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CONVERGENCE THEOREMS OF MULTI-STEP
ITERATION PROCESS FOR A FINITE FAMILY OF
ASYMPTOTICALLY QUASI-NONEXPANSIVE TYPE
MAPPINGS IN CONVEX METRIC SPACES

Gurucharan Singh Saluja®

Abstract. We give some necessary and sufficient conditions for multi-
step iterative process with errors for asymptotically quasi-nonexpansive
type mappings converging to a common fixed point in convex metric
spaces. The results presented in this paper extend the corresponding
results of Chang et al. [d], Kim et al. [] and many others. Also, the
corresponding results in [0, 2, B, 8, 8, 00, [, 02, I5, 6] are special cases
of our results.
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1. Introduction and Preliminaries

Throughout this paper, we assume that E is a metric space, F'(T') and D(T)
are the sets of fixed points and domain of T respectively, and N is the set of all
positive integers.

Definition 1.1 ([@]). Let T: D(T) C E — E be a mapping.

(1) The mapping T is said to be L-Lipschitzian if there exists a constant
L > 0 such that

(1.1) d(Tz,Ty) < Ld(z,y), Va,ye€ D(T).
(2) The mapping T is said to be nonexpansive if
(1.2) d(Tz,Ty) < d(z,y), Vx,ye D).
(3) The mapping T is said to be quasi-nonexpansive if F'(T) # () and

(1.3) d(Tz,p) < d(z,p), VxeD(T), Vpe F(T).
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(4) The mapping T is said to be asymptotically nonexpansive [8], if there
exists a sequence {k,} C [1,00) with lim,_, k, = 1 such that

(5) The mapping T is said to be of asymptotically quasi-nonexpansive if
F(T) # 0 and there exists a sequence {k,} C [1,00) with lim, s &k, = 1 such
that

(1.5)  d(T"z,p) < kpd(z,p), VxeD(T), Vpe F(T), VneN.

(6) T is said to be of asymptotically nonexpansive type [§], if

(1.6) lim sup { sup {d(T"z,T"y) — d(=x, y)}} <0.
n— 00 z,yED(T)
(7) T is said to be asymptotically quasi-nonexpansive type, if F'(T) # () and
(1.7) lim sup { sup {d(T"x,p) — d(x,p)}} <0.
n—>00 x€D(T),peF(T)

Remark 1.1. Tt is easy to see that if F(T') is nonempty, then the nonexpansive
mapping, quasi-nonexpansive mapping, asymptotically nonexpansive mapping,
asymptotically quasi-nonexpansive mapping and asymptotically nonexpansive
type mapping all are the special cases of asymptotically quasi-nonexpansive
type mapping.

In recent years, the problem concerning convergence of iterative sequences
(and sequences with errors) for asymptotically nonexpansive mappings or asymp-
totically quasi-nonexpansive mappings converging to some fixed points in Hilbert
spaces or Banach spaces have been considered by many authors.

In 1973, Petryshyn and Williamson [IZ] obtained a necessary and sufficient
condition for Picard iterative sequences and Mann iterative sequences to con-
verge to a fixed point for quasi-nonexpansive mappings. In 1994, Tan and Xu
[15] also proved some convergence theorems of Ishikawa iterative sequences sat-
isfying Opial’s condition or having Frechet differential norm. In 1997, Ghosh
and Debnath [5] extended the result of Petryshyn and Williamson [I2] and gave
a necessary and sufficient condition for Ishikawa iterative sequences to converge
to a fixed point of quasi-nonexpansive mappings. In 2001, in [I, 2, B] the au-
thor proved some other kinds of necessary and sufficient conditions for Ishikawa
iterative sequences with errors for asymptotically nonexpansive mappings to
converge to a fixed point. Also in 2001 and 2002, Liu [9, [0, [1] obtained some
necessary and sufficient conditions for Ishikawa iterative sequences or Ishikawa
iterative sequences with errors to converge to a fixed point for asymptotically
quasi-nonexpansive mappings.

