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ZERMELLO’S CONDITIONS AND ENERGIES OF
HIGHER ORDER IN GENERALIZED
LAGRANGE-HAMILTON SPACES

Irena Comidl

Abstract. Many significant geometers contributed to the generalization
of Riemann spaces in different directions. An almost complete list of them
can be found in Miron’s books. Here are mention [I], [2], [I7] and [18]
in which Hamilton and Finsler spaces are examined, further [3H9], where
generalized Hamilton spaces are studied; [10] is most connected with the
subject, and in [TIHI6] this problem also appears. Zermello’s condition
in Miron’s Osc® M was examined in [6]. Here, the Zermello’s conditions
are given in Lagrange-Hamilton spaces, introduced in [9] and presented at
the Workshop on Finsler Geometry 2009, Debrecen. It is proved that for
a fundamental function for which the Zermello’s conditions are satisfied
all energies of higher order are equal to zero.
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1. Some invariants in generalized
Lagrange-Hamilton spaces

Group of coordinate transformations. Generalized Lagrange-Hamilton
spaces are introduced in [9]. We shall recall only those parts of which are
necessary for the understanding of Zermello’s condition in these spaces.

Let us denote by (LH)("™®) the (2k + 1)n dimensional C* manifold in which
a point (y,p) = (z = y©@,yM @ y(’“),p(l)7p(2), .., P(k)) has the coordi-
nates

('ra :yoa’ylaay2aa"'7yka,pla7p2a7"'apk:a)a a = 1

n.

Some curve ¢ € (LH)™*) is given by ¢ : [a b — c(t ) ( H)"F) A

point (y,p) € c(t) has the coordinates (xa(t) = (1), Y1 (1), ...,y (1), pra(t),
-+ Pra(l)), where

S dA
Aa A Oa _ A
1 1 dozfl
paa(t) == dt pla(t)a o = 1ak7 d dta 1°
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The allowable coordinate transformations are given by

(1.2) 2% =2 (z") &z =2 (z")

0
ayAa

1a’ a’ 1la a’ a’ a’
Yy :Ba Yy o, Ba = aOam = &;:E ,aAa =

A=0,F,
2a’ 1 dlBa/ la 1 Bu,/ 2a7d1 Ba/ la
v = J(deBa )y 4| | Ba vy = di(Bay™),
30.’_ 2 2 pa'y\ la 2 1 pa’y 2a 2 a’ 3a _ 52 a’ 1la
g =)@ Ba )y | (e Ba )y | | Bay™ =di(Bay ),
a’ Ail — a’ a Ail — a’ a
v —< 0 )(df‘ ‘B )y +< . )(df‘ “Bi )y 4
A-1 a’ Aa _ ;A-1 a’ la
+<A_1)Bay _dt (Bay )7'“5
a’ k-1 - a’ a k-1 — a’ a
v =( 0 )(df ‘B )y +< . >(dic By )y 4
k-1 o' ka _ jk—1 a’ la
+(k1>B“y =di  (Bay"“),
ox® .

Pia’ :Bglpla BZ' = aOa/Ia = o’ = By (t)7

1 o 1Y) a a
DP2ar = (O) (dtlBa.’ )pla + <1> Ba/pQrL = dtl (Ba’pla)y

2 a 2 a 2 a a

P3a’ = <O) (d?Ba')pla + <1> (d%Ba/)an + (2> Ba'p?)a = d?(Ba’pla),
3 c 3 c 3 c 3) pe

Paar = <O) (d?Ba’ )plc + <1> (nga’)pQC + (2> (dl}Ba’)pfiC + <3) Bypacy .- -y
a—1 a—1 pa a—1 a—2 npa

Paa’ :< 0 )(dt lBa’)p1a+ ( 1 )(dt 2Ba’)p2a + -

a—1 a
+( )Ba/paay~"7
a—1

k—1 “15a k—1 —21a
p,m/:( . )(df 1Ba/>p1a+< 1 )(df "Bipea + -
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k-1
- B pra.
+<k1) o/ Pk

Theorem 1.1. The transformations of type (1.3) on the common domain form
a group.

