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EXISTENCE AND UNIQUENESS OF ¢n)-MULTIPLE
FIXED POINTS OF MIXED MONOTONE
OPERATORS

Neeraj Anant Pandél, J. Achari

Abstract. In this paper, we firstly coin the concept of {n-multiple fixed
point and then obtain necessary and sufficient conditions for a class of
mixed monotone operators to have this point. We see that these con-
ditions can be considerably loosened for monotone operators acting on
pairs of points, which are multiples of the same point. Also when a cone
is chosen to be a normal solid cone and monotone operator on interior of
the cone, the necessary and sufficient conditions get reduced further. The
introduction of adjoint sequence generalizes further the main result.
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1. Introduction

Monotone operators have been the center of attraction for mathematicians
working on fixed point theory [I]-[8]. Monotonicity helps in convergence of
schemes of iterates to fixed points in many situations [7]. Mixed monotone
operators form further interesting class of mappings having combination of two
reverse-directed properties. We devise some results which guarantee generalized
fixed points for mixed monotone operators. We also consider concavity and
convexity properties along with monotonicities as has been done earlier [g].
The uniqueness of the respective fixed points in each case is also a noteworthy
property.

Before beginning our discussion of the basic definitions of the structures that
we work with, we propose a new definition of A-multiple fixed point.

Definition 1.1. Suppose X andY are two linear spaces over the same field F
and f: X =Y. For0# XA € F, a point x € X is said to be A-multiple fixed
point of f if, and only if, f(Ax) = z.

This is a new concept introduced by us specially to incorporate a similar
property in a wider sense. In fact, A-multiple fixed point is generalization of the
usual fixed point in which A = 1.
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Now we recapitulate basic terminologies required for the development of the
subject matter of this paper.

Definition 1.2. A non-empty closed convex subset P of a real Banach space E
1s said to be a cone if

rE€Pand AN>0= Iz € P,
r,—x € P=x=0.

If a real Banach space contains a cone, then it can be provided with addi-
tional partial order structure.

Definition 1.3. If P is a cone in a real Banach space E, then E is a partially
ordered set with respect to the partial order relation induced by P given by x < y
if, and only if, y —x € P.

We introduce two types of cones which are of interest for us.

Definition 1.4. A cone P is said to be solid cone if its interior P° = {x € P : x
is interior point of P} is non-empty.

Definition 1.5. A cone P is said to be normal cone if there exists a constant
N > 0 such that for x,y € E, 0 < x <y implies |z|| < N|ly]l.

The positive constant whose existence makes a cone normal is called nor-
mality constant.

Definition 1.6. The set of all elements of the space, which are bounded by some
positive multiples of h is denoted by Py,.
ie., Pp={zx e E: X(x)h <z <p(x)h, for some A(x),p(z) > 0}.

By the very definition, it is clear that P, C P and P} contains all positive
multiples of its own elements. Now using the well-known properties of both
monotonicities simultaneously, one gets the following.

Definition 1.7. An operator A : P, X P, — Py, is said to be a mized monotone
operator if A(x,y) is non-decreasing in the first component and non-increasing
in the second component, i.e., if 11 < xo and y1 > yo = A(x1,y1) < A(z2,y2).

The A-multiple fixed point concept can be extended to monotone operators.

Definition 1.8. A point x € E is called En-multiple fized point of a mized
monotone operator A : P,x P, — Py, if and only if, v = A (§x,nx) = A (nx, £x).

The special case of £ =n =1 leads to usual fixed point.