Recently, in 2004 Chang et al. [d] generalized and improved the result of Liu
[IT] in a convex metric space and proved the following:
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Theorem CKJ. Let (E,d, W) be a complete convex metric space and T: E —

E be an asymptotically quasi-nonexpansive type mapping satisfying the follow-
ing conditions: there exist constants L > 0 and « > 0 such that

d(Txz,p) < L d(z,p)*, Yz e E, Vpe F(T).

For any given g € F, let {x,} be the iterative sequence with errors defined

by:
Tn+l = W(xnaTnynaun§anabnvcn)a
(1.8) Yn = W(zp, T"wp,vp;al,b,,c), n>0,

where {a,}, {al,}, {bn}, {b),}, {cn} and {c],} are six sequences in [0, 1] satisfying
an+bp+c, = al,+b,+c, =1,Yn > 0and {u,}, {v,} are two bounded sequences
in E. If the sequences {b,} and {¢,} appeared in (IZR) satisfying the following
conditions:

(i) Yooz bn < 00,
(i) Y07 | ¢n < 00.
Then {z,} converges strongly to a fixed point of T in F if and only if

liminf D(z,, F(T)) =0,

n—oo

where D(y, S) denotes the distance from y to the set S, i.e.

D(y,5) = inf d(y, 5).

The purpose of this paper is to study the convergence problem of multi-
step iterative sequences with errors for a finite family of asymptotically quasi-
nonexpansive type mappings in convex metric spaces and give some necessary
and sufficient conditions to converge to common fixed points for the above map-
pings. The results presented in the paper extend and improve the corresponding
results of Chang []-[3], Chang et al. [4], Ghosh and Debnath [5], Kim et al.

[@, Liu [9, 00, @], Petryshyn and Williamson [Z] and Tan and Xu [[H]. Our
results also contain the corresponding results of [M]-[5], [9]-[TZ], [TH] as special
cases.

For the sake of convenience, we first recall some definitions and notation.

Definition 1.2. Let (F,d) be a metric space and I = [0,1]. A mapping
W: E®x I3 — E is said to be a convex structure on E if it satisfies the following
condition:

d(“y W(a:, Y,z Q, 67'7)) < O‘d(uv LL‘) + Bd(“a y) + 7d(u, Z)7
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for any u,x,y,z € F and for any o, 8,7 € [ witha+ 8+ v=1.
If (E,d) is a metric space with a convex structure W, then (E, d) is called a
convex metric space and is denoted by (E,d, W).

Remark 1.2. It is easy to prove that every linear normed space is a convex
metric space with a convex structure W (z,y, z; o, 8,7) = ax + By + vz, for all
x,y,z € F and a, 5,7 € I with a+ S+~ = 1. However, there exist some convex
metric spaces which can not be embedded into any linear normed spaces (see,
Takahashi [I3]).

Definition 1.3. Let (E,d, W) be a convex metric space, T1,Ts,...,Tn: E
— E be N mappings and let x1 € E be a given point. Then the sequence {z,}
defined by:

Tnt1 = xﬁlN)
= W, TR0, a0, 40, 4Y),
I%Nfl) = W(xn,Th_ 1x(N 2) (Nfl);a%N—l),ﬁgNﬂ),%(L ))
2® = Wz, TPa® u®;a® BB 4())
xg) = W(z,, Tyx %1)’ 512)7 ;2) 5(2)?%(12))7
(1.9) xg) = W(me{‘xn,uﬁf);ag) ﬁ(l) ,\/(1))

is called the multi-step iterative sequence with errors for N mappings 71, 75, .. .,
T, where {ozn)} {ﬂ(l)} {77(3)} for all ¢ = 1,2,..., N are sequences in [0, 1]
satisfying o+ B(Z) (z) =1,vi=1,2,...,N and Vn € N and {uﬁf)} for all
1=1,2,...,Nisa bounded sequence in F.

In (CU),if N=2 T, =T, =T, a) =y, uEf’ = o) = ay, B = by,
77(1) = ¢y, uld) = Un, ag) =al, 1) =], and *yn = ¢},, then the scheme ()
reduces to the two-step 1terat1ve scheme with errors for a mapping defined by
Chang et al. [d].

