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Abstract. Using regularization techniques, we give a meaning to a
singular, strong non-linear Cauchy problem by replacing it by a three-
parameter family of Lipschitz, non-characteristic, regular problems in an
appropriate algebra of genaralized functions. We prove existence and
uniqueness of the solution and we specify how it depends on the choices
made.
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1. Introduction

The main purpose of this paper is to establish the existence of a global
solution to the non-Lipschitz Cauchy problem formally written as
Pu
oxdt

(P) F(., ,u)

ou
where v/ = —, with a non-Lipschitz nonlinear function F' on the right-hand

sidze and irregular data as distributions or generalized functions. For example:
0*u

eop ~
nonlinear equation given by J. L. Lions in [I8], pages 38 to 43, in another way:
we take the equation in canonical form, on the right-hand side the function is
non-Lipschitz nonlinear but not specified, the data are irregular and the problem
may be characteristic.

To give a meaning to this problem we use the recent theories of generalized
functions ([2, [3], [4,E], [15], [17], [25], [25], [26], [27] ) and particularly the
(C, &, P)-algebras of J.-A. Marti (see [19]- [21], [22], [24]). The (C, &, P)-algebras
give an efficient algebraic framework which permits a precise study of solutions
as in [§], [13], [14], [22],[23], [24]. We investigate solutions with distributions
or other generalized functions as initial data; thus we must search for solutions

"Pu’ + f with p > 0. So we tackle the example of a hyperbolic
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in the algebras which are invariant under nonlinear functions and contain the
space of distributions.
To do this, we study the nonlinear problem formally written

62
- = ( oy 7ul)7
form u|’y =,
no_
U ‘w = .
The notation F( ., . ,u’) extends, with a meaning to be defined later, the

expression (z,t) — F(z,t,u/(x,t)) in the case where u is a generalized function
of two variables x and t. Here ¢ and v are one-variable generalized functions.
The data are given along a characteristic curve v of the equation t = f(x).

This ill-posed problem remains unsolvable in classical function spaces. To
overcome this difficulty, by means of regularizations, we associate to the problem
(Pform) a generalized one (Pyep) well formulated in a convenient algebra A (Rg).
We search for a generalized solution v in A (RQ).

For equation (), the characteristic Cauchy problem is ill-posed in Hadamard
sense. This characteristic irregular Cauchy problem has no smooth solution (not
even C?) even if the data ¢ and ¢ are smooth.

So we must use all the results of [I], [8], [9], [I1], [12], [I3] to solve this
problem.

The general idea goes as follows. The characteristic problem is approached
by a three-parameter family of classical smooth problems (P: ; ,). We then get a
three-parameter family of classical solutions. A generalized solution is defined as
the class of this family of smooth functions satisfying some asymptotical growth
restrictions [26]. We obtain a solution which has no classical counterpart.

The plan of this article is as follows. This section is followed by section 2
which introduces the algebras of generalized functions.

In Section 3 we define a well formulated generalized differential problem
(Pyen) associated to the ill-posed classical one. It is constructed by means
of a family (P., ,) of regularized problems, where (g,7,p) € (0, 1. We give
estimates needed in the sequel. We replace F' with a family of Lipschitz functions
(F¢) given by suitable cutoff techniques which gives rise to a family of regularized
Lipschitz problems. We use a family mollifiers (6,), to regularize the data in
singular case. Then the parameter ¢ is used to render the problem Lipschitz,
p makes it regular. Moreover, by deforming the characteristic curve t = f(x)
into a family of non-characteristic ones t = f;(x) we obtain a family of classical
problems. Then we can build a (C,&,P)-algebra, A (RZ), stable under the
family (F.), adapted to the generalized Cauchy problem in which the irregular
problem can be solved.

Then we proceed in Section 4 with the proof of the existence of the general-
ized solution in the case where the irregular data are given along the characteris-
tic curve 7. To prove the existence of solution a three parametric representative
(Uem.p)(e,p) 18 comstructed from the existence of smooth solutions ey, for

each regularized Lipschitz problem (P(Eﬂw)). The class of (us,n,p)( is the

€,1,p)
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expected generalized solution. Thus, we obtain a global generalized solution,
when the classical smooth solutions often break down in finite time [30]. We
show that this solution is unique in the constructed algebra. However, the gen-
eralized problem (Py,), and obviously its solution, depend on the choice of the
cutoff functions and, in the case of irregular data, on the family of mollifiers.
With regard to the regularization, we show that this solution depends solely on
the class of cutoff functions as a generalized function, not on the particular rep-
resentative. In the case of irregular data, the solution of the problem depends
on the family of mollifiers but not on a class of that family. We take (f,), to
be equivalent to f for some sense in an appropriate algebra of generalized func-
tions. Furthermore, by imposing some restrictions on the asymptotical growth
of the f,, we are able to prove that the generalized solution depends solely on
the class of (f,), as a generalized function, not on the particular representative.

So the theory of generalized functions appears as the natural continuation
of the classical theory of functions and distributions.

In section 5, we indicate how to treat the case of non-characteristic Cauchy
problem and irregular data. Moreover, we show that if the initial problem
admits a smooth solution v satisfying appropriate growth estimates on some
open subset © of R2, then this solution and the generalized one are equal in
a meaning given in Theorem In the last Section we compute an example
of a characteristic equation. In Appendix we specify the results and estimates
obtained in classical problem.

2. Algebras of generalized functions
2.1. The presheaves of (C,&,P)-algebras

2.1.1. Definitions

We refer the reader to [19], [20], [21], [22] for more details. Take

e A a set of indices;

e A asolid subring of the ring K*, (K = R or C), that is A has the following
stability property: whenever (|sx|)x < (ra)x (ie. for any A, |sx] < ry)
for any pair ((sx)a, (ra)x) € KA x |A|, it follows that (sy)x € A, with
[Al = {(raDx = (ra)x € A}

e [, a solid ideal of A with the same property;

e & a sheaf of K-topological algebras on a topological space X, such that
for any open set  in X, the algebra £(Q2) is endowed with a family
P(Q) = (pi)icr(a) of seminorms satisfying

Vi€ I(Q),3(j, k, C) € I(Q)xI(Q)xRL,Vf,g € £(Q) : pi(fg) < Cp;(f)pr(g)-

Assume that
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e For any two open subsets 7, Q3 of X such that 1 C Qs, we have I(Q;) C
I(Q2) and if p? is the restriction operator £(Q2) — &(Q1), then, for each
pi € P(£1), the seminorm p; = p; o p? extends p; to P(Qs);

e For any family F = (2 )nen of open subsets of X if Q = UpegQp, then,
for each p; € P(Q), i € I(), there exists a finite subfamily Qi, ..., Q)
of F and corresponding seminorms p; € P(1), ..., Pn(i) € P(2n)), such
that, for each u € £(Q),

pi (u) < p1 (U|Q1 ) + .. +pn(i)(u|Qn(i) )-
Set
Xiae ) () = {(un)x € [EO] : Vi € I(Q), ((pi(ur)), € A},
Nitae 7 () = {(un)x € [E@]" : Vi € I(Q), (pi(ur)), € [1a]},

C

ALy

One can prove that X4 ¢ p) is a sheaf of subalgebras of the sheaf EMN and
N(i,,e.p) is a sheaf of ideals of X4 ¢ p) [20]. Moreover, the constant sheaf
Xaxg,|.) /N, is exactly the sheaf C = A/14.

Definition 1. We call presheaf of (C,E,P)-algebra the factor presheaf of alge-
bras over the ring C = A/I4

A=Xaer)/Niaer):
We denote by [uy] the class in A(Q) defined by the representative (ux)xea €
Xae ) (Q).

2.1.2. Overgenerated rings

See [9]. Let B, = {(rn)y € (R7.)* :n=1,...,p} and B be the subset of (R%})*
obtained as rational functions with coefficients in R” of elements in B, as vari-
ables. Define

A={(ar), €K |3 (bx), € B,INg € A,VA < Xg : ar]| < by}

Definition 2. In the above situation, we say that A is overgenerated by B,
(and it is easy to see that A is a solid subring of K*). If I4 is some solid ideal
of A, we also say that C = A/I4 is overgenerated by B,,.

Example 1. For example, as a “canonical” ideal of A, we can take
Iy = {(an), € K* |V (br)y € B,3Xo € A,VA < Aot ar]| < by}

Remark 1. We can see that with this definition B is stable by inverse.