2. Main Results

An obvious and straightforward lemma begins the journey of the main re-
sults.
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Lemma 2.1. Let E be a real Banach space, P a cone in E;h > 0 and A :
Pn, x P, — Py. Then the following two statements are equivalent:
(a) For all 0 < a < 1, there exists 3 > 1 > 1

[e3%

with a?8 <1 and 0 < =0 (azﬁ) < 1 such that

(2.1) A(au, fv) > (azﬂ)a(a%) A (u,v) (for all u,v € Pp,u <)

(b) For all 0 < a < 1, there exists 8 > é >1

with a?B <1 and 0 < 9 =1 (OzQﬁ) < 1 such that

(2.2)  A(au,pv) > (aQB) [1 + (a2ﬁ)] A (u,v) (for all u,v € Pp,u <)
where (a?f) [1+ v (a?f)] < 1.

Proof. 1f (a) holds, let ¥ (a?8) = (a28)"“) ™" _ 1. Then (b) holds with

)
O<v=1 (a2ﬂ) < 1 and (QZﬂ) [1 + (azﬂ)] < 1.
Conversely, if (b) holds, it is easy to see that (a) holds with the choice of
0<9:9(a25) <1as

tog [(026) (1-+ ¢ (029))]

0(e®9) = log (a29)

This completes the proof.
The interchangeable usability of the two equivalent conditions in Lemma 2.1]
is employed to prove the important ¢n-multiple fixed point results ahead.

Theorem 2.1. (see [2],[3],[8]) Suppose that E is a real Banach space, P is
a normal cone in E, h > 0, and A : P, x P, — P, is a mized monotone
operator such that for all 0 < a < 1, there exists > é > 1 with o8 < 1 and
0<0=290 (a2ﬂ) < 1 such that

A (au, fv) > (azﬁ)a(o;ﬁ) A (u,v) (for all u,v € Pp,u < v).

Then for any £,m > 0, A has a unique En-multiple fized point x* in Py if, and
only if, there exist ug, vy € Py with ug < vo,ug < A (Eug,nve) and A (nvg, Eug) <
vo. Further, for every pair of sequences {x,} and {yn} constructed as

(23) I - A (gxn—la nyn—l) )
(2'4) Yn = A (nyn—la g-rn—l) )
for each n > 1 and xo,y0 € [x0,nY0], lim z, = lim y, = z*.

Proof. First we assume that for £, > 0, the given condition is satisfied and
there exist ug and vy with ug < vg,ug < A (Eug,nvo) and A (nuo,ug) < vp.
Now starting with ug and vy, we construct sequences {u,} and {v,} employing

scheme of (23) and (24)),
Un = A(gun—hnvn—l) ;
A (771}71—17 gun—l) .

v n
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By very definitions, u,,v, € P, for all n. Also, by the given conditions and
mixed monotonicity of A,

{ ug < A (Eug,nvg) = uy

vy = A (nvo, ug) < vo

{ ur = A (§uo,nvo) < A (§ur,no1) = ua
vy = A (nuy,&uy) < A (nug, Eug) = vy

Up = A(éun 1, Mn—1) < A (Eupn,Mvy) = Unt1
Ung1 = A (NUn, Eun) < A(MUp—1,&Un—1) = Vp

Thus, up S up <wug <-+- <y Supgr <o- <y vy <o <wg < g <.
For each n, there exists 0 < A < 1 such that \v, < u, < v,. Let p, =
sup {0 < A < 1|Avy, < uy}. Clearly, 0 < p, <1, and as {u,} and {v,} are non-

retreating, {i, } is non-decreasing sequence. Hence lim p, = pwith 0 < p < 1.
n—oo

If possible, suppose that 0 < u < 1. For each n and corresponding u,,, we choose
B, > 0 such that for 0 < \/T < 1, the corresponding conditional value is ﬁ no>

e(un)

1 _ VuBn Bn Hn H

. 7 with A( uﬁnu’ o v) > (—# ) A (u,v) for u,v € Pp,u < v.
< BBu

Also, we choose 8 > 0, such that &u, > \/%nvn,m}n < o ¢u,, and for
0 < \/E < 1, the corresponding conditional value is 8 > —2A—= = \/E, with
3 p g gz Tl p

A (\/%u, ﬁu) > u? ™ A (u,v), for u,v € Pp,u < v. Now

Up4+1 = A (5”717 77Un)

