NovI SAD J. MATH.
VoL. 39, No. 2, 2009, 79-87

QUASI-IDEALS AND MINIMAL QUASI-IDEALS IN
I'-SEMIRINGS
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Abstract. In this paper we introduce the concept of minimal quasi-ideal
in a ['-semiring. Some properties of minimal quasi-ideals in I'-semirings
are provided.
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1. Introduction

The notion of quasi-ideal was first introduced for semigroups [8] and then
for rings by Steinfeld [I0]. The general properties of quasi-ideals for semigroups
and rings are proved in [9]. Iseki [5] introduced the concept of quasi-ideal for a
semiring without zero and gave some characterizations of it. Using quasi-ideals
Shabir, Ali, Batool [7] characterized semirings. Quasi-ideal is a generalization
of a left and a right ideal.

As a generalization of a I'-ring and a semiring the notion of I'-semiring was
introduced by Rao [6]. It is natural to extend the concept of quasi-ideals in
I-semirings and this is done by Chinram [2] as a generalization of quasi-ideals
in I'-semigroups. The I'-semirings introduced by Chinram [2] and Dutta [4] are
different (see Remark 2.2). In this paper we study quasi-ideals in I'-semirings
introduced by Rao [6]. Minimal quasi-ideals for I'-semigroups are studied by
Chinram [3] and for semirings by Iseki [5]. On this line we introduce the notion
of minimal quasi-ideals in I'-semirings. Some properties of minimal quasi-ideals
are furnished. Also, we introduce the concept of quasi-simple I'-semiring.

2. Preliminaries

First we recall some definitions of the basic concepts of I'-semirings that we
need in the sequel. For this we follow Dutta [4].

Definition 2.1. Let S and T' be two additive commutative semigroups. S is
called T-semiring if there exists a mapping SxI'xS — S (images to be denoted
by aab;for all a,b € S and for all a € T) satisfying the following conditions:
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(i) aa (b+¢) = (a ab) + (a ac)

(ii) (b+c)aa = (b aa) + (¢ aa)

(iti) a(a + B)e = (a ac) + (a Bc)

(iv) ac (bBc) = (a ab) Be ; for all a,b,c € S and for all a,f € T

Obviously, every semiring S is a I'-semiring but not conversely. For this, let us
consider the following example.

Example 1. Let @) be the set of rational numbers. (S,+) be the commutative
semigroup of all 2 x 3 matrices over @ and (T',4) be commutative semigroup of
all 3 x 2 matrices over ). Define AaB= usual matrix product of A, a and B;
forall A,B € S and for all @« € T'. Then S is a I'-semiring but not a semiring.

Remark 2.2. Let N be the set of natural numbers and T' = {1,2,3}. Define the
mapping N xI'xN — N by aab=usual product of a, a, b; for alla,b € N,a € T'.
Then N is a T'-semiring by the definition of Chinram [2]. But T is not an
additive semigroup, hence it is not a T'-semiring according to Dutta []).

Example 2. Let N be the set of natural numbers and I = {1, 2,3}. (N, max.)
and (I';max.) are commutative semigroups. Define the mapping N x I'x N —
N by, aab = min {a, o, b} ; for all a,b € N,a € T'. Then N is a I'-semiring.

Example 3. Let Q be the set of rational numbers and I' = N be the set
of natural numbers (Q,+) and (N,+) are commutative semigroups. Define the
mapping Q@ xXNxQ — @ by aab =usual product of a, a,b; a,b € Q, a € I'.'Then
Q@ is a I'-semiring.

Definition 2.3. An element 0 € S is said to be an absorbing zero if
0Oaca=0=aal,a+0=0+a=a ;for all a € S and for all a€T.

From onwards S denotes a I'-semiring with absorbing zero unless otherwise
stated.

Definition 2.4. A nonempty subset T of S is said to be a sub-I"-semiring of S if
(T,+) is a subsemigroup of (S,+) and aab € T ; for all a,b € Tand for all « €
Ir.