Generalized solutions to a singular nonlinear Cauchy problem 89

2.1.3. Relationship with distribution theory
Let © be an open subset of R™. The space of distributions D’(£2) can be embed-

ded into A(). If (6,) o 17 is a family of mollifiers 6, (x) = %9 (%), r € R™,

J0(z)dz =1 and if T € D' (R"), the convolution product family (7'* 6,) , is a
family of smooth functions slowly increasing in +. Then, taking p as a compo-

nent of the multi-index A € A, we shall choose the subring A overgenerated by
some B, of (R%})* containing the family (p), [6], [27].
2.1.4. The association process

We assume that A is left-filtering for a given partial order relation <. We
denote by 2 an open subset of X, E a given sheaf of topological K-vector spaces
containing £ as a subsheaf, a a given map from A to K such that (a (A))x = (ax)x
is an element of A. We also assume that

N(1A75,7’)(Q) - {(U')\)/\ S X(A’g7p)(Q) : E%IQH){A Uy = O} .

Definition 3. We say that u = [uy] and v = [vy] € E(Q) are a-E associated if

lim ay(uy —vy) =0.
B(Q),A

That is to say, for each neighborhood V of 0 for the E-topology, there exists
Ao € A such that A < A\g = ax(uy —vy) € V. We write

Remark 2. We can also define an association process between u = [uy] and
T € £(Q) by writing simply

u~T < lim uy=T.
E(Q

)

Taking E =D', £ = C*, A = (0,1], we recover the association process defined
in the literature (J.-F. Colombeau [{]]).

2.2. D’'-singular support

Assume that
N (Q) = {(U)\))\ € X(Q): )1\in%)u>\ =0in D/(Q)} D N(Q).
Set

Dy(Q) = {[uA] € AQ): 3T € D'(Q), )l\li% (un) =T in D’(Q)} :
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D/, (2) is clearly well defined because the limit is independent of the chosen
representative; indeed, if (i), € V() we have )l\ir%i)\ =0.

D/ (%)
D/, (£2) is an R-vector subspace of A(2). Therefore we can consider the set Op,
of all z having a neighborhood V' on which u is associated to a distribution:

Op,(u) ={z € Q:3V € V(z), ul, € D4(V)},
V(z) being the set of all neighborhoods of x.

Definition 4. The D'-singular support of u € A(Q), denoted singsuppp, (u) =
S, (u), is the set
A A
S#, () = 2\Op, ().
2.3. Algebraic framework for our problem

Set £ =C®, X =R? ford = 1,2, E =D and A a set of indices, A € A.
For any open set €2, in R?, £(Q) is endowed with the P(Q) topology of uniform
convergence of all derivatives on compact subsets of €2. This topology may be
defined by the family of the seminorms

Pk i(ux) = sup P o(uy) with Pgo(uy) = sup | D% (z)|, K €

| <t z€K
aa1+~~-+ad .
and D% = 9.0 5,04 for z = (21,...,2q¢) € Q, 1L €N, a = (ag,...,aq) € N°
102y

Let A be a subring of the ring R* of the family of reals with the usual laws. We
consider a solid ideal T4 of A. Then we have

X(Q) = {(un), € [C¥Q]" : VK € 0, VI €N, (Pr(uy)), € |A[},
N(Q) = {(ux), € [COO(Q)]A VK € Q, VI €N, (Px(ux)), € [1al},
A(Q) = X(Q)/N(Q).
The generalized derivation D® : u(= [uy]) — D*u = [D%uy] provides A(Q)
with a differential algebraic structure.
Example 2. Set A = (0,1]. Consider
A =Ry,
={(my)reR*:IpeR:, 3C R}, 3ue (0,1, YA€ (0,pu],
|m>\| S C)\_p}
and the ideal
Iy ={(m\)x e R : Vg e R, 3D e RY, 3ue (0,1], VA€ (0,p],
|m>\| S D)\q} .

In this case we denote X*(2) = X (Q) and N*(2) = N(Q). The sheaf of factor
algebras G () = X%(-)/JN*(-) is called the sheaf of simplified Colombeau algebras

4.
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We have an analogue of Theorem 1.2.3. of [I7] for (C, &, P)-algebras. We
suppose here that A is left filtering and give this proposition for A (RZ), although
it is valid in more general situations.

Proposition 1. Assume that there exists (aA)/\ € B with limy ay = 0. Consider
(un)y, € X(R?) such that

VK €R? (Pko(un))y € |1al.
Then (uy), € N(R?).
For a detailed proof we refer the reader to [7], [9].

Definition 5. Tempered generalized functions, [10], [T7], [28], [29]. For f €
C>®R"™), r € Z and m € N, we put

prm(f) = sup (14 [x])" [Df(2)].

zER™, |a|<m
The space of functions with slow growth is
OuR™) ={f € C®°R") :Vm e N,3g € N, u_g m(f) < +00}.
Definition 6. We put
Xy (R") ={(f2) (cpp) € OM(R™)™ :¥m €N, 3¢ € N,IN € N,
pogqm(fg) =O0(™™) (n—0)},

Ne (R™) ={(£1) (cmp) € Ou (R :¥m €N, 3g € N,Vp € N,
ti—qm(fn) = O") (n— 0)}.

X, (R™) is a subalgebra of Onr(R™)A and Ny (R™) an ideal of X, (R™). The
algebra G, (R™) = X, (R™) /N, (R™) is called the algebra of tempered generalized
functions. The generalized derivation D : u = [u,] — D*u = [D%u,] provides
G- (R™) with a differential algebraic structure.

2.4. Some regularizing conditions

2.4.1. Generalized operator associated to a stability property
Set A = A1 x Ay x A3, denote by A = (g,7, p) an element of A.

Definition 7. Let Q be an open subset of R%, @ = Q xR C R3. Let F. €
C>*(Q,R). We say that the algebra A () is stable under the family (F.), if
the following two conditions are satisfied:

e For each K @ R?, | € N and (uy), € X(Q), there is a positive finite
sequence Cy,..., Cp, such that

l

Pre i (Fo(v, -, uy)) < ZCiP}i(J(UA)-
i=0
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e For each K € R?, | € N, (v)), and (uy), € X(Q), there is a positive
finite sequence D1,..., D; such that

l
PK,Z(FE('7 '71])\) - FE('7 ',U,)\)) < ZD]‘P}(’I(UA — u,\).
j=1

Remark 3. If A(Q) is stable under (F.), then, for all (uy), € X(Q) and
(ix)y € N(Q), we have (F.(-,-,ux)), € X(Q); (Fo(-,-,ur +1ix) — Fe(-,,ur)), €

Set f e C>® (]RQ), we define
o (R - 0 (7
fHHk(f):FE(aaf)
Hy (f) =F; ('a'vf) : (l‘,t) — Fe (Ji,t,f(l‘,t))

Clearly, the family (H)), maps (C°° (RQ))A into (C°° (R2))A and allows to
define a map from A (R?) into A (R?). For u = [u,] € A (R?), ([F(.,.,uy)]) is
a well defined element of A(R?) (i.e. not depending on the representative (uy),
of w). This leads to the following definition [9]:

Definition 8. If A (R?) if stable under (F.),, the operator
FrAR?Y) = AR?), u=[u\]— [Fe(.,.,ur)] = [Hx (w)]
is called the generalized operator associated to the family (F%),. See [9].

Definition 9. Let F € C>®(R*R) and (g.). € (C=@®RN™, we define
F.(x,t,2) = F(x,t,29:(2)). The family (F:), is called the family associated
to F via the family (g.).. If A (R?) is stable under (F.),, the operator

FrARY) = AR?), u=[un] = [Fe(,.,un)] = [Ha (un)]

is called the generalized operator associated to I via the family (g.)..

2.4.2. Generalized restriction mappings

Set (f,), be a family of functions in C* (R). For each g € C*> (R?) set
Ry (9) : C*(R) = C*(R), fy— (z— gz, f(x))).
The family (R,), map (C* (]Rz))A into (C* (R))A.

Definition 10. The family of smooth function (f,), is compatible with second
side restriction if

V(ur)y € X((R?), (ur (- f4())), € X(R) ;
V(in)y € N(R?), (ix (- (1)), € N(R).
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Clearly, if u = [uy] € A(R?) then [uy (-, f,(-))] is a well defined element of
A(R) (i.e. not depending on the representative of u.) This leads to the following:

Definition 11. If the family of smooth function (f,), is compatible with second
stde restriction, the mapping

R:AR?) = AR), u=[us] = [ur(, ()] = [Ry (ur)]
1s called the generalized second side restriction mapping associated to the family

(fn));

Remark 4. The previous process generalizes the standard one defining the re-
striction of the generalized function u = [uy] € A (R?) to the manifold {t = f (x)}
obtained when taking f, = f for each n € As.