. ﬁﬁn
A2 n)
(F@ﬂn o

= AL o 5" % (e

() <1+w<<\%>25:>>

‘A (ﬁnvmﬂfun)

-t o)) ()
(o)
(7)o ()

_ ’Z‘ (149 (1) A (vn, Eup)

= Hn (1 —|—¢(M))Un+1

Y

v

Y]

Y
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But by definition of pp41, we have pnr1 > pn (1+9 (1)), Asn — oo, p >
(14 (1)), and this is a contradiction, since ¢ () > 0. So the supposition
that 0 < p < 1 is wrong and p = 1.

For any positive integer p,

0 < Upgp —Up < Uy —Up < Uy — s = (1 — pin) v < (1 — pp) vo.

Since P is a normal cone, |[tuptp — upnl| < N (1 — pp) [Jvol] = N (1 — p) |lvo|| =
0, as n — oo. Thus, {u,} is a Cauchy sequence. Similarly, it is seen that
{v,} is also a Cauchy sequence. Completeness of E guarantees that there exist
u*,v* € E such that u,, — u* and v,, — v*. Again, since {u, } is non-decreasing
and {v,} is non-increasing with u, < v, u, < u* < v* < v,, in particular,
u*,v* € E. As earlier, v* —u* < v, —up < (1 — ppn) vp < (1 — pp) vo, and as
n — oo, [|v* —u*|| = 0. This gives u* = v* = 2*, say. Now,

Un+1 = A (gunanvn) < A (fU*mU*) =A (§x*,77x*) < A (77”7L,£un) = Un41-

As n — oo, A (€x*,nz*) = x*, the &n-multiple fixed point of A.

We prove that this £n-multiple fixed point is unique.

If possible, suppose that there are two distinct £n-multiple fixed points, viz., =*
and y* in Py,. So, A (£x*,nz*) = x* and A (Sy*,ny*) = y*.

Let )\Ozsup{)\>0:/\y* <z*< (%)y*},0<)\0 <1

But if 0 < A\g < 1, by the given condition, there exists w > ()%0), such that
2

A (Aou, wv) > (A%w)e(kow) A (u,v). Now,
at = A(gz" na”)

> A(&o!ﬁﬂ(/\lo) y)
> A(Xo&y" wny”)

> (030) 0% A ey, my)
2 Ag(kgw)y*,

2

and this is not possible since it gives )\g()\ow) > ), contradicting the definition
of Ag. Therefore, \y = 1. But this means that z* = y*. So, the supposition is
wrong and the {&n-multiple fixed point is unique.

Now, suppose conversely that A has a unique {n-multiple fixed point z* in Pj,.
Taking ug = vg = z*, it is straightforward that, up = 2* = A (x*,nz*) <
A (€ug,nug) and A (Eug,nug) = A (§x*,nx*) < a* = vy

Finally, for zo,yo € [§uo,nvo] and the sequences {x,,} and {y,} given by [23)
and (24), respectively, since u, < z, < nu, and &u, < yp, < Nu,, and Pis a
normal cone, nlglgo Ty = nh_)ngo yYn = x*. This completes the proof of the theorem.

3. Same Element Multiple Arguments Operators

At times, the initial condition for values of mixed monotone operator A may
not be satisfied by all general members of P}, as the two argument components
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of A but only by multiples of the same member. For this situation, the following
corollary comes into picture with the choice of special forms of the initial points
in Theorem 211

Corollary 3.1. (see [§]) Suppose that E is a real Banach space, P is a normal
conein B, h >0, and A : P, X P, — Py is a mized monotone operator such that
for all 0 < a < 1, there exists 3 > é > 1 with o’ <1 and 0 < Gzﬁ(azﬁ) <1
such that

A (au, pu) > (a2ﬁ)9(a25) A(u,u), (forue Pp).