Definition 2.5. A nonempty subset T of S is called a left (respectively right)
ideal of S if T is a subsemigroup of (S,+) and xaa € T (respectively acx € T)
forallaeT, x€ S and foralla €T

Definition 2.6. If T is both left and right ideal of S, then T is known as an
ideal of S.

Definition 2.7. If M and N are two nonempty subsets of S, then we define
M+N={m+n/meMnecN} and

MTN = {Zmiaiyi zi€ M,a; €',y € N}'

=1
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If N is the set of natural numbers, then

n
NA:{anal | ’I’LiEN,aiEA }

=1

Definition 2.8. Let X be a nonempty subset of S. By (X); we mean the left
ideal of S generated by X (that is intersection of all left ideal of S containing
X).

Similarly, (X),, (X); denote the right and two-sided ideal generated by X re-
spectively.

Definition 2.9. A left (right, two-sided) ideal I of a I'-semiring S is said to be
left (right, two-sided) k-ideal of S if a , a+x € I,then x € I for any x € S.

3. Quasi-ideals

We start with the proofs of two basic results which we will use quite often.

Result 3.1. For each nonempty subset X of S the following statements hold.
(i) STX is a left ideal.

(1) XT'S is a right ideal.

(11i) STXTS is an ideal of S.

Proof.
(i)
STX = {Zaiaﬂi| a; € S, € Iy i € X}
i=1

Let a,b € ST X. Then

n m
a+ b= Z A; ;L5 + Z bjﬁjyj
i=1 j=1
implies a + b is a finite sum. Hence a + b € STX and this shows ST X is a
subsemigroup of (S,4). For t € S,a € STX,and § € T, then

n

tBa =tf <Zn: aiaixi> = Ztﬁ (a;0x;) = E”: (tBa;) a;z; € ST X.
i=1

i=1 i=1

Therefore ST'X is a left ideal of S.

(ii) As in (i) we can prove that XT'S is a right ideal of S.

(iii) By (i) STX is a left ideal of S. Hence STXT'S is right a ideal of S by(ii).
Similarly, by (ii) XIT'S is a right ideal of S. Hence ST XT'S is a left ideal of S by
(i). Therefore, STXTS is an ideal of S. O
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Result 3.2. For any nonempty subset X of S we have
(i) If S has right unit element 1, then (X), = STX.

(it) If S has right unit element 1, then (X), = XT'S.
(iii) If S has right unit element 1, then (X), = STXTS.

Proof.
(i) Let S contain left unit element 1. Then laa = a,for every a € S and o € T.
For any « € X, x = lax € STX. Hence X is a subset of STX. As STX is a
left ideal of S, NX C ST'X. But then we have (X), = NX + STX (see [2]).
This implies (X), € STX 4+ STX C STX. As (X), is the smallest left ideal of
S containing X. This shows that (X), = STX. Similarly, we can prove that
(X), = XT'S and(X), = STXTS. O

Chinram [2] has defined a quasi-ideal @ in a I'-semiring S as follows.

Definition. A subsemigroup Q of (S,+) is a quasi-ideal of S if

(STQ) N(QT'S) € Q.

Example 4. Let N be the set of natural numbers and I' =2N. Then N is a
I'-semiring and A = 3N is a quasi-ideal of a I'-semiring N.

Example 5. Consider a I'-semiring S = Ms,2(Ny), where Ny denotes the set
of natural numbers with zero and I'=S. Define AaB= usual matrix product of
A,a and B; for all Ao ,B € S. Then

Q= { ( 3 8 ) |a€ NO} is a quasi-ideal of a I'-semiring S.

Properties

(1) By a quasi-ideal @ in a semiring S we mean an additive subsemigroup of S
such that SQ QS C Q (see Iseki [5]). As every semiring is a

I'-semiring the two definitions given in [2] and [5] of quasi-ideals coincide in a
semiring.

(2) Every quasi-ideal of S is a sub I'-semiring of S.