First let us state a useful definition used throughout this article:

Definition 12. [17] Let (f,)x be a family of C*°(R™) functions. This family is
c-bounded if for all compact sets K C R™ it exists another compact set L C R™
such that f,(K) C L for allm (L is independent of n).

Proposition 2. Assume that:

(i) For each K €R, it exists K" € R such that, for all n € Ao, f(K) C K,
(i1) (fy), belongs to X(R).

Then the family (fy), is compatible with restriction.

For a detailed proof we refer the reader to [1].

3. A Cauchy problem

We study the differential Cauchy problem formally written as
82

azot" (),
(Pform) u‘7 =r,
-
u'l, =s

where F', a nonlinear function of its arguments, may be non-Lipschitz (in u’),
is the monotonic curve of equation ¢t = f (x), the data r, s may be as irregular
as distributions. We don’t have a classical surrounding in which we can pose
(and a fortiori solve) the problem.

We treat in details the case of irregular data given along the characteristic
curve v, we add some remarks for the non-characteristic cases.

3.1. Estimates for a parametrized regular problem
First, we are going to prove that (P(E,n,p)) has a unique smooth solution
under the following assumption
a) fn € C*(R), 7/; > 0, fn(R) =R;
b) F. e C®(R%R), VK € R?,
SUP (3 1) K ;2R |0, F:(2,t,2)] = mie < 400;
c) ¢, and ¢, € C*(R),

(H1) (He.n,p)
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where the notation K & R? means that K is a compact subset of R2. According
to Appendix[7, we can say that (P(E’n, p)) is equivalent to the integral formulation

(1) (Ieunp) : tzmp(is£) = ti0.em e, 1) — / /D PG (6 e

where ug ¢ p(z,t) =Y, , (1) =Ty o (fn(2)) + ¢p(x) and T, denotes a primitive
of 1, 0 f1, with

D(m,fn):{ {(??f ! t)§s§s95,ts<sje7(§>} if ¢ < fy()

St @), fa(8) < ¢ <t} it t > fi().

Theorem 3. Under Assumption (H.,, ,), Problem (P(s,n,p)) has a unique so-
lution in C*>(R?).

Corollary 4. Set Ko, = [f, ' (—a), f, (a)] X [—a,d],

oF,
macn= smp SR
(z,t)eKayn; teR aZ
and Pg cnp = I1E:(., - 0)||oo,Ka,,7+ma,5,n Huévsvnvaoo,K,l . We have the estimate

(2)

P
e L

exp[imaen(2a) (f; ' (a) = f;7 (—a))].

a,e,mn
These results are proved in Appendix [1
3.2. Cut off procedure

Let ¢ be a parameter belonging to the interval (0,1]. Let (r.)_. be in R
such that r. > 0 and lir%rs = 4o00. Set L. = [—7r,re]. Consider a family of
E—

smooth one-variable functions (g.). such that

_ _ 0,if |z| >re
(Al) zséllli |g€(z)|_1a gE(Z)_ { 17 lf —T5+1SZ§7“5—1
and 3 I is bounded on L. for any integer n, n > 0. Set
Z’fL
9"ge
su z)| = M,.
ZEE azn ( )

Let ¢.(2) = zg-(z). We approximate the function F' by the family of functions
(F.). = (F:). defined by

F.(z,t,z) = F(x,t, ¢ (2)).
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3.3. Construction of A (RQ)

We recall that A = (g,1,p) € Ay x Ag x As = A, Ay = Ay = A3 = (0,1]
where the parameter p is used to regularize the distributions s and ¢, the more
general case. Consider the previous family (7). .

If v is a characteristic curve, we consider a family of smooth functions
(fn) e (0,1) Such that

fn € C*(R), f, strictly increasing, f,(R) =R,
Vo € R, fl(z) # 0,
(fo)u> (F Y )m € X (R), (fy)y is c-bounded and lim Oﬁ7 = f.

D’ (R)

(42)

Then we consider the family of smooth non-characteristic curves v, whose equa-
tion is y = f,(z), such that -, is diffeomorphic to v which is a consequence of
the previous assumption.

The idea is then to approach the Cauchy problem (Pfopy,) by a family of
non-characteristic ones by replacing the characteristic curve v by a family of
smooth non-characteristic curves ;.

Each compact K € R? is contained in some product [f,!(—a), f,(a)] X
[—a,al. Set

3) g,y = 2max(fn_1(a), fn_l(—a) ),
Ku,'r] = Klﬁ? x Ko with KL"? = [—CLK777/2,GK77,/2] and Ky = [—CL, Cl] .

By construction we have K C K, .
We make the following assumptions to generate a convenient (C, £, P)-algebra
adapted to our problem

(A3) v € (0,1],VK € R? Jvg > 0,3a, > 0,ak,, < Viay,.

3(lnp) .y € RO such that
(A4) VKs; €@ R,Vas € N,4D, :DKZ’QQ’n’p ERi,HqEN,

max Sjl(lp ‘D"‘zz/}p(fn_l N, n,p (t)@ < Dy (ly,p)~*

C = A/I, is overgenerated

(A5) by the following elements of RO (0:11x(0.1]
(6)(6777@) ,(n )(Eyn,p)  (p )(E,n,p) ’ (Tf)(f,n,p) ’ (l"v”)(e,n,p) ’ (ersan)(sﬂhp) :

Then A (R?) = X(R?)/N(R?) is built on the ring C of generalized constants with
(€,P) = (C‘X’(RZ), (Pit)seers jex ) In the same way A(R) = X(R)/A(R) is
built on C with (£,P) = (COO(R), (PKJ)K@RJGN). We take ¢, ¥ € Op(R).



96 V. Dévoué

Proposition 5. We have the following relations

(4) (f;l(—a))(&mp) ) (f;l(a))(s’n’p) ) (aKvn)(E,n,p) € |A| )
() vn,V(z,y) € Ky, D(z,y, fy) C Ky.
Proof. First (f; )0 € Xr(R) so (f;l(fa))(em’p) , (f;l(a))(gm’p) € |A] and

then obviously (ax,)., , € |Al. Next, as (fy)(n,p € X-(R), we can find
p € N such that Vz,n, | f,(z)| < n7P(1 + |z])? so we have

ltn| = |f(arn)| <0771+ lax ,[)?
then (|/~Ln|)(5,n,p) €lA]. O

3.4. Stability of A (R?)

Proposition 6. Set S, = {a € N*: |a| = n} whenn € N*. Let F € C*(R3R),
F. defined as above in Section[32. Assume that

(H3) Ve € (0,1],V (x,t) € R F.(x,t,0) =0,
(H4) 3p > 0,Vn € N, 3¢, > 0,Ve € (0,1],VK € R?,
sup |DYF,(z,t,2)] < enr?,

(z,t)EK; zER;a€SN
then A (RQ) is stable under the family (F;)..

Corollary 7. Set F (z,t,2) = G(z) = 2P, G<(2) = F.(x,t,z), then A(R?) is
stable under (G.), .

For a detailed proof we refer the reader to [13].

3.5. A generalized differential problem associated to the formal one

Our goal is to give a meaning to the differential Cauchy problem formally
written as (Pform)-
As the data r and s are as irregular as distributions, we set

(A8) wp, =10, and ¢ = [p,],
(A9) , =50, and ¥ = [¢,]

where (Gp)p is a chosen family of mollifiers. Then the data ¢, ¥ belong to A (R)
and u is sought in the algebra A (R?).
Let (g:). € (C*°(R))™ and F the generalized operator associated to F' via
the family (g-). in Definition @l Let f = ( fn)n and R given by Definition [ITl
The problem associated to problem (Pjop,) can be written as the well for-
mulated one

8%u

— !

azoi — 7 W)

(Pyen) Ry (g)Z%
u

R (S ) =v
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where u is searched in the algebra A (R2) and F, R are defined as previously
by taking into account the family (g.).and f.