Then A has a unique En-multiple fized point = in Py if, and only if, there exists
xo € P, and ag € (0,1), By with a2By < 1 such that agze < A (Eapzo, nBoxo)
and A (nBoo, aozo) < BoTo-

Proof. Taking uy = agrg and vg = [pzg, and proceeding as in proof of
Theorem 2] above, the proof gets completed.

The condition for the two components in the class of mixed monotone oper-
ators considered by us when restricted to multiples of the same members of P°,
offers more freedom to the 6 function, and necessary and sufficient condition for
the existence of £n-multiple fixed point is reduced.

Corollary 3.2. (see [{l], [8]) Suppose that E is a real Banach space, P is a
normal solid cone in E, and A : P° x P° — P° is a mized monotone operator
such that for all a € [y,68] C (0,1), there exists 3> L, and 0 <0 =0(y,6) <1

satisfying A (ax,fx) > (aQﬁ)e(a B)A(x,ac) for all x € P°. Then A has a
unique En-multiple fixed point x* in P° and for all xg € P°, A™ (xg,z0) =
A(xp_1,Tp—1) — 2" = A(z*,z*).

Proof. For every zy € P°, there exists a 0 < d < 1, satisfying dxy <
A (xo,mxo) and A (nwo,&xg) < 3xo. Using the given hypothesis, for every
ag € [y,0] C (0,1), there exist Gy > O%O and 0 < 6y = 0 (v,9) < 1, such that

00(7,
A (agzo, Bowo) = (o) oG )A(xo,xo)o

Interestingly, using mixed monotonicity, this also gives

v

A (agzo, Boro) > (Oégﬂo)%(%&) A (g, 20) ,and
—B0(7,6
A (Boxo, fozo) < (a5f0) o )A(aoﬁoxo,ﬁgl‘o)
—00 (7,6
< (agBo) o0 )A(moafﬂo)

A (Oéoxo, aoxo)

A

For all sequences {v,} satisfying 0 < v, < 1l,and y3 > v > -+ >y, > -+ > 0,
let Vn, 0, = inf{9 €(0,1)|A(az, ax) > (azﬁ)eA(x,x) Va € [y, 9],z € PO}.

Clearly, 6; < 03 < --- < 6, < --- < 1,{6,} is a monotonic increasing se-
quence bounded above by 1 and hence its limit exists. Let lim 6, = 6 with
n—oo

1
0 < 8 < 1. Now there are two possible cases. Firstly, if §7-201 > ~;, we
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1
take such ag € (y1,01) C [v,4], where 6; = min{&ll?ﬁ By T }, for the
corresponding conditional [y, A (nﬁoxo,ﬁaoxo) ﬂgelA (nxo,ﬁxo) From the
1
choice of §1, firstly, ag < 51—291, ie., 0‘0 W0 <6, e, 0‘0 21 < 5915 and
291
ay < (a%ﬁo) §; also, By > a—o > —— e, ﬁé 200 g or By >

51-206;

. Now

. . 0
the choice of ug = agzg and vy = Foxp gives ug = apzy < (a%ﬁo) Yoxy <

(04050)91 A(€xo,mr0) < A(§anT0,mB0z0) = A(Euo,nv,), and A (nuo,{ug) =

A (nBoxo, Eaozo) < B2 A (o, E20) < G2 129 < Boxo = vo. In this case, all
conditions in Theorem [2.1] are satisfied and there exists the required unique
En-multiple fixed point.

1
In the other case, if §T- o < 1, for n > 2, we take v, = y10*72°»-1  which
gives as required that v, > 0 and {v,} is decreasmg sequence There exists

some positive integer Ny such that ~,, = y16'- T < 67200 29n for all n > Nj.
1
We take such ag € (yn,,01) C [v, 6], where §; = min {(51291"0 ,ﬁglfzeNO }, for

the corresponding conditional By, A (nBoxo,&apxo) < ﬂggN“A(nzo,fxO). Just
as in the previous case, now we also get the required conditions. This completes
the proof of the theorem.