Definition 1.1. The generalized Lagrange-Hamilton space of order k,
(GLH)™) s an (LH)™) space, where the group of allowable transformations
is given by (1.2) and in which a fundamental function F(z,y™ y@ . .. y*)
P(1),P2)s - - -»P(k)) 15 given, where F : U — R is differentiable on U (where rank
[y*] = 1, rank [p14] = 1) and continuous in those points of U, where y'® and
P1a are equal to zero, U is a domain in (GLH)("k).

The natural and special adapted bases in T(GLH)™) and
T*(GLH)™"). The natural basis, Brgy of T(GLH)") as usual consists of
partial derivatives of variables, i.e.

- 0 0
1.3) Bru ={00a,01a; - -+ 0ka, 0'*, 0%, ..., 0"}, Ooa=0a= -— =
( ) LH { Oas Yla, s Uka, s } 0 e 8y0a7
0 — 0
One=—=— A=1k, 0% = , =1k
A ayAa 8paa @
Theorem 1.2. The elements of By transform in the following way:

(1.4)
Ooa :(aanoa )aoa/"r(aanla )14 +(8oay2“ )Daqr + (80ay3“ )04t - - - 4{80ay’“ )Okar +

(B0ap1a )0 +(Boapaar )0 +(Doapsar )O**+ - - - +(Doaprar )™,

D10 = (0105 )10 + (0105 020 + (9105 ) Psart - - HO1ay*™ VO +
(D1ap2ar )0° +(01ap30r ) 0>+ - - - +(OraPrar )™,

One = (02a9%% )0a0r + (02ay®* )Dsart - - - HO2ay™™ ) Opar +

(82ap3a/)83a,+ - +(82apkg/)8ka/7

Oka= (Oeas™ )
glo — (01910 )M (8P )02 1 (8" pgar ) ¥ 4 - - - +(0 o )OO,
0% = (02D2ar )0* +(0%P3ar )0+ - - - +(0° Prar O,
o= (0%P3ar ) > - (% prar) O™,

8ka: (8kapka’)8kal.
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The natural basis of T*(GLH)™*) is

BZH = {dyoav dy1a7 e 7dyka7 dplavdp2a7 cee 7dpka}~

Theorem 1.3. The elements of B}, transform in the following way:

(1.5)
dyOa/ _ (aanOa/)dyOa

dyla’ _ (aOGyla’)dyOa + (81ay1a’)dyla7 o

dyka/ (aOGyka')dyOa + (alayka')dyla 4oy (akayka')dyka’

dprar = (Qoaprar)dy" + (8" prar)dp1a;
dpoar = (Boap2ar)dy"® + (Drap2ar)dy'® +
(0" paar)dpra + (0°*p2ar )dp2a, - - - »
dprar = (OoaPra’)dY"" + (O1aPkar )Y + -+ + (Ok—1)aPrar )y~ +

(alapka’)dpla +- 4+ (akapka/)dpka'

Definition 1.2. The special adapted basis Bry of T(GLH)("™)

(1.6) Bri = {004,014, - - -, Oka, 01,82, ..., 68}
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1s defined by

(15073: (D00 — () Nosow — ()Nooo — (Q)NGLOs, — -+ — (6) N2 O
— () Noa1#0* — (3) Nosard® — () Nawasd® -+ = (*5") Noarsd
d1a= (Do = (INo2om — (INGeoss —---—  ()No, ™0
= (1) Noa1s0”" = () Noazs0™ — -+ = (") Noagk—-1p0""
020 = ()02 — NGOz = (5)Nga 0w
= (3)Noarsd™ == (*3") Noa(k—2)p0""
Foa= ©on —m (N
== (*5") Noage-30"™",
Ska= (¥) Oka
g1 = (o' = ()Nagd® — (QNgg o™ —---— (G Nig o™
6% = (o — (N o™ —-- = (TN, 0"
5% = ()0 == (P NG 20",
6% = (:=1)0"".

Definition 1.3. The special adapted basis B} ;; of T*(GLH)™) s

(18) BZH = {6y0a7 6y1aa [ERN) 6yka7 6p1a7 5172@7 e ,6]7]@@},
where

(1.9) sy i=dy® = da”

1 1

la la 0b

oy :<1)dy +(0> s dy
G i (s

3 3 3 3
Jae () arspan + (3 want + () sigas™.....