In terms of representatives, and thanks to the stability and restriction hy-
pothesis, solving (Pye,) amounts to find a family (uc . ,) € X(R?) such
that

(e:m.p)

Oup . ;
Tazl)(x’t) Fe(x,t uenp(x t) = iemp (1),

ey (@.15(2) = 20 (@) = Gy )
T (@ f() — 0y (2) = 1y (@),

where (ic,0) .y ) €N (R)s (o) ey pyr (1) () €N (R).
Suppose we can find u. ,, , € C* (]RQ) verifying

32
ﬁ( ) = Fe(z,t,ul, (x,1)),
(P(Eﬂ%p)) éu&np(m? 17(33)) ‘Pp x),
Uem,p
et (1, f(2)) =y (0).
then, if we can prove that (11577,7,))(E mp) € X(R?), u = [uc,,,) is a solution of

(Pyen)-
Remark 5. Uniqueness in the algebra A (R2). Let v = [ve

;s
to (Pgen). There are (kegp) (., » € N (R?), (@) (cm.p)
such that

o] another solution

) EN(R>1

p)(ean,p

321)577,79 P _
W(xvt) (.73 t Uenp(x’t)) - emnp (mat)v

%“W (z, faon (@) = @ (2) + (@),
Poeann (s f,(@)) =y (&) + (1)

The uniqueness of the solution to (Pye,) will be a consequence of

(wsvnvl’)(s,'mp) = (Venp — uEvTIvP)(E,n,p) € N(R?).

Remark 6. Dependence on some reqularizing family. The problem (Pye,) it-
self, so a solution of it, a priori depends on the family of cutoff functions and,
in the case of irregular data, on the family of mollifiers.

If (05) jen, and (7p) e n, are families of mollifiers in D (R) and T € D' (R), it is
well known that generally [T * 8, # [T * 7,] in the Colombeau simplified algebra
even if [0,] = [1,] in these algebras. Therefore, in the case of irregular data the
solution of Problem (Pyen) in some Colombeau algebra depends on the family of
mollifiers (9p)p but not on a class of that family.

We have associated the generalized operator F to F' wvia the family (g.).. Let
(he). € (C= (R))A1 another family representative of the class [ge] = ¢ in a mean-
ing specified in ([{.3) and leading to another generalized operator H associated
to F. We can prove that in fact H = F, that is to say Problem (Pyeyn) only
depends on the class g of cutoff functions.
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Remark 7. Independence of the solution from the class [fy,]. If v = [vey | is
another solution of (Pyey) obtained by replacing v by another family of smooth
non-characteristic curves 7y, whose equation is t = l,(x). We have to prove that

(Venp = Uenp) (em.p) € N(R?)
if we intend to prove that the solution of (Pyen) in the algebra A (RQ) does not
depend on the representative of the class [fy] in Gr (R).
4. Non Lipschitz characteristic problem with irregular data

4.1. Solution to (Pyen)

Theorem 8. With the previous assumptions, if u. , , is the solution to problem
(P(E,’r],p))) then problem (Pyen) admits [u€7n7p]A(R2) as solution.

Proof. We have
ey p(@,1) = tg ooy p (1) — / / o P G (6 O
D(z,t,fy

where ug ¢ p (2, t) =T, , (t) =Ty o (fn(2)) + @p(x) and T;W =1,o0 fn’l. Then
U o o (@,8) =Py 0 [t (1) = fr (@) Py(x) + ¢ (x). We will actually prove that
(Pr.n(ue))e € Al
We have fn_l(Kg) = Ky, and ¢, € O (R), (fn_l(—a))(em,p) , (fn_l(a))(s,n,p) €
||,
Vay € N, 3D, € RY,3g € N:sup [DY,, , (t)| < D (Iy,,)"*
Ko

and
sup | D2, (f; " ()] < D2 (lyp) "7,

then

VI €N, (Pyi(Tnp)) e € 1AL (Prezi(tp 0 f{l) €|A|.

(e,m.p)

Moreover as ¢, € O (R) we also have that
VI €N, (PK1,7,1(90P>)(€7777P) € |A|
and as (T, 0 f) = fib, and (fy),; € X7(R) we can conclude that
Vi e N, (PKn,l (uovsvnvf’))(a,n,p) € |4], (PKn,l (u6757n7p))(67n7p) € |A].
We have VK € R?, 3K, ,, = K1, x K2 €R?, K C K, ,,

¢a £
1E41,P
(X>7Ka,n + m eXp (ma’€,772aaK,n)

a,e,n

”uEﬂ%PHo@K < H“E,n,ﬂ”w,xam < [uo,em.pl
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where oF
Ma,en = sup 875(96,757 2)| < epr?
(z,t)EKq n; zER z
and
PCoenp = Maen Hug,e,n,pHOO,KM :
Then

[templloo, i < ||U07€,n,p||oo,Kam + Hu()@mmHoo,Ka,n exp(2acirtriay).

We have (Juo el i, e € A a0 (el e, Jeme € A thus

00,Ka,n
”uo-ﬁﬂ%PHoo,K” + ||u6157777P||oo,K,, exp(2aclr§1/Kan) € |A| .

A being stable, we have (HUE’W’PHOO,K,,)(EJ%P) € |A] and then (||ue,n,pllo 1) (e,n.0) €
| A, that is
(PK,O (U'E,ﬁ,p))(e,n,p) € |A| .

Let us show that (Pg,1(ten,p))(en,p0) € |A|l. We have

t

Jug ¢
(0.6) = 222220000+ [ Ful Gl (. 0)
f(@)

e, p
ox
thus

8u0
P (1,0) (e ,p) < supg ’&zw(x’t)‘ + 2asupg, | |Fg(x,t,u’5m7p(aj,t))| .

We have

PK@,m(QO)(FE( R 7u/s,n,p)) < PKa,n,O(Faf( B VU/s,n,p)) < COT?'

Then
P (1,0) (e n,p) < [|0/0x Uove,n,p”oo,}( + corf2a.

Moreover ([|0/0z wo,en,pll oo 5 )(e,m.p) € Al then we get (Pr (1,0) (te,n,p))(e,n,0) €
|A|l. We have

O]
ou ., auo) 0,
%(x,t) = %(z,t) — / Fs(f,t,u'smyp(f,t))d&
thus
auo £,m,p

P (0,1)(Ue,n,p) < supg ’&(m’t)’ + aKn Supg, ‘Fe(x,t,u;m’p(sc,t))’ )
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We obtain
Pr¢ (0,1) (Ue ) < [|0/08 “O,smmHooj( + vk aycort
and then
(Ha/at uﬁ,n,ﬂlloo,}{)(s,n,p) € ‘A| .

Now we proceed by induction. Suppose that (Pg i(te,y,0))(en,p0) € |A] for every
I < n, and let us show that it implies (P nt1(Uen,p))en,p) € |Al. We have
PK,n+1 = Inax (PK,n7 Pl,n7 P2,na PB,na P4,n) with

P1 = Pg (ny1,00y P2y = Pr (0,n41)s

P3.n = 8UDot gop; p>1 PK (a+1,8)) Pan = SUWPatpon; a>1 PK (a.5+1)-

First, let us show that (P n(ten.p))(em.p)> (Pn(tenp))ene € |Al for every
n € N. We have by successive derivations, for n > 1,

anJrerm,p (x t) 7an+luo,s,n7p (x t)
Oz tl T Gt ’

n—1 ;
=S CUSI) A Fae, £(a), ()
j=0

t an ,
+ / @FE(I’C’UE,n,p(%O)d(.

f(z)
As K C K, ,, we can write
6n+1 _- an+1u0 emp
SUP(z t)e K ‘(W( )] < T opntl ok
+ SupwEKh, ZOJ f(n J) ‘ )71/}/7(‘7‘.))‘

+ Ky SUP ek ‘aan (@, t, ul o, p(x,t))’ )
We have f, € A then for all k£, we can find p € N such that
v sup(L + lal) 7 | £ )| <077,
but then we have
A9, < max {45 @D 0+ 5 b el

Moreover

n

SUP(g,t)e K ’aan (.’L‘ t7u5np(w7t)) < PK,TL(FE( BERN 7u/€,77,p)) < Cn’l’g,
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o7
Supaje[faa 8 7 E(‘T f( ) 1/’/)(35)) S PK,“(FE( A ’u;,n,pD S C’ﬂr£7

and (||o"+! /0! u0)57777pHoo,K)(577hP) € |A|. According to the stability hypoth-

esis, a simple calculation shows that, for every K € R?,

(PK,(n+1,0) (Ue,n,p))(em.p) € 4]

Let us show that (P, (uey,,))s € |A], for every n € N. We have by successive
derivations, for n > 1

I~ £ .
0 U0,e,n,p 8

st ()~ [ LRt (6 0) de

x

—ZCJ Y () R 0 (D))

anﬂusm,p £ =
g (@)=

As K C K, 5, we can write

anJrluE
SUD (. t)e K W(%t)'
an—i-luo6 n
H@tn—i-lnp 007K+aKnsupmt€K‘at" =(z, tvugnp(xvt))‘
n—1
(n— ) -
s 3G 0| g 0. @)
tG[fa,a]jZO
We have

n

U e | 0t (00|  PreaFelet ) < cur?

o7
o P Ot 0 O)| < PP i) <

For all k, we can find p € N such that

SUPte(f(~a),f(a)]

A9, < max {15 @D 04[5 ol e 4.