4. A Special Case

Both, Theorem 2.1] and Corollary B]] following it, have given the necessary
and sufficient condition for the existence of a unique &n-multiple fixed point
for the mixed monotone operator A : P, x P, — P,. If instead of P, the
interior P° for a solid cone is taken into account for the operator A, and the
function 6 = 6 (a2,3) involved in the initial condition is restricted to a fixed
fraction 0 < 6 < 1, it is quite interesting to see that the necessary and sufficient
condition is again reduced.

Corollary 4.1. (see [Z], [8]) Suppose that E is a real Banach space, P is a
normal solid cone in E, and A : P° X P° — PO 18 a mixed monotone operator
such that for all 0 < a < 1, there exists § > = > 1 with a?f<land0<f<1
such that

A (au, fv) > (aQB)eA (u,v) (for all u,v € Pp,u <v).

Then for every £,m >0, A has a unique En-multiple fixed point, and hence also
the usual fized point, ©* in P°. Also, for any xg,yo € P°, the sequences {x,}
and {yn} defined by,

Ty = A (Exn—lanyn—l) )
n — A (nynflvfxnfl)

for each n > 1, are convergent with lim z, = lim y, = z*

n—oo n—oo



36 Neeraj Anant Pande, J. Achari

Proof. For any xg,yo € P°, and &, > 0, we choose a sufficiently small g
with the corresponding conditional value w, satisfying uoxo < zg < wzg, oo <
0 0
(13)" A (€20, 10) and A (jionwo,w€ioo) < (18w)” wro.
Then taking ug = poxo and vy = wzg, gives uy < vg. Using the other two
conditions on g,

Ug = foo < (M(z)w)g A (§x0,m20)
< A(&pomo, nwmo) = A (§uo, o) = U1,
v1 = A(nuo,€ug) = A(nwzo,{poTo)
< (#gw)—e A (ponwzo, wépoxo) < wro = vo.

We get the sequences {u,} and {v,} like those in Theorem 2] Following the
same steps as there, completes this proof.

The extra advantage of Corollary [£.1]is that it works for every £ and 7, and
hence also guarantees the usual fixed point of A.

5. Convexity and Concavity

Like most of the authors working on this line, we now turn to convexity and
concavity in the following well-known senses.

Definition 5.1. An operator A on a real Banach space E is said to be (—v)-
convez if, and only if, for each x and for each 0 < p < 1, p7 A (ux) < A(x).

Definition 5.2. An operator A on a real Banach space E is said to be concave
if, and only if, for each x and for each0 < p <1, A(px + (1 —p)y) > pA(z)+

(1=pn)Ay).

Theorem 2.1l can be again applied to obtain the fixed point for mixed mono-
tone operator having concavity property at first component and some (—7)-
convexity property at the other.

Theorem 5.1. (see [3],[8]) Suppose that E is a real Banach space, P is a
normal solid cone in E, and A : P° x P° — P° is a mized monotone operator
such that

(a) For fixzedy, A(-,y) : P° — P° is concave and for fived x, A (z,-) : P° — P°
is (—7)-convez.

(b) There exist ug,vg € P,0 < e <1, and &,n > 0 such that 0 < ug < vg,ug <
A (§U(), ’I’]’Uo) s A (77’1)0, g'LL(]) S Vo, and A (0, ’UQ) Z €A (UO7 ’Uo).

