λ)zk

where δp(k, λ) = Γ(k+1)Γ(p+1−λ)
Γ(p+1)Γ(k+1−λ) . In special case when λ = 1 we obtain the

same class that was studied by J. Patel and A.K. Mohanty [6] and when b =
cos e−iθ, λ = 1 and the same values of α, γ, η we obtain many well-known
subclasses that have been investigated previously. (See [4] and [7])

2. Main Results

In this section we give the sufficient coefficient bounds for f(z) ∈∑λ
p,n(α, γ, η, b).

Theorem 2.1. Let the function f(z) be defined by (1.1). If

(4)
∞∑

k=n+p

δp(k, λ)|ak| ≤ |b|(α− γ)(p− η)
1 + |γ| ,

then f(z) ∈ ∑λ
p,n(α, γ, η, b). The result is sharp.

Proof. We have to show that (1.2) holds. However, (1.2) is equivalent to

U
(λ,p)
z f(z)

zp
=

1 + [γ + b(α− γ)(p− η)]ω(z)
1 + γω(z)

or
U (λ,p)

z f(z) + γω(z)U (λ,p)
z f(z) = zp + zp{γ + b(α− γ)(p− η)}ω(z)

or
U (λ,p)

z f(z)− zp = {b(α− γ)(p− η)zp − γ(U (λ,p)
z f(z)− zp)}ω(z)

or
|U (λ,p)

z f(z)− zp| < |b(α− γ)(p− η)zp − γ(U (λ,p)
z f(z)− zp)|.

By (1.3) and putting |z| = 1 we have

|∑∞
k=n+p akδp(k, λ)zk| − |b(α− γ)(p− η)zp − γ

∑∞
k=n+p akδp(k, λ)zk| ≤

∑∞
k=n+p δp(k, λ)|ak| − {|b|(α− γ)(p− η)zp − |γ|∑∞

k=n+p akδp(k, λ)|ak|}
=

∑∞
k=n+p(1 + |γ|)δp(k, λ)|ak| − |b|(α− γ)(p− η).

By (2.1), the value of the above is less than 0, so f(z) ∈ ∑λ
p,n(α, γ, η, b). The

result is sharp for the function H(z) defined in D by

(5) H(z) = zp +
b(α− γ)(p− η)
(1 + |γ|)δp(k, λ)

zk, k ≥ n + p.

2

In the next theorem we obtain the coefficient estimate for
∑λ

p,n(α, γ, η, b).
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Theorem 2.2. Let f(z) belong to
∑λ

p,n(α, γ, η, b). Then

(6) |am| ≤ |b|(α− γ)(p− η)
δp(k, λ)

, m ≥ n + p.

Proof. We have

U
(λ,p)
z f(z)

zp
=

1 + [γ + b(α− γ)(p− η)]ω(z)
1 + γω(z)

,

where ω(z) =
∑∞

j=1 ωj zj , z ∈ D. So
(7)
∞∑

j=n+p

δp(j, λ)aj zj =


b(α− γ)(p− η)zp+n−1 − γ

∞∑

j=n+p

δp(j, λ)aj zj




∞∑

j=1

ωj zj .

If we equalize the coefficients of the same power of z in both sides we have

∞∑

j=n+p

δp(j, λ)aj zj +
∞∑

j=m

djz
j

=


b(α− γ)(p− η)zp+n−1 − γ

m−1∑

j=n+p

δp(j, λ)ajz
j


 ω(z),(8)

where dj ’s are suitable constants. If each side of (2.5) multiplying by conjugate
and z → 1 we have

m∑

j=n+p

δp(j, λ)2|aj |2 ≤ [|b|(α− γ)(p− η)]2 + γ2
m−1∑

j=n+p

δp(j, λ)2|aj |2

or

δp(m,λ)2|am|2 ≤ [|b|(α− γ)(p− η)]2 − (1− γ2)
m−1∑

j=n+p

δp(j, λ)2|aj |2

since −1 ≤ γ ≤ α ≤ 1 we have δp(m,λ)2|am|2 ≤ [|b|(α − γ)(p − η)]2 and this
completes the proof.
In the next section we consider the special case λ = 1, and verify the behavior
of the operator