(3) Every one-sided ideal or two-sided ideal of S is a quasi-ideal of .S but converse
need not be true. For this consider I'-semiring given in Example (5). Here

- {(3 ¢) wen)

is a quasi-ideal but neither a left ideal nor a right ideal of S.
(4) If @1 and Q2 are quasi-ideals of S, then @Q1I' Q2 need not be a quasi-ideal
of S. For this consider the following example.

a 0
b 1
respect to usual matrix multiplication.

Example 6. If T = > la, be R*}, then T is a semigroup with
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_ a 0 n 0 0 _ .
IfS_{<b 1)|a,b€R}U{(O 0)}andf—5,thenSlsaF—

semiring with usual matrix multiplication. Define + in S by A+ B = 0 if
A Be SandA+0=0+A=A,forall Ae S. If

Q1{<Z (1)) |a,beR+,0<a<b}u{<8 8)},and
o= {(3 1) 1o vemesonbo{(D 1))

Then @1 is a right ideal and Qs is a left ideals of S and hence @1 and Q5 are
quasi-ideals of S. But Q1I'Q, is a not a quasi-ideal of S.

(5) The sum of two quasi-ideals of S need not be a quasi-ideal of S. We illustrate
this by the following example.

Example 7. Let S = Ma,2(Ny) be a semiring. If '=S, then S forms a I'-
semiring with AaB= usual matrix product of A, « B; for all

Aa,BcS. Q1:{<8 8) |aeNo} andQ2:{<8 2) |beN0}

are quasi-ideals of S

but Q1 + Q2 = {( g 2 ) | a,b € No} is not a quasi-ideal of S.

(6) Arbitrary intersection of quasi-ideals of S is either empty or a quasi-ideal
of S.

Proof. Let T = [\;ca {Qi/Qi is a quasi-ideal of S}, where A denotes any
indexing set, be a nonempty set. T is a subsemigroup of (S,+). Further
(STT)A(TTS) = ( ST(N,en @))N((Nica QITS) € (QTS)N(STQ,) < Qs
foralli € A. (STT)N(TTS) C (\;ca Qi = T.This shows that T is a quasi-ideal
of S.

(7) The set of all quasi-ideals of S forms a Moore family and hence a complete
lattice (see Birkhoff [I]).

(8) If Q is a quasi-ideal of S, then Q% = QI'Q C Q.

Proof. As Q is a quasi-ideal of S, (STQ) N (QI'S) C Q. We have Q% = QI'Q C
QI'S and Q% = QI'Q C STQ. Hence Q* C (STQ) N (QLS) C Q. Thus Q* =
QrQ C Q.

(9) For each nonempty subset X of S, (ST X) N (XTS) is a quasi-ideal of S.
Proof. S T (STX) N (XTS)TS = (STS)TX N XT(STS) € ( STX) N (XTS).
Therefore (STX) N (XT'S) is a quasi-ideal of S.

(10) If S has an identity element 1, then every quasi-ideal of S is expressed as
an intersection of a left ideal and a right ideal of S.

Proof. Let S be a I'-semiring with an identity element 1. Let @ be a quasi-ideal
of S. Then STQ is a left ideal and QT'S is a right ideal of S (see Result 3.1).
As S contains an identity element 1, by Result (3.2) we have (Q), = ST'Q and

(@), = QI'S. Therefore @ C (@), = STQ and Q C (Q), = QI'S imply Q C
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(STQ)N(QT'S). But @ being a quasi-ideal of S, ( STQ)N(QT'S) C Q. Therefore

Q = (STQ) N (QT'S). Thus every quasi-ideal of S is an intersection of a left

ideal and a right ideal of S.

(11) Intersection of a right ideal and a left ideal of S is a quasi-ideal of S
Proof. Let R be a right ideal and L be a left ideal of S. Then RN L is a

subsemigroup of (S, +). Further (ST (RN L))N((RNL)T'S) C (STL)N(RTS) C

LN R. Hence RN L is a quasi-ideal of S. O

Recall that an element e of S is an idempotent element if e? = eae = e, for
all a € I'. With the help of idempotent elements in S we obtain quasi-ideals in
S. This we prove in the following theorem.

Theorem 3.3. Let L be a left of S.Then for any idempotent elements e of S,
el'L is a quasi-ideal of S.

