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ON SOME CONNECTIONS ON LOCALLY PRODUCT
RIEMANNIAN MANIFOLDS - PART II

Nevena Pušić1

Abstract. In the first part of this paper, we considered some kinds of
connections (the members of ”projective class”) in almost product spaces.
The main purpose of considering such connections was the extension of
the Riemannian connection from a submanifold of a Riemannian manifold
to the whole space. We used the methodology of almost product spaces
for it. For two of them, there exist invariant tensors. For the holomor-
phically projective connection, this invariant tensor is well-known. Here
we calculate the invariant tensor for a product semi-symmetric connec-
tion and give a proof that there does not exist a curvature or Ricci type
invariant for the mirror connection.
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1. About locally product spaces

As we have said in the first part of this paper, Mn is an n−dimensional
locally product space of p− and q−dimensional spaces Mp and Mq (p+ q = n)
if and only if Mn is covered by such a system of coordinate neighborhoods
{(U, xh)} that at any intersection of two coordinate neighborhoods (U, xh) and
(U ′, xh′

) we have

(1.1) xa′
= xa′

(xa) and xx′
= xx′

(xx)

with

|∂axa′
| ̸= 0 and |∂xxx′

| ̸= 0,

where ∂h denotes ∂/∂xh, the indices a, b, c, d run over the range 1, 2, ..., p, the
indices x, y, z, w run over the range p+1, ..., p+q = n, and the indices h, i, j, k, l
run over the range 1, 2, ..., n. Such a coordinate system will be called a sepa-
rating coordinate system in Mn. The locally product structure tensor
Fh
i is defined by
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(1.2) (Fh
i ) =

(
δab 0
0 −δxy

)
in each separating coordinate neighborhood and it satisfies F i

jF
h
i = δhj . If Mn

is a Riemannian manifold, its metric tensor is of the form

(1.3) (gij) =

(
gab 0
0 gxy

)
and component-subspaces are mutually orthogonal. Then there exists the co-
variant structure tensor

(1.4) Fji = F t
j gti

and there holds

(1.5) F t
jF

s
kgts = gjk.

By this fact, it is obvious that the covariant structure tensor is symmetric and
in fact

(1.6) Fji =

[
gcb 0
0 −gxy

]
If gcb depend only on xa and gxy depend only on xz, we call the space a locally
decomposable Riemannian space. For such a space, we have

{xcb} = 0, {xzb} = 0,
{
a
cy

}
= 0,

{
a
zy

}
= 0.

It is a very well known fact ([10]) that the necessary and sufficient condition for
a locally product Riemannian space to be a locally decomposable Riemannian
space is that

(1.7)
◦
∇j F

h
i = 0,

and there holds an equivalent condition for the covariant structure tensor. Here
◦
∇ denotes the covariant differentiation with respect to the Levi-Civita connec-
tion on Mn.

For the purposes of the present considerations, we induce the tensors

(1.8) Oij
kl =

1

2
(δikδ

j
l + F i

kF
j
l ),

∗Oij
kl =

1

2
(δikδ

j
l − F i

kF
j
l ),

which are called Obata operators.
Locally product spaces have been investigated very widely in the last century.

Here we use results of the papers [2, 3, 4, 6, 7]. Special kinds of connections
on Riemannian spaces with or without structures have been investigated in
[1, 5, 8, 9, 10]. Here we use the method which has been promoted in the book
of K. Yano ([11]).



On some connections on locally product Riemannian manifolds - part II 43

2. Invariants of some connections on Riemannian,
locally product and locally decomposable spaces

As it is very well known ([1, 2, 10]), a projective connection and a holomor-
phically projective connection on a space with affine connection or on a space
which is locally a product of spaces of affine connection have curvature-like ten-
sors that are the same for all connections of such a class, i.e. invariant on their
generators. Here we shall briefly present a method for the calculation of these
invariants.

On a space of affine connection (as well as in a Riemannian space), the
connection with the coefficients

(2.1) Λi
jk = Γi

jk + pjδ
i
k + pkδ

i
j ,

are coefficients of a connection projective to the affine the connection with coeffi-
cients Γ. If the connection with coefficients Γ is symmetric, then the connection
with coefficients Λ is also symmetric. The affine connection with coefficients
Γ (which also can be a Riemannian connection, but for a different metric ten-
sor) and the connection with coefficients (2.1) have their autoparallel lines in
common. For their curvature tensors, there holds the relation

(2.2) Ri
jkl = Ki

jkl + δikplj − δilpkj + δij(plk − pkl),

where Ri
jkl denotes the coefficient of the curvature tensor of the connection given

by (2.1), Ki
jkl is the coefficient of the curvature tensor of the connection with the

coefficients Γ, and by pkj are denoted components of the tensor ∇kpj − pkpj
(∇k denotes the covariant derivative towards the affine connection with the
coefficients Γ), which is not symmetric in the general case. Contracting the
relation (2.2) in the indices i and l, we obtain

(2.3) npkj = Kjk −Rjk + pjk

and, after some calculation,

pkj =
1

n2 − 1
[nKjk +Kkj −Rkj − nRjk].

Then there holds

Ri
jkl +

1

n2 − 1
[δik(Rlj + nRjl)− δil(Rkj + nRjk)] +(2.4)

+
1

n+ 1
δij(Rkl −Rlk) =

= Ki
jkl +

1

n2 − 1
[δik(Klj + nKjl)− δil(Kkj + nKjk)] +

+
1

n+ 1
δij(Kkl −Klk).
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The tensor of the right-hand side of (2.4) is called the projective curvature
tensor for the affine connection with coefficients Γ. It is the same for all affine
connections which are projectively related to the same symmetric connection.
It does not depend on the covector field pj , which is its generator.