Then A has a unique En-multiple fized point x* in [ug,vo]. Further, for every
pair of sequences {x,} and {y,} constructed as

Tp = A(fmnflanynfl)>
Yn = AMYn-1,{Tn_1),

for each m > 1 and xo,yo € [Eug, nvo], lim z, = lim y, = «*.
n—oo n—oo
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Proof. For all h € P°, P, = P°. So, A : P, x P, — P,. For all 0 <
a < 1, we choose 8 > é and 0 < 6 = Q(azﬁ) < 1 such that o?8 < 1

0(a? . . .
and (a?) (*5) 37 < e. Now, first using the convexity of A in the second
component and then concavity in the first,

o+ (3 o) (2
_ <;>7A(au+ (1—a)0,v)
> (5) o +a-aa00)
> (3) A+ (- 0)2A )
- (;) o (1 — )] A (u,0)
_ (;)V o+ ¢ — ae] A (u, 0)
> (;)7 la+c—a] A(u,v) = (é)ysA(u,v)
> (;)7 (026)"™) g4 (u,v)

)9(a2,3) A (u,v).

—
™)
@

This ensures that all requirements are satisfied for the application of Theorem
BRI and there exists a unique £n-multiple fixed point of A. The convergence
of the given sequences to the fixed point is also an easy consequence. This
completes the proof.

6. Further Generalizations

Now, while extending our own results, first of all, we give a generalization
of our Lemma [Z.11

Lemma 6.1. Let E be a real Banach space, P a cone in E,h > 0 and A :
Pn x P, — Py,. Then the following two statements are equivalent:

(a) For all0 < o < 1 and u,v € Py, there exists f > é > 1 with o8 < 1 and
0<6=20 (azﬁ,u,v) < 1 such that

Ao, Bo) > (026)°7) A (u,v)

(b) For all0 < a < 1 and u,v € Py, there exists 3 > é > 1 with o8 < 1 and
O<yp=v (aQﬂ, u, v) < 1 such that

A (au, fv) > (aQﬁ) [1 + (aQB,u, v)] A(u,v)
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where (a2ﬁ) [1 + (a2ﬂ,u,v)] < 1.

Proof. The proof is verbatim similar to that of Lemma[2.]] with replacement
of 0 (a2ﬂ) by 6 (ozzﬂ,u,'u) and v (026) by (onB, U, 11).

In addition to &3, the functions 8 and ¢ in Lemmal[G.11depend on the points
u and v of Pj,; whereas in Lemma 2.1l they are free of u and v.

Now we need the concept of adjoint sequence for extending few main results.

Definition 6.1. Suppose E be a real Banach space, P a normal cone in E,h >
0, A: P, x P, — Py, be an operator, and &,m > 0 and ug,vg € Py. If there

exists 0 < g < min {g, 1} such that A\gvg < ug < vg, we define u, and v, for
n>0 by

Up = A (Sunfh nvnfl) s
Uy = AMup_1,&un_1).

A sequence {¢,} is called En-adjoint sequence of A with respect to Ao, ug, and
vo if, and only if, 0 < Xy = Xo (14 1py)" < 1 for \pyvp <ty < vpyn > 0.

For mixed monotone operators, this hypothesis and any of the equivalent
conditions (a) or (b) in Lemma are sufficient to guarantee the existence of
such &n-adjoint sequence.

Lemma 6.2. Let E be a real Banach space, P a normal cone in E,h > 0 and
A: P, x P, — P, a mized monotone operator such that for all 0 < a < 1 and
u,v € Pp, there exists > é >1 witha?8<1and0< 60 =240 (azﬂ,u,v) <1

2
such that A (au, fv) > (a26)0(a Bru) A (u,v). Then for any0 < & < n,ug, vy €
P, with ug < vy, and 0 < A\g < 1 with Agvg < ug < vy, there exists a En-adjoint
sequence of A with respect to g, ug and vg.

Proof. Given &,m > 0;ug,vg € P with fug < nug; and 0 < A\g < 1, we
choose a,0 < a < %, with the corresponding conditional f, 5%0 < B, such
that \g < o?8 < 1. Clearly, v; = A (nvo, £ug) > A (Eug, o) = u.