Proof. First we prove that eI'L = LN (eI'S) . We know (eI'S) + (eI'S) =
el'(S + S5) C el'S. Hence el'S is a subsemigroup of (S,4). As (e['S)['S =
el'(STS) C el'S, el'S is a right ideal of S. As e € S and L is left ideal
of S, eI'L C L. Further eI'L C eI'S. These will imply eI'L C LN (eI'S). For
the reverse inclusion let @ € L N (eI'S).

n
Thena:Zeaixi , forxz; €S, oy €T .
i=1

Thus a = Y, 2w = Y i, (eae) uz; = ead | ecjz; = eaa € el'L. This
shows that L N (el'S) C el'L . Hence LN (el'S) = eI'L.

As L is a left ideal and el'S is a right ideal of S we get el'L is a quasi-ideal of
S (see Property (11)). O

As in Theorem 3.3 we can prove the following theorem.

Theorem 3.4. Let R be a right ideal of S. Then for any idempotent elements
e of S. Rle is a quasi-ideal of S.

Theorem 3.5. Let R be a right ideal and L be a left of S. Then for any
idempotent elements e, f of S, eL'ST f is a quasi-ideal of S.

Proof. First we prove that e['STf = (eI'S) N (ST'f). eI'ST'f = (eI'S)T'f C
el'S and eI'STf = eI’ (ST'f) C ST'f. Thus eI'STf C (eI'S) N (ST'f). Let a €
(ST'f) N (eI'S). Then

a=Y wiaif =Y wmoi(faf) = <Z Ii%‘f) af = | > eBiy; | of
i=1 i=1 i=1 Jj=1

Thus a = aaf, for all a € T'. As

acel'S, ael! = a=aaf €el'STY.
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We get (eI'S) N (ST f) C eI'STf. Thus (eI'S) N (STf) = eI’STf. As ST'f is
a left ideal and el'S is a right ideal of S we get (eI'S) N (ST f) = e['STf is a
quasi-ideal of S (see Property (11)). O

Intersection of a quasi-ideal and a sub I'-semiring of S is a quasi-ideal of
that sub I'-semiring of S. We prove this in the following theorem.

Theorem 3.6. If Q is a quasi-ideal and T is a sub I'-semiring of S then QNT
s a quasi-ideal of T.

Proof. As @ NT is a subsemigroup of (S,+) and QNT C T, weget QNT
is a subsemigroup of (T, +). Further,

TI(TNQ)N(TNQ)TT C (TTQ) N (QIT) C (STQ) N (Q T'S) C Q.

And TD(TNQ)N(TNQ)TT C (I'TT)N(T'TT) C TNT = T. Imply
TT(TNQ)N(TNQ)TT C QNT. This shows that QN T is a quasi-ideal of 7.0

Now we define a quasi-simple I'-semiring as follows.

Definition 3.7. A I'-semiring S is said to be a quasi-simple I'-semiring if S is
the unique quasi-ideal of S, i.e. S has no proper quasi-ideal.

A characterization of quasi-simple I'-semiring is furnished in the following
theorem.

Theorem 3.8. If S is a I'-semiring, then S is quasi-simple I'-semiring if and
only if (STa)N (al'S) =S, for all a € S.

Proof. Suppose S is a quasi-simple I'-semiring. For any a € S ST'a and al'S
are left and right ideals of S respectively. Therefore (ST'a)N(al'S) is a quasi-ideal
of S(see Property (11)). Further STa C S and aI'S C S imply (STa) N (aI'S) C
S. As S is a quasi-simple I'-semiring, S = (STa) N (al'S). Conversely, suppose
that S = (STa) N (aI'S). Let @ be quasi-ideal of S. For any ¢ € @, by
assumption we have, S = (STq) N (¢I'S) C (STQ) N (QTS) C Q. Therefore
S C Q. Thus S = Q. Hence S is a quasi-simple I'-semiring. o

4. Minimal Quasi-ideal

In this section we introduce the concept of a minimal quasi-ideal of a
I'-semiring. We define

Definition 4.1. Let Q) be a quasi-ideal of S. Q is said to be minimal quasi-ideal
of S if Q does not contain any other proper quasi-ideal of S.