53a
Y3

k

SyF
y {k
. (lé) Mkadyob

k
dyka+( >M(}l?d (k— l)b (k )Mgad (k—2)b N

61
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1 1 1
Moaopdy® + ( >M0a1bdy1b + (O) Mybdpyy, + <1) dpaq,
1b 2 2%
( )MOadey + <2> Moqa1pdy™+

2 2
Mggdplb + <1> Molsdp% + <2> dp3a7 R

k—1 k—1
>M0akbdy0b + < 1 )MOa(k—l)bdylb +--

k-1 _ k-1 _
oot (k 3 1) Mog1pdyF=1b + ( 0 )Mé'; 1)bdp1b

k—1 E—2)b k—1
+< 1 )Méa )dp2b+"'+<k_1)dpka-

In [9], there are given the conditions for M’s and N’s such that the elements
of Bry and Bj ; are tensors and when these bases are dual to each other.

The J structure in (GLH)™)
Definition 1.4. The k-tangent structure J is a F linear mapping
J: T*(GLH)™ — T7*(GLH)™")
defined by
(1.10) Jdy°* = 0, Jdy'® = dy°?, Jdy>* = 2dy*®,.. ., Jdy*® = kdy*—De
Jdpra = 0, Jdpaq = dpia, Jdpsa = 2dpaa, . . ., Jdpra = (k — 1)dpp—1a,

from which it follows
(111) J = dy’* @014 +2dy'* @ o + - + kdy* D @ 9y +

dpra ® 0 + 2dpag ® 03 + -+ + (k — 1)dp(—1)q ® O™

In [9], it is proved that the J structure in the special adapted bases Bry
and B7 j; is given by

(1.12)J = 4% @ 814420y @ G0 +30y°* @ 030+ - - +kdyF "D @ 50+
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6pia ® 02 +20p2q @ 6 +36p3q ® 6+ -+ (k — 1)dp(_1)a @ 5.

~ Remark 1.1. From (1.11) and (1.12) it follows that the k-tangent structure
J in the natural and special adapted bases has the same coordinates.
It is also proved that the following relations are valid

(1.13) J6y%" = 0, Joy'e = 6y°%, Joy* = 26y, ..., Joy*® = koyF—a
J6pra = 0, J6p2a = 6p1a, JOpsa = 20p2a; - - -, JOPka = (k — 1)0P(k—1)a;

The Liouville vector field. If M (3%, ¢y, ... L Y* Pras D2as - - - Pra) and
M (y° +dy® y' +dy'e, .y dy* pra+ dpras 2o +dp2as - -, Pra + dPra)
are two points in (GLH)™*) | then the vector MM’ expressed in the natural
basis T(GLH)") has the form [9]
(1.14) MM =dr = dy®dy, + dy'®dra + - - + dy** O, +

Ap1a0'* + dp2ad®* + -+ - + dpra 0™

It is proved ([9]) that dr is coordinate invariant, i.e.

(1.15) dr = 6y"q + 6y 01q + - - - + 0y* e +
0p1a6"® + 0p2a6>® + - -+ + Oprad™.

Definition 1.5. The Liouwville vector fields Tg,T'1,T5, ..., Ty are defined by
(l'flf): dr, JPa=Tad=(k—(A—=1)Tas, A=TF, JTo=ToJ=0.

Remark 1.2. From (1.14)-(1.15) it is obvious that dr has the same com-
ponents in the natural and special adapted bases. The same property has the
structure J (see Remark 1.1). This fact allows that the action J on dr can be
written by the equations of the same form in both coordinate systems.

In (GLH )("F) it is difficult to construct vector fields, but using dr, the
structure .J, one family of the Liouville vector field can, be constructed.

From (1.16) it follows

(1.17)  JTg=ToJ =0, JT)—=T1J=kTy, JTo=ToJ = (k—1)T1,
oo JTpr =Tt J = 2059, JTp = Twd = Teor.