According to the stability hypothesis, a simple calculation shows that, for every
K €R? and n € N, (P (0,n+1) (Ue,n,p))(e,.p) € |A|- For a+  =n and § > 1,
we now have

Pr (a+1,8)(Ue,n,p) = SUP(z,t)e K ’D(aﬁil)D(l’l)u e (T t)‘
= sup, eK‘D(“ﬁ 1)F(Jc t usnp(m,t))’
= PK,(a,ﬁ—l)(Fs( ty e 7u/s,n,p))

< Prn(Fo( s - sul, ,) < curk.
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Then we finally have

Py 5 (ten,p) = SUP g+ B=n;3>1 PK,(a+1,ﬁ)(Us,n,p) <cpr?

and the stability hypothesis ensures that (Ps,(uc,y,p))
way, for « + 8 =n and o > 1, we have

(emp) € |A|. In the same

PK’(aﬂ+1)(u€,77,P) = SUP(z t)ek ‘D(a_lﬁ)D(Ll)ue,n,p (377 t)‘
= SUP(z,t)eK ’D(ail’ﬁ)Fs (xa t, u/s,n,p (:Cv t))’

= PK,(afl,ﬁ)(FE( R 7u;,n,p))

< Pgn(F(., . ’ulem,p)) < cprt.

Thus we have Py n(ucyp) = SUPgyg—n.a>1 Pi,(a,8+1) (Uen,p) < cu7? and the
stability hypothesis ensures that (Py,(tey.p))(en,0) € |A]l. Finally, we clearly
have (P nt1(Uen.p))(en.p) € |Al, consequently (usm’p)(a’mp) € X(R?). O

Theorem 9. Problem (Pye,) has a unique solution in the algebra A (RQ),

Proof. Let [ug,n,p]A(W) be the solution to (Pyen) obtained in Theorem B Let

v = [v:] be another solution to (Pyen). There are (icy.,) (.m0 € N (R?) and
(), (Bp)p € N (R), such that

0%v '
ﬁ(m t) = Fg(:v,t,vgm’p(x,t)) + iy, t),

Ve,np (2, [(2)) = @p(@) + ap(),

e ,p _
5 (@ f(2)) = ¥p(2) + Bp(2).

The uniqueness of the solution to (Pg) will be a consequence of
(Ve,n,p = Uen,p)(emp) € N(R?).

It is easy to see that

@t [[iclemacan| N (@),

P o)

So, there is (Jen,p)(e.np) € N (R?) such that

%mezwmmw—//a@g%wmommcwwﬁmm
D(x,t,f)

with v e n.p(@, 1) = Ug e, p(x,t) +0,(z,t), where 0,(z,t) = B,(t) — B,(f (z)) +
a,(z) and B, is a primitive of 3, o f,"*. So (6,).,, belongs to N'(R?). Hence
there is (0c.n.p)(c,n,p) € N (R?) such that

%wuwzwmwmw+%w@w—//a@a%wmomwc

D(z,t,f)
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Let us put we;, = Vep,p — Ue,y,p and show that (wey.p)en,n € N(R?). We
have to prove that

VK € R*,Vn €N, (Pg,n(Wenp))(emp) € La.

We have

wamp z, t

/ / FL(6,Coly (E0) + Fal€,Cotily (6,0))) dEAC + 02y (2, 1),
D(z,t,f)

but

Fe(€,G,00,5(8,0)) = Fe (8, ¢ ul, 5(8,€))

1

OF, , ,
= w;,n,p(ga C) @(57 Ca U’g,n,p(£7 C) + Gw&n,p(& C)) de¢

0
then
weﬂhﬂ(x’ t) =
1
OF; , ,
- [ w0 ( /5 <§,<,ue,n,p<§,<>+6<we,n,p<§,<>>>d9) g
D(z,t,f) 0

+ 0e (. ).
Let (z,t) € Kq. Since D(z,t, f) C Kq., if t > f(z), we have

Ny

(6) |U)s,777p(l',t)| S Ma.en / / |w‘/5’7l’l7(€7 <)| df dC -+ ||0—577779||00,Ka,7]

z fn(6)
£t a)
<ot [ [l €01 et ol ko
fat(=a) fo(@)
As
5 5 f @)
u Uo
a(xﬂf) at / F 5 t uenp(§ t)) dé.a
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we have
)
W, (E1) = / (Fu(é,toul, (€.1)) — Fo(Et0l, (€.1))) d€

x

@)

- [ (st [
0

toug ., (En) + 0w? ,(€n))do | A&
SO
@
‘w‘/‘f:”hp(g’t)’ S Cl’l"g / |w:3,n,p(€vt)| df

xT

Put ec (&) = SUDse[—q,q] |w;m7p(§,t)|. Then

£
’w;7n7p(§7t)| <ar? / €en,p(§) dS.

We deduce that

)
VE € [f1(—=a), £71(0)] s eemp(€) < car? / e pl€) dE.

x

Thus, according to Gronwall’s lemma, e. , ,(£) = 0 and consequently

V(&) € [f,  (—a), £y (0)] X [—a,a] w!, (& t) =0.

We obtain the same result for ¢t < f,(z). Then, according to (@), we have
|we p,p(,1)] < Haem,pHOO,Kayn-

Since (0z,p) (en.p) € N (R?) we have (||o ., || )(en,p) € 14 then

00,Ka,n
(st,n,pHoo,Km)(6,77,0) €la

This implies the Oth order estimate. According to [@) (we,y,p)(e,n.p) € N(R?),
and consequently w is the unique solution to (Pg). O

Remark 8. Construction of A (R2) in the case of regular data. If the data

s and t are smooth, we take (e,m) € A = Ay x Ay = (0,1] x (0,1]. Let

(re). be in (Rj‘)(o’l] such that linérs = +o0o0. We take C = A/I5 the ring
E—

overgenerated by (€)..y» (M) ("N (s () cyr (€977)(cs elements of

(R OO pep A (R?) = X(R?)/N(R?) is built on the ring C of gen-

eralized constants with (£,P) = (COO(RQ), (Pr 1) g er2 leN) and, in the same
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way, A(R) = X(R)/N(R) is buill on C with (£,P) = (C=(R), (Pi1) cer jex )

Nonetheless, the algebra A (R2) is not the same in the two cases, reqular data
and irreqular data.

We set ¢ = s and 1p =t, elements of C*°(R) canonically embedded in A (R). If
a € AR) we take o), = v, if @« € N (R) we take a, = 0. Then we can rewrite
this section and get similar results. We have the same definitions as previously
and we obtain the same theorems, the same proofs replacing ¢, by ¢ and ¥, by
Y. As previously, we can prove that Problem (Pgeyn) has a generalized solution
u = [ue,y] in the algebra A (R?).

4.2. Independence of the generalized solution from the class of cutoff
functions

See [14]. Recall that A; = (0, 1], set

Consider 7 (R) the set of families of smooth one-variable functions (he).c,, €
X1 (R), verifying the following assumptions
(7) 3(se). e RO sup |ho(2)] =1,
Ze[_ssass]
_ 0,if |z| > s.
hs(z)—{ 1Lif —se+1<2<s.—1
(8) dg € N*,V (he), € T(R),Ve,s. < rl.
7
Moreover, assume that ° is bounded on J. = [—5e, sc| for any integer n,

n > 0.
We have (g:).cp, € 7(R). Recall that ¢.(z) = zg:(2) for z € R, Fe(z,y, 2) =
F(x,y,¢<(2)) for (z,y,2) € R? and

0"g.
oz™

sup
26[7T57TE]

(z)‘ = M,.