Now, by Lemma there exists 9] = ¢} (agﬁ, U, vo) such that

up = A(&uo,nvo)

A (f/\ovo,n)\lo?m)

A (amuo, BEuo)

(0425) [1 + (a267 UO,UO)] A (nvo, §uo)
o [1+ 1 (a?B,uo,v0)] v1

A101,

Y

(AR AVAR AVAR VS

taking 0 < ¢ <9 and 0 <Ay =Xo (1 +¢1) < 1.
Thus, Av1 < uyp < wvy.
Again, clearly, vo = A (nuy,&uy) > A (Eur,nur) = us.



Existence and uniqueness of én-multiple fixed points of . .. 39

We choose a1,0 < a1 < %, with the corresponding (31, & < f31, such that
A < Oé%ﬁl < 1.
By Lemma [61] there exists ¢4 = 1)} (a2ﬁ, U1, vl) such that

Uy = A(fuhﬁvl)
> A <§)\1v1,n)\11u1>
> A(oanvi, fi&ur)
> (aiB) [1+ 5 (o B1,ur,v1)] A (i, Euy)
> Ay [1+ 9% (o Br,ur,v1)] va,

where 0 < Ay (14 4) < 1. Taking 13 = min {1, 15},
ug > A (1+1h2)va > Ao (1 + ¢2)2 Vo = AoUs

with 0 < A = Ao (1 + ) < 1.

Thus, this time also, Asve < ug < vo.

Continuing by induction, Vn, we get A, such that 0 < X\, = Ao (1 +9,,)" < 1
and A,v, < up < vy,. The sequence {9, } obtained in the process is the required
&n-adjoint sequence of A with respect to Ag,ug, and vg. This completes the
proof.

We are all set to give the most general result.

Theorem 6.1. (see [§])Suppose that E is a real Banach space, P is a normal
cone in E, h >0, and A : P, x P, — Pp, is a mized monotone operator such
that for all0 < a < 1 and u,v € Py, there exists § > é > 1 with a?8 < 1 and

2
0<6=90 (aQB,u, v) < 1 such that A (au, fv) > (aQﬁ)o(a Bruw) A (u,v). Then
for any &,mn > 0, A has a unique En-multiple fized point x* in Py if, and only if,
there exist ug, vy € Py, satisfying
(a) uo < vo,ug < A (Eug,nuo) and A (nuo, ug) < wo,
(b) If there exists Ag > 0 such that Agvg < wg, then there exists a &n-adjoint
sequence {,} of A with respect to Ao, ug, and vy such that lim nip, = In )\%

n—oo

Proof. First we assume that for any £, > 0, the given conditions are
satisfied and there exist ug and vy in P, with ug < v, ug < A (§ug,nvg) and
A (nuo, Eug) < vo. Now starting with ug and vy, we construct the sequences
{un} and {v,} employing the same recursive scheme,

Un = A(gun—lanvn—l) s
Up = A (77%717 fun71) .

By very definitions, u,,v, € P, for all n. Also, by the given conditions and
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mixed monotonicity of A,

{ up < A (Eug,nvo) = us

v = A (o, {ug) < o

{ uy = A (ug,nvo) < A (§ui,nu1) = ug
vy = A (nv1,§ur) < A(nuo, §uo) = v1

Up = A (gunflan’un71> <A (§Um77vn) = Un+1
Upy1 = A (nvnvfun) <A (nvn—hgun—l) = Un

Thus, up <up <ug < -+ <ty <Upgy <o Vg Ly < oo < g <vp <.
This guarantees the existence of 0 < g < 1, for which A\gvg < ug < vg. So, by
the second condition, we get the £n-adjoint sequence {1, } of A with respect to
Ao, ug, and vy such that u, > Ao (1 + ¥,)" v, and nh_)rr;o nY, = In )\io Now

Up — Up S Un — )\O (1 + wn)n Un = [1 - AO (1 + wn)n] Un, S [1 - )\O (1 + ¢n)n] Vo-
If N is the normality constant of the normal cone P,

[vn = unll < N 1= X0 (1+ )] [lvo
The adjoint sequence {1, } is such that ¢, — 0 as n — co. So,