Theorem 1.4. The Liowville vector fields Tg,Ty,..., Ty from (GLH)") ez-
pressed in the special adapted basis B of T(GLH)™), have the form [9]

(1.18)

- k
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k k-1
>5y1a6ka + ( 0 )6y0a5(k:1)a +

k k—1 k—2
2) 6Y*“Sra + ( 1 )5y1a5(k—1)a + ( 0 >5y0a6(k—2)a +

k . k—1 k—2
>5y3a§k’a + ( )5y2a5(k—1)a + ( 1 )5y1a5(k—2)a +

- 3) 530 (k—3)a + (k N 1) 5p3a 0™ + (k I 2) Opaa k= 4

k k—1)a k-1 k—2)a 2 a
1)§y( ) 5ka+ <k_2)5y( ) 5(k—1)a+"'+ 1 53/1 52a+

Theorem 1.5. The Liouville vector fields Ty, Ty,..., Ty in (GLH)(”’“) in the
natural basis B of T(GLH)™) have the form obtained from (1.18) if

SYA?, 8paas O aa, 0%%, are substituted by dy*®, dpaq,Oaa, 0 Tespectively for ev-
ery A=0k, a=1k.

Proof. The proof follows from Definition 1.5 and Remark 1.2.



Zermello’s conditions and energies of higher order... 65

2. The Zermello’s conditions
Let ¢* be a curve in (GLH)(™*) such that
(2.1) ¢t e[0,1] = x%(t)0y + dix®(t)D1q + - - + d¥ () Opa +
P1a(t)0" + -+ df T pr 0t =
=% (t)00a + Y “Ora + - + Y Oa +
P1a0™ + -+ prad*®

and Imc* CU.
The integral of action I .- is

1
(22) I = /F(SC y(l)a y(2)7 cee 7y(k)ap(1)ap(2)a s 7p(k))dt
0
I~ does not depend on the parametrization of the curve c*:
a a a a a dAxa
2=yt =y v =diat = o, A=TE,
— d*~'p

Pla = P1all), Paa = dy 1pla = Wj a=1k

if
1
(23) /F(‘T>y17y27"'7ykaplap27"'7pk)dt:
0

1
= /F(x?yl ’y2 a"'ayk ap1’7p2’7"'7pk7’)d87
0

where s = s(t) is at least C* function, s'(t) > 0 for t € [0,1], s(0) =0, s(1) = 1
and

dAze

(2.4) yAa, =dstz® = oA A=1k,
s
da—l "
Paw = dspra = =Bt a = TF.
s~

The equations, which give the conditions when (2.3) is satisfied are called Zer-
mello’s conditions. The equality (2.3) will be satisfied if along the curve ¢* we
have
(2.5)

F(xaylay27"'7yk7p17p25"'apk) = F($791 792 9. '7yk 7p1’7p2’a"'7pk')8/a
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where s’ = %. To express (2.5) in invariant form we need some relations. We

shall use the notation
s =T g
Cdte’ N

As 2% = 2%(s), s = s(t), we have

k.

a
la dr /

(26) o = T =),
o la ) la
y2a _ é/S Sl—i— ayS/ S// _ y2a(s’s/s//)7
i a 2a a 2a a 2a i
ySa — gs 5/ 4 (;JSI S// 63{9// S/// — ysa(s, S/, SN, S”/), o
k—1 k—1 k—1
gk = 9y )a5’+ 9y )as”+...+MS(k)7
0s os’ Os(k—1)
Pla = pla(5)7 s = S(t)a
0
P2a = g;a S/ = p2a(578/)a
Opag Opag
P3a = gz s’ + (;;2/ 8//:p3a(s7s”3”),”_’
OP(k—1)a , = OPk-1)a , OP(h=1)a _(k—1)
Pro = 5y T oy T T sty
= pra(s, s’ ..., s+,
Using the notations
d Oa dr® , dA
2.7) A% = dys = ;s =y, AG = Al =dl Ay A=TR-T
1 dpla o daichll a—1npl 1 - _ 1
(2.8) B, = d =Dag, By = dro1 =d/ 7' B,, a=1k-1
S @

and the Leibniz rule for differentiation we can prove the following theorem.