Properties of minimal quasi-ideals of a I'-semiring S are proved in the fol-
lowing theorems.
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Theorem 4.2. The intersection of a minimal right ideal and a minimal left
ideal of a T'-semiring S is a minimal quasi-ideal of S.

Proof. Let R and L denote minimal right ideal and minimal left ideal of S
respectively. Define @ = RN L. Then @ is a quasi-ideal of S(see Property
(11)). Let Q1be a quasi-ideal of S such that @7 C Q. By Result (3.1) S T'Q; is
a left ideal and @Q1I'S is a right ideal of S. @1 C L implies ST@Q; C STL C L.
Also @; € R implies @;I'S C RI'S C R. By the minimality of R and L we
have, STQ; = L and Q,T'S = R. Therefore, @ = RNL = (S TQ1)N(Q1T S) C
Q1. Hence @ = @;. This shows that @ is a minimal quasi-ideal of S. ]

Theorem 4.3. If Q is a minimal quasi-ideal of S then any two nonzero elements
of Q generate the same left (right ) ideal of S.

Proof. Let @ be a minimal quasi-ideal of S and = be a nonzero element of Q.
Then (z),, the left ideal generated by x,is a quasi-ideal of S. Hence (z), N Q is
a quasi-ideal of S. As (z),NQ C @ and @ is a minimal quasi-ideal of S we get
(z),NQ = Q. Thus Q C (z),. For any nonzero element y of Q, y € Q implies
y € (x),.Therefore (y), C (z),. Similarly, we can show that
(z); € (y);- Hence (z);, = (y),-

In the same way we can prove that any two nonzero elements of ) generate
the same right ideal of S. |

Theorem 4.4. Theorem 4.4:- Let Q be a quasi-ideal of S. If Q itself is a
quasi-simple I'-semiring, then Q is a minimal quasi-ideal of S.

Proof. As Q is a quasi-ideal of S, @ is a sub I'-semiring of S(see Property
(2)). Suppose @ is a quasi-simple I'-semiring. Let Q1 be a quasi-ideal of S such
that @1 C Q. Then (QI'Q,) (Q:1TQ) C (STQ,) (Q1I'S) C Q1. Therefore @y is
a quasi-ideal of Q. @1 C @ , Q1 is a quasi-ideal of @ and @ is a quasi-simple
I-semiring imply @1 = Q. Therefore @) is a minimal quasi-ideal of S. O

Any minimal quasi-ideal @ of S can be represented as an intersection of a
minimal left ideal and a minimal right ideal of S. We prove this in the following
theorem.

Theorem 4.5. Every minimal quasi-ideal Q of S is represented as Q = (STa)N
(al’'S), where a is any element of Q, STa and aI'S be a minimal left ideal and
a minimal right ideal of S respectively.

Proof. Let ) be a minimal quasi-ideal of S and a € @).Then STa and al'S
be left ideal and right ideal of S respectively. Therefore (STa) N (aI'S)is a
quasi-ideal of S (see Property (11)). (STa) N (al'S) C (STQ) N (QTS) C Q. By
the minimality of Q we get

Q = (STa) N (al's).
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Now to show that STa is a minimal left ideal.

Let L be a left ideal of S such that L € STa. Then ST'L C L C STa.
(STL)N(al'S) C (STa)N(al’'S) = Q. As STL is a left ideal of S(see result 3.1)
and al'S is a right ideal of S, we get (ST'L) N (aI'S) is a quasi-ideal of S (see
Property (11)). Further as (ST'L) N (aI'S) C @ and @ is minimal quasi-ideal
of § we have Q@ = (ST'L) N (aI'S) € STL. Now ST'a C ST'Q C ST (STL) =
(STS)T'L C STL C L shows that STa C L. Therefore, ST'a = L. Hence STa
is a minimal left ideal of S. Similarly, we can prove that aI'S is a minimal right
ideal of S. |
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