1 1"%n nin 1
Mo (1+ )" = do [(L+ )] =A™ — Yoy =1
This shows that ||v, —uy| — 0 as n — oco. {u,} and {v,} are Cauchy se-
quences. As FE is complete, u,, is non-decreasing, v, is non-increasing, P} is
closed and u, < v,, there exist u*,v* € P, such that u,, — v* and v,, — v* as
n — oo. Since u, < u* < v* < wv,, we must have u* = v* = x*, say. Now,
Unt1 = A(Eun,noy) < A(Eu”, ™) = A(Ex™,nz*) < Ao, &un) = vny1. As
n — oo, * < A(fx*,nz*) < x*, implies that A (§x*,na™) = a*, i.e., x* is the
En-multiple fixed point of A.
We prove that this £p-multiple fixed point is unique.
If possible, suppose that there are two distinct {n-multiple fixed points, viz., z*
and y*, in Pj,. So, A ({x*,nz*) = z* and A (£y*,ny*) = y*.
Let Ao = sup {\ > 0]Ay* < z* < (%) yh,0< Ao <1
But if 0 < A\g < 1, then by the given condition, there exists w > %0, such that

A (Aou, wv) > ()\%w)a()\gw) A (u,v). Now,

= A(&x*,nz*)
> A(&x\oy*,n(;o)y*)
> ANy wny®)
> (32) "5 4 ey, )
2 /\g(xgw)y*,
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2
and this is not possible since it gives )\Z(Aow) > )\o, contradicting the definition
of Ag. Therefore, \y = 1. But this means that * = y*. So, the supposition is
wrong and the {n-multiple fixed point is unique.
Now, suppose conversely that z* is a {é&n-multiple fixed point of A. We choose
that 0 < a < 1 in our initial condition for which the corresponding 3 is such

2 Lk
that (aQﬁ)a(a fr )ac* > «a and af < ABn. Now, taking ug = az™ and vy = Sz,
we get ug < vg. Also,

A(uo,mvo) = A(aga”, fnz”)
> (028)" ) Afga, o)
— (azﬁ)e(a2ﬁ’w*) x*
> ax™ = uo,

A(nvo, §uwo) = A(Bna”, alz”)
< (a28)") At €0
— @)
< Bzr* =wp.

Thus the first required condition is satisfied. Now again we define {u,,} and
{vn} by

Un = A(Un—1,1MVn-1),
Up = A (nvn—la gun—l) )

so that as in proof of Thoerem 2.1
U S U S U S S Up S Ul S0 S Uyl S U S0 S U2 S U1 S V3

{u,} and {v,} happen to be Cauchy sequences and hence convergent and both
converge to z*. By monotonocities of {u,} and {v,}, we can find {7,} such
that 7,v, < uy, so that 0 < 7, <1 and 7, — 1. Now taking ¢,, = (;—’;); -1,
Tn = Ao (1+,)" and Ao (1 +v,)" v, < u,, By definition, {¢,} is adjoint

sequence of A with respect to Ao, ug, and vg. And finally,

nyn,
0= lim In7,, = lim (ln)\o—|—ln [(14_77/;”)1&1”} >

n—oo n—oo

= Tim (In Ao+ ngIn [(1+ )77 )

n—oo

giving lim ny, =In )%0 as required. This completes the proof of the theorem.
n—oo

Applications. This paper generalizes many results of earlier works [2],
Bl, [, [5], [8]. In most of our hypotheses, the entity 6 is not constant, but
a function; in fact, at times a very general function. The conditions used are
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both sufficient as well as necessary to guarantee the existence and uniqueness
of the required fixed point. We use simple metric everywhere instead of more
demanding Thompson or Hilbert metric. In view of all this, the previously
established theorems become simple consequences of the applications of results
of this paper. Further, all the results proved here are for £én-multiple fixed point
and naturally, as the application, they also guarantee the usual fixed point under
the choice of £ =n =1.
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