Theorem 2.1. y4%, poe and (¥, A, o =1,k are connected by formulae:

(2.9) y'* = A%s/,

a 1 a 1 a
Y2 = <O>Als’ + (1>Aos”,
2 2 2
P = (O> Ags' + (1>A‘fs" + (2)A85”’, el
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" A-1\ ., A-1\ ., A-1\ .,
yA :< . ) A—15/+( : ) A—25H+"'+(A—l)AOS(A)""’

u k—1\ ., E—1\ ., kE—-1\ .,
y* ( 0 ) k_15'+< 1 > ’“—25//+"'+<k_1>A05(k)a

Pia = pla(8)7 §= S(t)

P2a = Blsl

a

1 1
P3a = (O> BZs' + (1> Bls", ...,

67

Paa = a2 B ls + o2 B2 4. ¢ o2 B;s(a_l),...7
0 1 oa—2

k—2 k—2 k—2
pka:< 0 )B§IS’+< ) )Bgzs”+~--+<k_2>B;s(k1).

Theorem 2.2. The following relations are valid:

0 0s 1 Os A—-1) 0Os

A—1\ 04 A—1\0A,_ A—1\0AL
(2.10) g:( ) A1§+< )8A2M+~+( )aoém,

(2.11) A% = . A=T1k—1,

a—2\0B1 a—2\0B2? , a—2\
B — a a B (a—1)
(2.12) B ( 0 ) 2s ° T ( 1 ) 95 ° Tt (oz — 2) a® ’

dPaa

2.1 B¢ = =2.k—1.
(2.13) a ds a k

Proof.

a a - a — aAa

G o= diA§=diti(diAp) = ditt (3505/> =

10, . 0 a_ a
d? 188 (AOS/) = 8Sd24 1(AOSI) =

o [(A-1 A-1 A—1
as[( 0 )Afgls’+( ) ) aAQs"+---+(A_1>Ags<A>]

If we take 9/9s from the sum in the middle bracket we obtain (2.10), and if

we substitute y% from (2.9) we obtain (2.11). In the similar way we have

dp1a
B = 4B = s — a4 ) -
S
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ﬁ Ip1a _ﬁ a—2/pl N _
i g5 (e )] = gt =

|:< )Ba 1y (0“2>B325H+.“Jr (O‘2>Bis(al):|_
1 a—2

If we take & from the sum in the middle bracket, we obtain (2.12) and if
we substitute poq from (2.9) we obtain (2.13).
The explicit form of (2.6) as follows

(2.14) gyl =yl YA =aty0%s), A=T,k,
y2a _ yza’ (s’)2 + yla’su7
ySa — ySa’(8/)3 + y2a’38/8// + yla ///

y4a _ y4a’(8/)4 + y3a’6( )28// + y (3( ) +4¢'s ///) + yla/slv, o

Pla =DP1a(8),  Paar =dS 'Pra, =2,k
P2a = P2a’

P3a = p3a'8/2 + poars”,

Paa = Paar(8)* + 3p3ars’s” + paars”

Psa = Dsar (8) + Paar6(s 2)s” + paar (3(s)? + 455" ) + paars’®,
From (2.14) it follows

Theorem 2.3. The following relations are valid:

ayla 8y2a ayka Lo’ dyoa
21 = e — a —
( 5) s’ s 9sF) Yy ds
(2.16) oytt _AgyiTbe (A oytTBe
. 9sB) — B 9sB-1) — T \B Ds
8p2‘1 _ 8103,1 _ _ apka _ dpla o
(2.17) e e e
(2.18) Opaa _ (=) W@-va _  _ (a¢=1\Pw-pa
. ag(ﬁ) ﬁ 65(571) ﬁ Os y

E>A>B>0, k>a>p+1>1.
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Now we return to the purpose of this examination.

69

If we take the partial derivatives of F given by (2.5) with respect to

s',s", ..., 5% taking into account (2.6), we get

(2.19)

(81aF)%y—; + (agaF)aaL; + (agaF)aaL; +o 4 (akaF)%+
(a?aF)% + (83“F)% et (a’mF)% =F(z,y",. ..y pi.. ..
00 2 4 0P 2t 00 B) 2

(&% F) 8;;’;7 + (9%F) %i‘ff Fo (0RO %i’jf” —0,...,

OcoF) e+ (OhaF) 20

(@) ok~

(akaF)% —0.