(9) Gs(z) = (1− s)zp +
s(p + 1)

z

∫ z

0

f(t)dt, 0 < s < 1, f(z) ∈ Ap,n,

under condition (1.2). 2
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3. Integral operator

If we put λ = 1 in (1.2) we obtain

(10)
f ′(z)
pzp−1

≺ 1 + [γ + b(α− γ)(p− η)]z
1 + γz

,

and denoted by
∑(1)

(p,n)(α, γ, η, b). With a simple calculation we have

(11) Gs(z) = zp +
∞∑

k=n+p

bk zk where bk =
(p + 1)s
k + 1

ak.

Let
∑s

p,n(α, γ, η, b) be the class of functions Gs(z) analytic in D and defined by

(2.6) where f(z) ∈ ∑(1)
(p,n)(α, γ, η, b). From (3.1) and definition of subordination

we have:

Theorem 3.1. Gs(z) ∈ ∑s
p,n(α, γ, η, b) if and only if

(12)
[zG′s(z)]′

zp−1
=

p(s + p) + [sp(p + 1)b(α− γ)(p− η) + pγ(s + p)]ω(z)
1 + γω(z)

.

Proof. The conditions (25) and (3.1) give

G′s(z) = pzp−1(1− s) + s(p + 1)
f(z)

z

or
z G′s(z) = p(1− s)zp + s(p + 1)f(z)

or

f(z) =
z G′s(z)
s(p + 1)

− p(1− s)
s(p + 1)

zp

hence

f ′(z) =
1

s(p + 1)
(G′s(z) + z G′′s (z))− p2(1− s)

s(p + 1)
zp−1.

By putting f ′(z) in (3.1) we obtain

f ′(z)
p zp−1

=
1

s(p + 1)
(
G′s(z) + z G′′s (z)

zp−1
)− p(1− s)

s(p + 1)

=
1 + [γ + b(α− γ)(p− η)]ω(z)

1 + γω(z)

or

G′s(z) + z G′′s (z)
zp−1

=

=
[z G′s(z)]′

zp−1

= p2(1− s) +
sp(p + 1) + sp(p + 1)[γ + b(α− γ)(p− η)]ω(z)

1 + γω(z)
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if z G′s(z) = Φ(z) then we have

Φ′(z)
zp−1

=
p(s + p) + [sp(p + 1)b(α− γ)(p− η) + pγ(s + p)]ω(z)

1 + γω(z)

and the proof is complete. 2

In the next theorem we obtain the distortion bounds for G′s(z).

Theorem 3.2. Let Gs(z) ∈ ∑s
p,n(α, γ, η, b). Then for |z| = r < 1 we have

|Gs(z)| ≤ (s + p)
p(1− |γ|)rp+[sp(p+1)|b|(α−γ)(p−η)+p|γ|(s+p)]

∫ r

0

∫ r

0

tp

u(1− |γ|)dtdu

and

|Gs(z)| ≥ (s + p)
p(1− |γ|)rp−[sp(p+1)|b|(α−γ)(p−η)+p|γ|(s+p)]

∫ r

0

∫ r

0

tp

u(1 + |γ|)dtdu.

Proof. If z G′s(z) = Φ(z), |z| = r < 1 by (3.3) we have

|Φ
′(z)

zp−1
| ≤ p(s + p) + [sp(p + 1)|b|(α− γ)(p− η) + p|γ|(s + p)]r

1− |γ|r
or

|(z G′s(z))′| = |Φ′(z)|
<

p(s + p)
1− |γ|r |z|

p−1 +
[sp(p + 1)|b|(α− γ)(p− η) + p|γ|(s + p)]r

1− |γ|r |z|p−1.