Let g € T(R)/N1(R) be the class of (g.).. Take (h.). another representative of
g, that is to say (h.), € 7(R) and

(9) (gs - hs)g € NI(R)

Set 0.(2) = zhe(2) for 2 € R, Ho(x,y,2) = F(z,y,0.(2)) for (z,y,2) € R3
and
0" he ;
0z

sup
ZE[_SE7SE]
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Our choice is made such that (supp (he)), have the same growth as (supp (f:)).
with respect to the scale (r?)_, in this way the corresponding solutions are lying
in the same algebra A (R?).

Proposition 10. Set S, = {aeN®:|a|=n} when n € N*. Let
F € C®(R3 R), H. defined by

H (z,y,2) = F(z,y,0:(2)).
Assume that
V(x,y) € Rz,F(ZL’,y,O) =0 P
Jpo > 0,Va € N>, |a| = n > po, D*F(x,y,2) = 0,

vn € N,n < pg,3d, > 0,Ve € (0,1],VK € R?,
(10) sup |DYF(x,y,2)| < d,rEe,
(z,y)EK; z€J. ;€SN
then
Vn € N,n < pg, Ie, > 0,Ve € (0,1],VK € R?,
sup  [DUH.(x,y,2)| < 20
(z,y)EK; zER;aESN

and A (R?) is stable under the family (HE)(E,p).
We refer the reader to [14] for a detailed proof.

Theorem 11. Assume that p = po(1+ q) and the hypotheses of Proposition [I0
are verified. Let F be the generalized operator associated to F wvia the family
(9e).. Let (he). € (CO"(]R))A1 be another family representative of the class
[9c] = g and leading to another generalized operator H associated to F'. Then
we have H = F, that is to say H (u) = F (u) for any u € A(R?). Then, in
terms of representatives, that is to say, if (ux)y, (va)y € X(R?) and (wy), =
(v —un), € N(R?), then

(F(y 0000 (02) = F (o duin) (un))) , € N(R?).
We refer the reader to [I4] for a detailed proof.

Corollary 12. Problem (Pyep), a fortiori its solution, does not depend of the
choice of the representative (f.). of the class f € T(R)/Ni(R).

Proof. (wx) ..y ) = Weip = Ueip) (. p) € N (R?) then
2
(wém,p)(s,n,p) = (v — “;,n,p)(s,n,p) € N(R7).
We deduce that
(F('a 5 0e (U;,n,p)) - F('v " ¢5 (u;,fl,p)))(

that is to say H (u') = F (v) for any u € A(R?). O

€ N(R?),

€,1,p)
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4.3. Independence of the generalized solution from the class [f,]

Lemma 13. Let (fn)n , (hn)n € X, (R) such that for everyn, f,, h, are bijective
and

(fa1),: ('), € X-(R).
If moreover (hy — fy), € Nz(R) we have that

(f7' = hy'), €N-(R)
We refer the reader to [1] for a detailed proof.

Theorem 14. Under the same hypotheses as Theorem[8, the generalized func-

tion w represented by the family (ucy.p) .,  of solutions to Problems (Pz ),

does not depend on the choice of the representative (fn)n of the class f = [f,] €
G- (R).

Proof. We have

ueﬂ?»ﬁ(m7 t) = uO,&,ﬂ,P(x7 t) - //D(_L tf FE(§7 C7 u;,n,p(§7 C))d§d<7

where g ey (2,1) = Tf , (¢) = YL (f4(2)) + @p(x) and (T ,)" =,0 f;1. So
we take (hy), € X-(R), such that (f, —hy), € N-(R); let v = [ve,,,] be the
corresponding generalized solution. Let us prove that « = v. We will in fact
prove a slightly stronger statement for reasons that will be clear in the course
of the proof

VK € R* Va € N?, (Pk, (e, — u57n7p))(€7n7p) €1y

Let us now fix K€R2. We have
Ve (1) = V0,0 1) — //( R Gtk (6 O
D(z,t, 7,

where vo ey p(z,t) = Th (t) = Y (hy(z)) + @p(x) and (Tg)p)/ = ¢, 0 hyt.
Then we get

uO,E,’r],p(x7 t) - UO,E,n,p(xv t) = T’{],p (t) - Tz,p (t) - T'f],p(fn(x) + T'Z,p(hn(x))'
We compute

Ot ) + X0 (@) = () (F(2) — (@)

and (fy — hy), € N;(R), but we can find p € N such that for any m € N we
have

0
Ve € R, 32 (—Tf],p(fn(x) + Tz’p(hn(sc))) <n™(1+ |z|)?,
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SO

0

Hax (=, (fla) + Ti;,p(hn(x)))’

< 0™ max {(1+|ax.y/2))"},
Koy

but ((1+ lax,,/2))") ., € |A| thus we have obtained that

(‘ > € ly.
Koy (e,n,p)

Then we obtain that (Pg, 1 (=7 ,(fy(x) +T27p(hn(x))))(5,'r],p) € Is. The

proof is similar for higher derivatives. Now as (fn_l — h;l)n € N(R) and

Y, € Oy then (wp ) fn_l — 1,0 h;l)77 € N(R) and then we finally obtain that

0

5 (CTL o) + 0%, 1(0))

Va, (PKma(UO,sm,p - UO,sm,p))(gmw) € Ia.
We compute

ul,s,n,p(xa t) - vl,s,n,p(xv t)

z In(€)
= FE A Z.; ;
o [ e Gt 0picos

@ B (€)
—/71 / FL(&,¢ L, (6, €))dCde
hy  (t) Jt

:/7 / [F5(§7C7u/5,n,p(§7C)> - FE(§7C7/U£:,7],p(€7<))] dCd§
Fot(®)

/~Wn[ Fe(§,G,vl,(8,0))dCde
/ o / " FL(€,¢, 0L, (€ 0))dCde.

' (€)
As fpohy! =id mod N*(R), we have

2 pha(€) N
FE 1) :: )
/fn ‘o / (€, ¢l (€ €))dCAE

sup
t€[—a,al

0]
<2 / sup |Fe(€,¢.0l ,(6,0))] d
it ¢el—asal

< 2b an_l - h;IH[,a,a] ”F&H[An,pn]x[—a,a]xR

where

{ » = min{f;(~a), ;1<—a>}
= max{f, " (a), h; ' (a)}.



Generalized solutions to a singular nonlinear Cauchy problem 109

As (fy — hy), € Nx(R) and || F¢[|, a,a]xk € |Al; then

Ak X [
hy'(t) - pho(€) )

[ [ R, e s
7 (1) Jt

For the first derivative we have

i (/ - / FL(§, Gl (6 <>>d<da)

h (£ (1)) . L
_ / FL(f7 (8,600, (771 (1),0))dS

sup €ly.

t€[—a,al

hit(t)
+ / Fe(gatvvé,n,p(gat))df'
Bt

And the same kind of arguments take care of those two terms. Now for the
higher derivatives

(11) ( / " / F6, 6,0 (6 <))d<d£>

(12) = (t>7hn(f77 (1)), 02 o (f (8, g (7))
+F (f L) vl ,(f 1 (#),1)

b (£ 1 ()
- O FU 0,60l (), 00))
(1) B0 (0,100, (0 0,1)) = Ffy (0,000, (6.0)

O]
(15) +/f] L i (P ) e

The hypotheses on F. and the fact that (h,' — f, '), € N-(R) takes care of

the terms of lines (I2)) and ([dl). Let us now turn our attention to line (I3). We
have

(£ (D) g B , )
/t ap (P @), Gl (£ (1),€))) dC

2 (7 ()
- / 7 02 §<fn L), ¢t (1), 0)

Y 0T (10, T (17 (), ol U (0, G

As (hyo fi' —id), € N7(R) we can find a compact L C R such that

W, {hy o M1)€ [<b, b} U [=bb] C L,
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and moreover it is sufficient to prove that

( sup |(f’l)’(t)aFE(f{l(t%C,vé,n,p(ff(t)vé))

te[—b,b],CEL " 85

0? oF. , ,_ , _
Y O (1500, 5 (00, Gotl Uy (0, 0) D € AT

But it is easy to see that

(f)( )9

Fe s <>,<,v;,n,p<fn1<t>7o>\> e l4l.

sup
te[—b,b],CEL (e,m,p)

For the other term the only part needing some new explanations is to prove that
9v: .0 1
sup S (fy(),0)
<te[_b,b],<eL dzot "

:<t s Fe(fy (), 60l (£ (),g)) € 4.