On the left-hand side of (2.19) in all equations F' = F(x,y", ...
If in (2.19) we substitute (2.16) and (2.18) in the form

oyt _ (A\oyUTPe (AN 4 i dt
9s(B)  \B Os ~\B)Y ds
Opaa (e 1 ap(cvfﬁ)a (e = 1 ﬂ
as®B) ' p ds  \ B Pla—p+1)a’s

we obtain

(2.20) [G) Yy 01q + (?) Y2 g + -+ + (T) y* Oal (F) +

[G)maa% . G)pgaam +ot (kI 1)pka5ka](F) =

ds

7yk 7p/177p;c)% :F(mayla"'

2 3 k
{[(2) y1a62a + (2) yQaaBa + -+ <2)y(k_1)aaka] +

F(l’,yl,... 7yk,p17'~'apk):F

7yk7p17' o

7pk?’)

apk:)~
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k—1 k
{[(k _ 1)y1a5(k—1)a + <k: _ 1> Y Ora) +
E=1\ o o dt
(k_1>p2aa }(F)£ _Oa

(y)veali g

‘We shall introduce the notations

K1\ 4, kO
Ié = (k _ l)yl a(kfl)a + </€ _ 1)92 6ka

I. Comié

k—2 k-1 :
I = (k; B 2)y1aa(k—2)a =+ <k‘ . 2> yzaa(k—l)a + (k _ 2) Y Oar -

i t+1 k
Tieiy1= (i)ylaaia + ( ; >y2aa(i+1)a +- (

3 4 k

I/ — la " 2a u .
k—2 (3>y 63 + <3>y 84 + + <3
/ _ 2 la 3 2a k
Iy = (2 YO+ | JU Fsat o+

) y(k_2)a6ka

> y(kfl)aaka

)y(k_z—‘rl)aakaﬁ MR
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2 3 k—1
I = (2>pza83“ + (2>p3a64“ +ot ( ) )p(kl)aakav

1 2 . k—1
I = (1)p2a62“ + <1)p3a6"“ 4t ( ) )pkaa’”.

Using the above notations, from (2.20) and (2.5), we obtain the following
theorem.

Theorem 2.4. The necessary conditions that the integral of action (see (2.2))
I« does not depend on the parametrization of the curve are:

(2.22) (I + H)F = F,
(Il/cfl + Illclfl)F =0,
(I, o+ ,)F=0,...,
(i1 + I i) F =0,
(I + I;)F =0,

ILF =0.

The above equations are called by A. Kawaguchi and K. Kondo [I0] Zer-
mello’s conditions.

The vector fields Iy,..., I}, I}/,..., I} are connected with [g,I'q,..., Ty
given by (1.18). If we write these vector fields in the natural bases substituting
SyA®, 649 pag, 09 with dy®, 049, dpaq, 0“¢ respectively (see Theorem 1.5)
using the symmetry of binomial coefficients and the relations

yAa _ dy(Ail)a _ dp(a—l)a

A=1
dt y  Paa dt )

k, a=2k,

we get
Theorem 2.5. The following relations are valid:
(2.23) Ty = Idt,
[y = (I3 + I)dt,
[y = (I} + IY)dt,...,
L1 = (I}, + I}})dt.

From (1.27) and (1.28) it follows that the first equation of Zermello’s condi-
tion has the following explicit form:

1 1 Oa 2 la k (k—1)a
dt { |:<O)dy 81a + (1>dy 82(1 + + <l€ . 1>dil/ 8ka +



72 I. Comié

1 L (2 . k-1 .
(O (o (Yoo

Using the notations

1= 1= 1=
—To,Io=—=T1,....Ix = —T_
dt 0,42 dt 1 s Lk k—1

(2.22) can be written in the form

(2.24) I =

IkF=F 1 1F=0,...,LF=0.
Theorem 2.6. If we suppose

(2.25) F(z,y™,y® . y® paypey, - ) =

L({E,y(l),y@), v 7y(k)) + H(xap(l)ap(Q)a oo 7p(k))v
then the Zermello’s conditions reduce to