In order to prove our main theorem of this paper, we need the following
lemma:
Lemma 1.1 ([i4]). Let {a,}, {b,} be sequences of nonnegative real numbers
satisfying the inequality
A1 S an+bn, n Z 1.
If > by < o0o. Then
(a) im,, o a,, exists.

(b) If liminf, . a, =0, then lim, - a, = 0.



Convergence theorems of multi-step iteration process ... 21

2. Main Results

In order to prove our main result, we will first prove the following important
lemma.

Lemma 2.1. Let (E,d, W) be a convex metric space, Ty, Ts,...,Tn: E — E be
N asymptotically quasi-nonexpansive type mappings. Suppose F = ﬂf\il F(Ty)
be a nonempty set. For a given x1 € E, let {x,} be the multi-step iterative

sequences with errors defined by (), where {ugf)} foralli=1,2,...,N is a
bounded sequence in E. Then

(a) d(:r'n+17p) < d(l‘n,p) =+ 0”7 \V/p € f) vn > no,

where 0,, = Nﬁr(LN)E + M fo:l %gk)-

n+m—1
b))  d(@pim,p) < d(zn,p) + Z Oy, VpeF, ¥Yn>ng, Ym>1.

k=n

Proof. (a) Let p € F and since {ugf)} for all ¢ = 1,2,..., N is a bounded
sequence in E, so we put

(2.1) M = max{supd(ugf),p) ti=1,2,...,N}.
n>1
Since T; for all 4+ = 1,2,..., N is asymptotically quasi-nonexpansive type, it

follows that
lim sup{ sup {d(T!'z,p) — d(%p)}} <0.

n—00 el ,peF

This implies that for any given € > 0, there exists a positive integer ny such
that for n > ng we have

(2.2) sup {d(T}'z,p) —d(x,p)} <e.
reEE ,peF

Since {x,}, {x%l)}, ce {xglN_l)} C E, we have

d(Tlnxmp) - d(xn,p) < g VpeF, ¥n>ng

ATz, p) —d=WV,p) < e, VpeEF, VYn>ng
AT p) —d(z®,p) < e VpeF, Vn>ng

(2.3) d(TRa™V p) —dzN"Y.p) < & VpeF, VYn>no.



22 Gurucharan Singh Saluja

Thus for each n > 1 and for any p € F, using (IT9), (Z0) and (2Z3), we note
that

d(zn—&-lap) = d(W(:EnaTn (Nil) U’%N) N) 5(N)777S,N))7p)
< o\Md(x,,p) +ﬁ(N)d(TNﬂ? “.p) + MM, p)
< afMd(zn,p) + B [d(=N ”,p)+€} + MM
(2.4) < oMd(zn,p) + BN dN D, p) + BMNe + 4N M
and
d@N Y p) = AW (20, TR 122wV DoV =0 gIND (VD) )
< oV Vd(x,,p) + BN V(T _ 2N, p)
+y N0 d(uN Y, p)
< ol Vd(z,,p) + BN VAN p) +e] + AN T M
< oM Vd(zn,p) + BN Vd(@N 2, p) + BN Ve
(2.5) +y NV M.

Continuing on this process, we get

d(xglN—2)7p) < OK,ELN_Z)d($n7p) + ﬁT(LN_Q)d(mSLN_?))’p) + ﬂr(LN_Z)E

(2.6) V=DM
and
Az, p) = dW (2, TV %n,u;all), B0 1)) p)

S agzl)d(xnap) B(l)d(Tl l'n,p) —+ 7(1)d(u£11)7p)
< aWMd(@n,p) + B0, p) + ] + M
< o) + BM)d(@n, p) + Ve + 1V M
= [1={d(@n,p) + BN+ M

(2.7) < d(wn,p) + ﬁ}f’erw,(PM.