By choosing positive γ’s (1− |γ|r > 1− |γ|) we obtain

|(z G′s(z))′| = |Φ′(z)|
<

p(s + p)
1− |γ| rp−1 +

[sp(p + 1)|b|(α− γ)(p− η) + p|γ|(s + p)]r
1− |γ| rp

then by the integration

|z G′s(z)|
≤

∫ r

0

|(tG′s(t))′|dt

≤ (s + p)
1− |γ| r

p +
∫ r

0

sp(p + 1)|b|(α− γ)(p− η) + p|γ|(s + p)
1− |γ|t tpdt

=
(s + p)
1− |γ| r

p + [sp(p + 1)|b|(α− γ)(p− η) + p|γ|(s + p)]
∫ r

0

tp

1− |γ|tdt,

therefore

|G′s(z)| ≤ (s + p)
1− |γ| r

p−1+[
sp(p + 1)|b|(α− γ)(p− η) + p|γ|(s + p)

r
]
∫ r

0

tp

1− |γ|tdt.
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By integration

|Gs(z)| ≤ (s + p)
p(1− |γ|)rp+[sp(p+1)|b|(α−γ)(p−η)+p|γ|(s+p)]

∫ r

0

∫ r

0

tp

u(1− |γ|)dtdu

in the same way we can prove the other part, and so the proof is complete. 2

Since Gs(z) = zp +
∑∞

k=n+p bkzk where bk = (p+1)s
k+1 ak we can estimate the

Feketo-Szego problem for the coefficient of Gs(z) in the last theorem.

Theorem 3.3. Let Gs(z) given by (2.5) be in the class
∑s

p,n(α, γ, η, b) and d
be any complex number, then

|bn+p+1 − db2
n+p| ≤

(p + 1)sb(α− γ)(p− η)
B(n + p + 1)

max{1, |h|}

where h = γ + d s(p+1)b(α−γ)(p−η)B
A2(n+p+1) , A = δp(n + p, λ), B = δp(n + p + 1, λ).

Proof. By equating the coefficient of zn+p and zn+p−1 in (2.4), we have
Aan+p = b(α−γ)(p−η)ω1 where A = δp(n+p, λ) = Γ(n+p+1)Γ(p+1−λ)

Γ(p+1)Γ(n+p+1−λ) therefore

bn+p =
(p + 1)s
n + p + 1

an+p =
s(p + 1)b(α− γ)(p− η)ω1

A(n + p + 1)
,

also we have

δp(n + p + 1, λ)an+p+1 = b(α− γ)(p− η)ω2 − γδp(n + p, λ)an+pω1

or
Ban+p+1 = b(α− γ)(p− η)ω2 − γAan+pω1

where B = δp(n + p + 1, λ) = Γ(n+p+2)Γ(p+1−λ)
Γ(p+1)Γ(n+p+2−λ) or

an+p+1 =
b(α− γ)(p− η)ω2

B
− γA

B
an+pω1

or

bn+p+1 =
(p + 1)s
n + p + 1

[
b(α− γ)(p− η)ω2

B
− γA

B

n + p + 1
(p + 1)s

bn+pω1]

or

bn+p+1 =
(p + 1)sb(α− γ)(p− η)

B(n + p + 1)
[ω2 − γω2

1 ].

Then we have

|bn+p+1 − db2
n+p|

= | (p + 1)sb(α− γ)(p− η)
B(n + p + 1)

(ω2 − γω2
1)− d[

(p + 1)sb(α− γ)(p− η)
A(n + p + 1)

ω1]2|

= | (p + 1)sb(α− γ)(p− η)
B(n + p + 1)

[ω2 − (γ + d
s(p + 1)b(α− γ)(p− η)B

A2(n + p + 1)
)ω2

1 |.
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By using the fact that for every complex number h we have |ω2 − hω2
1 | ≤

max{1, |h|} (see [3]). We have

|bn+p+1 − db2
n+p| ≤

(p + 1)sb(α− γ)(p− η)
B(n + p + 1)

max{1, |h|}

where h = γ + d s(p+1)b(α−γ)(p−η)B
A2(n+p+1) . So, the proof is complete. 2
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