(2.26) ILL=L, I'H=H,
I \L=0, I/ H=0,

I _,L=0, I/ ,H=0,...,

Iy L=0, L, H=0,...,
ILL=0, I/H=0,

LL=0
Proof. From

F(l‘, y(1)7 y(2)a te 7y(k)7p(1)7p(2)5 s 7p(k))
= L((E,y(l), y(2)a s 7y(k)) + H(‘rap(l)ap(Q)v v 7P(k))
and (2.20) it is obvious that

ILH=0, I,H=0,...,I.H=0,

I'L=0,...,I'/L=0,

from which it follows (2.26).

The obtained results are in accordance with the results appearing in the
references. The main difference is that there y4* = %%, and here the factor
% is missing.

In the generalized Lagrange space, the Zermello’s conditions are given by
the first column of (2.26), where usual notation

Pa=1I, A=1k
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is used.
In [13], where the generalized Lagrange space is studied (F = L, H = 0),
the Zermello’s conditions are given by

"L)y=---=T1""YL)=0, I*L)=1L.

I', I* are called by R. Miron main invariants. Their relation to I, 15, ..., I}
(see (2.21)) is given by

"=k, I*=(k-0,... 1IF=11.

3. Energies of higher order

Definition 3.1. We call e s(F) energies of order A, A = 1,k of the fundamental
function

F@° ', ...,y% p1,...,pk). They are defined along the curve c* (see (2.1)) by
the invariants 14 in the following way

(3.1)
en(F) = [y —d iy + &Ly — -+ (1) 24V 1)(F) - F,
ep—1(F) = [~Dpo1 +di g — -+ (1) 1d 2 L](F),
eno(F) = [[yo = -+ (=) dt" =21 (F),
eoF) = (=12 L + (-)*'dy L](F),
e(F) = (=) L)(F).

Proposition 3.1. The following identities hold:

(3.2) (ex — dier—1)(F) = Iy(F) — F,
(k-1 — diek—2)(F) = —Ij—1(F),. ..,
(e2 — dyer)(F) = (=1)**Io(F).

Theorem 3.1. For the fundamental function F(y°,y', ..., 4% p1,p2s...,pr),
for which the Zermello’s conditions are satisfied, the higher order energies are
equal to zero, i.e.

(33) 51(F):0,52(F):0,...,€k(F):0.
Proof. From (2.25) it follows I;(F) = 0, = &1(F) = 0 = (d}e1)(F) = 0.

From this equation, I5(F) = 0 and the last equation of (3.2) it follows eo(F') = 0.
The other equations of (3.3) can be proved in the same way.
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Definition 3.2. If the fundamental function F satisfies relation (2.26), i.e.
F is the sum of Lagrangian L and Hamiltonian H, then in the (GLH)(”’“)
space we can define energies of order A, ¢,(L), A = 1,k of the Lagrangian
L(y°,yY, ..., y") and energies of order o, €!/(H) a = 2,k of the Hamiltonian
H(xz,p1,...,px). They are defined along the curve ¢* (see (2.1)) by the invari-
ants I’y and Il in the following way:

(L) = [ —dil_y +di Ly — o+ (FD)F (D) - L

era(l) = [~Lioy +di Ty — o+ (1) TP L)(L),

= [(=D)F21 + (- 1) (L),
= (D) 1L)(L)

[ = QI+ BTy -+ (1)2dE 21\ (H) — H

™
>3
—
S~—" 5 SN~— S~—"
|

= (I} 4+ diI_y — -+ (—1)F2dy I H

ey(H) = (1)1 )(H).

Proposition 3.2. If the fundamental function satisfies (2.25) (F = L+ H),
then the following relations are valid:

(3.4) ex(F) = e, (L) + ef(H),

ex-1(F) = e} (L) + e (H),

Theorem 3.2. If for the fundamental function F determined by (2.25) the

Zermello’s conditions are satisfied, then all types of energies of higher order are

equal to zero, namely

(3.5) (L) = 0,eh(L) = 0,...., 2} (L) =0,
es(H)=0,...,e(H)=0.

This theorem follows from Theorem 3.1.
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