Using equations (E) - (E24), we get
d(wns1,p) < dlan,p) + NBMe + ) + 907+ + oMM
N
< d(wn,p) + NS+ M Z%(f)
k=1

(2.8) < d(zn,p)+6,

where 6, = Ng™Me + M Zgil ~¥ . This completes the proof of (a).
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(b) It follows from conclusion (a) that for any m > 1, we have

d(xn-i-mvp) < d(xn+m—1ap) + 9n+m—1
S d(xn+m—2ap) + 9n+m—2 + 9n+m—1
<
S d(x’rup) + [an-i-m—l + 9n+'rn—2 + -+ en}
n+m—1
(2.9) < d(zn,p) + Z Ok, ¥Yn >mng, VpéeF.
k=n
This completes the proof of (b). O

Theorem 2.1. Let (E,d,W) be a complete convex metric space, Ty, Ts,. ..,
Tn: E — E be N asymptotically quasi-nonexpansive type mappings. Suppose
F = ﬂfil F(T;) be a nonempty set. For a given x1 € E, let {x,} be the multi-

step iterative sequences with errors defined by (IA). If 22021 'y,(li) < oo for all
i=1,2,...,N. Then the iterative sequence {x,} converges to a common fized
point of {T; :i=1,2,...,N} if and only if

liminf D(z,,, F) = 0.

n—oo

where D(y, S) denotes the distance from y to the set S, i.e.
D(y, 5) = inf d(y, 5)-

Proof. The necessity is obvious. Now, we will only prove the sufficient condition.
Suppose that the condition liminf, . D(z,,F) = 0 is satisfied. Then from
Lemma 71 (a), we have

(210) d($n+1,p) < d(fﬂn,p) + ena Vp € -/_'.7 vn > ]-7

where 0,, = N3 e+ M Zi\;l ~{¥. Since S W < ooforalli=1,2,...,N,
it follows that > >~ | 6, < co. From (ZI0), we can obtain that

(2.11) D(zpt1,F) < D(zyn,F)+6,.

Since lim inf,, o D(zy, F) = 0, by Lemma I, we have

(2.12) lim D(z,,F)=0.

n—oo

Now, we will prove that {z,,} is a Cauchy sequence in E. Since > >~ , 6, < oo
and by the condition (212), for any given € > 0, there exists a positive integer
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ny > ng (where ng is the positive integer appeared in Lemma 2) such that for
any n > ny, we have

(2.13) ien < &

n=niy

and
(2.14) D(z,,F) < e

By the definition of infimum, it follows from (214) that for any given n > ny
there exists an p(n) € F such that

(2.15) d(xn,p(n)) < 2e.

On the other hand, it follows from Lemma P that for the given € > 0 and for
any n > nj > ng, we have

d(l‘n+m, In) < d($n+m7p(n)) + d(zn,p(n))
n+m—1
k=n
n+m—1

2d(zy,p(n)) + Z Oy, m>1
k=n

IA

Therefore, from (Z13), (Z13) and the above inequality, we have
(2.16) d(Tptm,xn) < 4de4+e=D5be, m>1.

This implies that {z,} is a Cauchy sequence in E. Since E is complete, there
exists p* € E such that x,, — p* as n — oo.

Now we have to prove that p* is a common fixed point of {T; : : = 1,2,..., N},
that is, p* € F.

By contradiction, we assume that p* is not in F = ﬂf\il F(T;). Since the set
of fixed points of asymptotically quasi-nonexpansive type mapping is closed, so
is F, therefore D(p*, F) > 0. So, for all p € F, we have

(2.17) d(p*,p) < d(p*,zn) + d(zs,p).
By the arbitrariness of p € F, we know that
(2.18) D(p*,F) < dp*,zs) + D(xn, F).

By limy, 00 D(zy, F) = 0, above inequality and z,, — p* as n — oo, we have
(2.19) D(p*7.7:) = 0,

which contradicts D(p*, F) > 0. Thus the iterative sequence {z,} converges
strongly to a common fixed point of {7; : ¢ = 1,2,..., N}. This completes the
proof. O
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Theorem 2.2. Let (E,d, W) be a complete convex metric space, Ty, Ts, ...,
Tn: E — FE be N asymptotically mnonexpansive mappings. Suppose
F = ﬂizl F(T;) be a nonempty set. For a given x1 € E, let {xn} be the

multi-step iterative sequences with errors defined by (I3). If Y lfyn < 00

foralli=1,2,...,N. Then the iterative sequence {x,} converges to a common
fized point of {T; :i=1,2,...,N} if and only if

hmlnfD(xm}") = 0.

n—oo
Proof. Since T; for all ¢ = 1,2,..., N is asymptotically nonexpansive with

F = ﬂf\le F(T;) # 0, we know that there exists a sequence {k,} C [1,00) with
k, — 1 as n — oo such that

d(T]'z,p) < kpd(z,p), VpeF, Yx€E, n>1.
This implies that
d(Tz,p) — knd(z,p) <0, YpeF, Yo € E, n>1.