—b,b],¢€L (e,1,0)

23

(e,m,p)

But here we use the fact that (h, ' — f, '), € N7(R) to find 79 such that
(16) VO <n <o, || £y =Ry tll Ly <1

We proved in the proof of Theorem [§ that (PI<7]104(1157777/)))(E mp) € |A| and be-

cause of (IG) we have that f,"'(L) x [~b,b] C K,,, which settles this case. For
higher derivatives the reasoning involves the same estimate and presents no new
obstacles. So this proves that

0
Va, <PK (/ / F(6.Cul (. c>>d<d£>> €ln

(e:m:p)

Similar arguments apply to prove that

by (£)
(PKma </ch7 (t /n(g) § C? Ve np(f C))dcd§>> S IA~

(e.m.p)

So we have proved that
Pr,a (U1,e,,0(2,1) = V1,e,0,0(2, t))(&mp) =

z fn(€)
( / Y TPt (600 = Pl 660 d<d§> mod L.

(e.m.p)
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We define

Oenp(T,t) = Uey p(,t) — Uanp(m t)

fn(€
/f " / F(6,Col ) (6.0) — Fa(€.Col, (6,0))] dCde.

So, by the above arguments we just proved that (PKWQ (O’s’n’p)) emp) € Iy. We

now define we p ,(2,t) = Ue y p(x,t) — Ve p(x,t). Keeping the same notations as

in the proof of Theorem[§], we want to prove that Vn, (Pg, n (We,y,p)) ) €14

Let us first prove that (P, o(wen,0)) € I4. First we have

(esm:p)

Fs(g, Ca uls,n,p(f C)) - 6(57 C, Uém,p(ga C))

)
il 60) | TEE G p(6:0) F Bl (6,0

0

then
We ,p(T, 1) = 0c  p(T, 1)+

z I (&) OF.
/_1(t)/t wé,n,p(E,C) </ (& ¢u enp(f ¢)+0(w Enp(f Q)d@) dcde.

Now we have
Vi, U e, {(6,C) 1€ € [z, [ (D], < ¢ < fy(€)} C Ly = [ak,y, B X [0, 0],

so that setting l;, = supy . |%—§’ we have

BK-,n fn(m)
w0 <1y [ / 0l (€, )| dCdE + [0y ()]
QK,n
then
(17)
B, pfn(x)
V(@) € K luenplat) <ty [ [ ful 6,01 s + ol
(Jé}()77

We have

0
wzlf,n,p(x7 ()= ot (UO,am,p - U0,67177p) (z,¢)
(e hyy 1O
+ / FE(&anula,n,p(EaC»dg - / Fa(gaCaU;,n,p(gaC))dga

x x
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then

8w0
w;,nap(xvg) = %

F(o)!
+ / (Fa(€, Gl (6,0)) = Fa(€.Cul, (6.0))) de

(z,¢)

ho ' (©)
- / F€(§7C7’U;,n,p(£7<-)) df
' (©)

Thus we have

|wé,n,p(x7<)| < is,n,p
V(9] 1 oF
[ el €0) ‘ [ G € Gt (600 B (6,0 ) g
0

T

where
(i&mp)s,n,p =
(PKn,l(wO,EJhp) + ||f'fli1 - h;llu[—a,a] ||FE||[AT]’H77]X[_a’a]XR)E P < IA.
We deduce
@

[l ()] < ey + a7 / ., (€,0)] de.

x
Put ec () = SUPee(_q.q) \wl, ,(x,¢)|. Then
frl®
|w‘/s,n,p(z7 t)| S is,n,p + 017’5 / 6577]70(5) dg

xT

We deduce that
£
Vo € [y, pn); €enp(T) <idey,p +car? / een,p(§) d§.

Thus, according to Gronwall’s lemma,
£t @

0< eem,p(x) < iey,p €XP / crfdé. | < iE,n,pclrg (Un - /\77)’

x
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then
0< Hw‘;vnvl’Hoo,K" <liempC17E (g — A)

and consequently (Pg, 1(wey.p)) € I4. According (7)), we deduce

(e:m:p)
(PKmO(wgv’lvp))(smm) € la

Which implies the 0th order estimate. According to Proposition [[l we deduce
(Wen,p)(emp) € N (R?); consequently u does not depend on the choice of the
representative (fy), of the class f = [f;] € G- (R). O

5. Non-characteristic non-Lipschitz problem with irregu-
lar data

5.1. Notations

We take A = Ay x Ag = (0,1] x (0,1], and X = (g, p); (n is fixed and f,, = f).
Let (7¢), be in (Rj)(o’l] such that lin%)rs = +o00. Set
£—

(4'2)

f € C®(R), f strictly increasing, f(R) = R,
Vo € R, f'(x) #0,

ay  Jor =2 @ ) ),
K, = K; x Ky with Ky = [-ak/2,ak /2] and K3 = [—a,a].

3 (1)

max

€ R such that VK, € R,Yay € N,3Dy = D, 0, , € R, 3g €N,

sup [ Do, (f~1 (1))], sup | DT, <t>|] < Da(l,) "
Ko Ko

We take C = A/I4 the ring overgenerated by (). ), (P) (e pys (T2)(c ) (o) (e >
(€*) (e elements of (R OO Phen A(R?) = X(R?)/N(R?) is built
on the ring C of generalized constants with (£, P) = (COO(]R2), (PKJ)K@R?,leN)
and, in the same way, AR) = XR)/N(R) is built on C with
(&E,P) = (C‘X’(R), (Pr)geren ). Then we can rewrite the previous section

and get similar results. We have the same definitions as previously and we
obtain the same theorems, the same proofs replacing f, by f. As previously,
we can prove that Problem (Pge,) has a generalized solution u = [u. ,| in the
algebra A (Rz).

5.2. Comparison with classical solutions

Even if the data are as irregular as distributions, it may happen that the
initial formal ill-posed problem (Pjorm) has nonetheless a local smooth solution
as it will be seen in the following example [3l We are going to prove that this
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solution is exactly the restriction (according to the sheaf theory sense) of the
generalized one.

The generalized solution to Problem (Pyey,) is defined from the integral rep-
resentation (). Thus, we are going to study the relationship between this
generalized function and the classical solutions to (Pform) (when they exist) on
a domain 2 such that V(z,y) € Q, D(z,y,9) C Q. This justified to choose
Q=1]f"Yp), 1 w)[ x p,v] when (p,v) € R? with p <0 < v.

Remark 9. If the non-reqularized problem (Porm) has a smooth solution v on
Q then, necessarily, we have Q C R?\singsupp (u).

Recall that there exists a canonical sheaf embedding of C*°(-) into A (-),
through the morphism of algebra

oo : C*® (O) — A (O) , f — [f&ﬂ] (where O is any open subset of R? and fe,p = f)

The presheaf A allows restriction and, as usually, we denote by u/, the restric-
tion on O of u € A (R?).

Theorem 15. Let u = [u. ,| be the solution to Problem (Pye,). Let 2 be an

open subset of R? such that Q C R?\singsupp (u). Assume that Q= J Q. with
e€N

(Q.). is an increasing family of open subsets of R? such that Q. = ]g(a.), g(b:)[x
lac,b.[ when (ac,b.) € R? with a. < 0 < b.. Assume that problem (Pform) has

a smooth solution v on Q such that sup |[v'(z,y)| <re—1 for anye. Thenv
(zy)€Qe

(element of C* (Q) canonically embedded in A(QQ)) is the restriction (according

to the sheaf theory sense) of u to 2, v = ulg,.