Therefore we have

nmsup{ sup {d(TP,p) - d(aap)}} <o.
n—00 cEE,peF

This implies that T;: E — FE is asymptotically quasi-nonexpansive type map-
ping for all ¢ = 1,2,...,N. The conclusion of Theorem Z2 can be obtained
from Theorem P immediately. O

By using the same method as in Theorem P, we can easily prove the fol-
lowing theorem.

Theorem 2.3. Let (E,d, W) be a complete convex metric space, Tl,Tg, cee
Tn: E — E be N quasi-nonexpansive mappings. Suppose F = ﬂz L F(T;) be a
nonempty set. For a given x1 € E, let {xn} be the multi-step iterative sequences
with errors defined by (). If > >° 1'yn < oo foralli=1,2,...,N. Then,
the iterative sequence {x,} converges to a common fized point of {T; : i =
1,2,...,N} if and only if

liminf D(z,,F) = 0.

n—oo

From Theorem P, we can also obtain the following:

Theorem 2.4. Let E be a Banach space and Ty, Ts,..., Tn: E — E be N
asymptotically quasi-nonerpansive type mappings. Suppose F = ﬂizl F(Ty)
be a nonempty set. For a given x1 € E, let {x,} be the multi-step iterative
sequences with errors defined by (I3). If Y | 'yn) < oo foralli=1,2,...,N.
Then, the iterative sequence {x,} converges to a common fized point of {T; :
i=1,2,...,N} if and only if

liminf D(z,,F) = 0.

n—oo
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Proof. Since F is a Banach space, it is a complete convex metric space with a
convex structure W(z,y, z; o, 8,7) := az + By + vz, for all z,y,z € E and for
all o, 8,7 € [0,1] with a + 8+~ = 1. Therefore, the conclusion of Theorem E24
can be obtained from Theorem P immediately. |

Remark 2.1. We would like to point out that Theorems P, 2 and 23 of
this paper generalize and improve the corresponding results of Chang [1]-[3],
Ghosh and Debnath [6], Liu [@] - [1], Petryshyn and Williamson [[2] and
Tan and Xu [[H] to the case of a finite family of more general class nonex-
pansive, quasi-nonexpansive, asymptotically nonexpansive and asymptotically
quasi-nonexpansive mappings and multi-step iteration considered here. Our re-
sults also contain the corresponding results of [[]-[6], [d]-[T2], [06] as their special
cases. Especially, Theorem P generalizes and improves the result of Liu [i1]
in the following aspects:

(i) The condition that ” E' is a compact subset of a uniformly convex Banach
space” is removed. We only assume that E is a general Banach space.

(ii) The asymptotically quasi-nonexpansive mapping in [I1] is extended to
asymptotically quasi-nonexpansive type mapping.

(iii) The condition ” (L, a)-uniformly Lipschitz” in [I1] is removed.
(iv) The two-step iteration scheme for one mapping is extended to multi-step

iteration scheme for N mappings.

Remark 2.2. Our results also extend the corresponding results of Kim et al.
[7] to the case of a more general class of asymptotically quasi-nonexpansive
mappings and multi-step iteration scheme considered here.

Remark 2.3. Our results also extend the corresponding results of Chang et al.
[d] to the case of multi-step iteration scheme for a finite family of mappings.

Remark 2.4. Especially, Theorem 1 improves and generalizes Theorem P of
Chang et al. [d] in the following aspects:

(i) The condition "there exist constants L > 0 and « > 0 such that

d(Tz,p) < Ld(z,p)*, Vpe F(T), Yz € E”,

is removed.

(i) The two-step iteration scheme for one mapping is extended to multi-step
iteration scheme for a finite family of mappings.
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