Proof. We clearly have V (z,y) € Q, 3eg, Ve < 9, (z,y) € Q. Then D(zx,y,g) C
Q. C Q; we have

o(z,4) = vola,y) — / /D R (E dee
x,Y,9

then
0 oy o
( /
Gt =G - [ FervEnds

We take a representative of u in the family (uc ,)(c,p); We have

V(@,y) € Q, e p(@,y) = uoep(z,y) — / /D L R(EGL (60
x,Y,9

and vo(z,y) = uo ¢, p(x,y). Moreover

O]
Do ,
(w.t) = 29020 / Fu(, 10l (6,8)) de,

Oue

ot

ot
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Set (wE:p)(E,p) = (Ueplg — ) (e And take K € Q. There exists €; such that,
foralle < g1, K € Q.. According to the definition of )., there exists a, 0 < a <
(be — ac) /2, such that K C Q, C Q with Q, = [f_l(ag +a), f~1(be —a)] X
[ac + a,be — a]. Take (z,y) € K, then D(z,y,g) C Q4. Note that, for (§,¢,2) €
Qe X |—re + 1,7e — 1], we have F(,¢,2) = F.(&, <, z) by construction of F, and
values of v" are in |—r. +1,7. — 1[. Thus v’ and u_ , are solutions of the same
integral equation, which admits a unique solution since F. is a smooth function
of its arguments. Thus, for all ¢ < g1, v' and ufS , are equal on (.. Moreover,

we have (like [@])

fﬁl(asﬂ'a) t
e p(2,1)] < e17? / / !, (€,0)] dedc,
f=1(be—a) f(x)

then w., = 0. We deduce that v and u. , are solutions of the same integral
equation, which admits a unique solution. Thus (PKJ,(’U))(E ) € |Al for any K €

Q and n € N. Then v (identified with {(v)(&p)}) belongs to A (). Moreover,

for all e < e1, sup(, y)eq, [We,p(®,y)| = 0, hence (Pr(wep))c,p) € [La] for
any | € N as w. , vanishes on K. Thus (wglp)(g » € N (Q) and v = u|, as
claimed. O

6. Example

Example 3. Assume that (g,n,p) € A = (0,1]3. Consider the problem

0%u _(0Ou 2
oxot  \ot )’
(Prorm) § oz =0,

u

at

= up( ﬁ ).
(Ox)

This problem is classically highly ill-posed. We build A (RQ) like in (33). Let
be (Pyen) the generalized associated problem as it is done in Subsection[33

0%u ,

b ) oo =T
m] Ry(w) =0,
Ryp (W) =19

where F is associated to F(-,-,u') = (u')* via the family (9e). and fy(z) = nx.
The generalized functions ¢ = [p,] € A(R), ¥ = [¢,] € A(R) are constructed
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from

0p(a) = (000 @)

1
= (op(—), 2= 0, (2 — 2)
- 0, (x — z)
I e

vp(z) =0

where (Hp)p is a chosen family of mollifiers. Then 1, regularize vp(ﬁ). To
solve Problem (Pyern) associated to (Pform) we can consider the family of prob-
lems

02 , ) 2
(P )4 owot" (1) = (e ()92 W (1))
() U(e,n,p) (T, 1T) =0,

/

Ui,y ) (T 117) = 1 ().

If uey p s @ solution to (P(Eyw)) then u = [uc p ,| is the solution to (Pyep ).
We have the restriction
1 1
up( ) = <x — ) .
L= 0 1—2z

Let (Pyen,n) be the generalized associated problem to the problem

Pu  (0u)?
oxot  \ot) '’

(Pform,n) u|(t:nm) =0,

u 1
a7 =vp(1=)
ot (t=n=) e
To solve Problem (Pyeyn,y) associated to (Pform,y) we can consider the same
family of problems (P@%p)) .Then (uEﬂ]»P)(e ») s a representative of the solution

Uy 10 (Pgen,n). On Q =]—00,1] x R and for n fized, problem (Pform. ) has the
classical solution v in C>(Q2) where

v(z,t) =

(1-=)’

and Theorem shows that the restriction of u, € A(RQ) to Q0 is precisely
v. The local classical solution v which blows-up for x = 1 extends to a global
generalized solution w, which absorbs this blow-up.



Generalized solutions to a singular nonlinear Cauchy problem 117

7. Appendix

7.1. Global smooth solutions to the Cauchy problem

We build the solution of the Cauchy problem by means of successive approx-
imation techniques (See [16]).

Here F. = F, f, = f, v, = ¢ and ¢, = 9. Then we denote by (P.) the
problem (P(E’W,)), by (P;) the problem (I(s,n,p)) and by D(z,t, f) the domain

D(x,t, fy).

Theorem 16. Let u € C°(R?). The function u is a solution to (Ps) if and
only if u is a solution to (P;).

Proof. The existence of f~! is ensured by (H1). Hypothesis (H1)) also ensures
that the domain D(z,t, f) is bounded. If u is a solution to (P ), suppose that
t > f(x). We have

// (8 920t &) dg) dn = /t %(f_l(n)m)dn— t ?;Z( ;1) dn

=T (&) = T(f(2)) —ulz,t) + o(z),

where T denotes a primitive of ) o f~1. Then

w(a t) = wo(e, 1) — / / F(&, o (€,m)) dE d,

D(x,t,f)

where ug(z,t) = T (t) =Y (f(z))+¢(x). We obtain the same result if we suppose
t < f(z). Thus wu satisfies (P;). If u satisfies (P;), suppose that ¢t > f(x) we can

write
I OWAE

u(x’t) = UO(‘Tat) - / / F(f:ﬁaul(faﬁ))dﬁ dg.
@ ©)
As u € C°(R?) we have

gt (g“) (2,8) = Fla,t,u/(x,1)).
Let us calculate again u(z,t) in the following way:

¢ f~tn)
(@, 1) = uo(a, £) — / / F(€,m, o' (€,m) dé | dn.
f(z) x

As u € C°(R?) we have

2 (gj) (2,8) = F(w,t,u/(2,1)).
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Finally, the partial derivatives can be exchanged and we have
0%u
Ox0ot

(2,t) = F(z,t,u/(z,1)).
Furthermore,

u(z, f(z)) = uo (z, f(z)) = (),

u' (2, f(2)) = ug (2, f(2) = Yo [T (f(x) =¥ (x).
These results remain unchanged if we suppose t < f(x), so u satisfies (Px). We
can show by induction, that u is therefore of class C*°. For more details, we

refer the reader to [I1], [I2], in which similar calculation is made. We have, of
course, the following corollary. O

Corollary 17. Ifu is a solution to (P;) (or to (P)), then u belongs to C>°(R?).

7.2. Uniqueness of the solution

Theorem 18. From hypothesis {H1l) it follows that problem (Ps) has a unique
solution in C*°(R?).

Proof. According to Theorem [I6, solving problem (P, ) amounts to solving
problem (P;), that is searching for u € C°(R?) satisfying (). For every compact
subset of R?, we can find a > 0, large enough, so that this compact subset is
contained in K, = [f~!(—a), f~!(a)] X [~a,a]. Let us assume always that
t > f(x) and let us make the change of variables X = 2 — f~(—a), T =t +a.
The relation (1) can be written as

u(X + fﬁl(—a),T —a) =up(X + fﬁl(fa),T —a)
- [ rer s Cam-ades £ Cam - o) dan
D(X+f~'(~a),T~a,f)
whose form is
(15) v =t 1) - [[ s viem)dcan
D(X.,T.9)

with g(X) = f(X + f~*(—a)) + a; K, turns into the compact subset Q, =
[0, (f~'(a) = f~'(—a))] x[0,2a]. The equation of () can then be written as
T = ¢g(X) and ¢(0) = 0. So we now have X > 0 and T' > ¢(X). According to
hypothesis (lmb we can put

Mg = sup
(£&:m€Qa; 2€R

az (5 1, 2)] .
We consider the sequence of approximations (U, )nen defined by

(D) VneN, Un(X,T) = Up(X,T) - / 3(En Uy (€m)) dg dn.
D(X,T,g)
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Using  the  auxiliary  series > o, (Un(X,T) —Un—1(X,T)) and
st (UL(X,T) = U}, _1(X,T)) we show the uniform convergence of (U,),, on
every compact subset K € R?, toward a continuous function U satisfying (1),
that the uniform limit U is derivable on every compact subset K € R? and that
the sequence (U},)nen converges uniformly on every compact subset K € R?, to
the function U’on every compact subset K € R%. Consider W to be another so-
lution to @), A=W —-U, A’ =W'-U". Let (X,T) € Q. AsD(X,T,g) C Qx
and T > g(X), we have

22 T

(An1) A, T)| < ma / / A (€, m)] dide.
0 0

and

2\
A(X,T)| < my / A(,T)] de.
0

Thus A’ = 0 and W = U. Note that we use, in an essential way, the hypothesis
(H1) in the proof. For more details, we refer the reader to [11], [12], in which
similar Picard’s procedure is used. U

Remark 10. We deduce easily the following estimates useful in the sequel. For
every compact subset K € R?, there exists a compact subset

Ka = [fil(fa)vfil(a)} X [7&,&} S RQ

containing K, such that
(1.8)

me = sup

L @ = F((- s - 0)lloo ke, + 1 100l x, 5
z,t)eEKg; TE

OF
a(x, tv T)

®, _ -
(1.9) llullo x < llullo k, < ||u0||oo¢Ka+m7a exp (2a (f7'(a) = f 7 (=a)) ma) .
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