Holomorphically projective related connections on a locally product Rie-
mannian space are F−connections, which have holomorphically planar curves
in common with considered symmetric affine connection (possible, with the Rie-

mannian connection, too). Holomorphically planar curves (d
2xh

dt2 + Γh
ij

dxi

dt
dxj

dt =

α(t)dx
h

dt + β(t)Fh
r

dxr

dt ) have been considered in [1, 2] and the curvature-like in-
variant tensor of a whole family of holomorhically projective connections has
been given in [1, 2], in two different ways of calculation and, we get two differ-
ently looking invariants. Here we are going to present the third (original) way
of making this invariant, but shortly and roughly, because we shall need this
method for some considerations of two other connections. A holomorphically
planar curve is a curve whose holomorphic section stays parallel to itself during
a parallel displacement along such a curve.

A symmetric affine connection with coefficients Λi
jk is said to be holomor-

phically projective related to a symmetric affine connection with coefficients Γi
jk

if and only if their coefficients satisfy the relation

(2.5) Λi
jk = Γi

jk + pjδ
i
k + pkδ

i
j + qjF

i
k + qkF

i
j ,

where pi are components of a covector field and qj = paF
a
j and by the last fact

the connection with coefficients Λi
jk is an F−connection if and and only if the

connection with coefficients Γi
jk is an F−connection. We shall suppose that the

last fact is satisfied.
It is easy to calculate that for the curvature tensors of these two connections

there holds

Rh
ijk = Kh

ijk + δhj pki − δhkpji + Fh
j F

s
i pks − Fh

k F
s
i pjs(2.6)

+δhi (pkj − pjk) + Fh
i (F

t
j pkt − F t

kpjt)

where R denotes the curvature tensor of connection with the coefficients Λ, K
denotes the curvature tensor of the connection with the coefficients Γ and

(2.7) pji = ∇jpi − pjpi − qjqi

and ∇ is the covariant derivative operator with respect to the connection with
coefficients Γ. Contracting the indices h and k, we obtain the relation between
the Ricci tensors

Rij = Kij + (pij + pji)− (n+ 2)pji +(2.8)

+F a
j F

b
i (pab + pba)− φ1F

s
i pjs.
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Here, φ1 denotes F a
a = p− q.

After long calculation with multiple using of the Obata operator induced by
formula (1.8), we obtain

pjt =
1

(n+ 2)2 − φ2
1

[φ1(Rcj −Kcj)F
c
t − (n+ 2)(Rtj −Ktj)−

−2φ1(pab + pba)O
ab
jcF

c
t + 2(n+ 2)(pab + pba)O

ab
jt ]

and finally

pjt =
1

(n+ 2)2 − φ2
1

{φ1(Rcj −Kcj)F
c
t −(2.9)

(n+ 2)(Rtj −Ktj)−
2φ1

(n− 2)2 − φ2
1

[φ1(Rab +Rba)O
ba
jt

−(n− 2)(Rab +Rba)O
ba
jcF

c
t − φ1(Kab +Kba)O

ba
jt

+(n− 2)(Kab +Kba)O
ba
jcF

c
t ]

+
2(n+ 2)

(n− 2)2 − φ2
1

[φ1(Rab +Rba)O
ba
jcF

c
t

−(n− 2)(Rab +Rba)O
ba
jt − φ1(Kab +Kba)O

ba
jcF

c
t

+(n− 2)(Kab +Kba)O
ba
jt ]}.

The tensor pjt does not depend on the generator of holomorphically projective
connection with coefficients Λ. If we induce the following abbreviations

α1 =
φ1

(n+ 2)2 − φ2
1

;β1 =
n+ 2

(n+ 2)2 − φ2
1

;(2.10)

α2 = 2
φ2
1 + (n2 − 4)

[(n+ 2)2 − φ2
1][(n− 2)2 − φ2

1]
;

β2 =
4φ1n

[(n+ 2)2 − φ2
1][(n− 2)2 − φ2

1]
;

πjt = (Kab +Kba)O
ba
jt ;

−
πjt= (Rab +Rba)O

ba
jt ,

putting these abbreviations into the expression (2.9) and then putting this result
into (2.6), we obtain that the tensor
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Kh
ijk − α1[Kckδ

h
jF

c
i −Kcjδ

h
kF

c
i + Fh

j Kik − Fh
k Kij(2.11)

+δhi (KckF
c
j −KcjF

c
k ) + Fh

i (Kjk −Kkj)]

+β1[δ
h
jKik − δhkKij +KskF

s
i F

h
j −KsjF

s
i F

h
k +

+δhi (Kjk −Kkj) + Fh
i (F

t
jKtk − F t

kKtj)] +

+α2[πkiδ
h
j − πjiδ

h
k + πksF

h
j F

s
i − πjsF

h
k F

s
i +

+δhi (πkj − πjk) + Fh
i (F

t
jπkt − F t

kπjt)]−

−β2[δ
h
j πkcF

c
i − δhkπjcF

c
i + Fh

j πki − Fh
k πji +

+δhi (πkcF
c
j − πjcF

c
k ) + Fh

i (πkj − πjk)].

is equal to the tensor of the same structure, but depending on Rh
ijk, Rjk,

−
πjk

instead of Kh
ijk,Kjk,πjk.

This tensor is called holomorphically projective curvature tensor of
the connection with coefficients Γ ((2.5)). This method of calculation is different
from the methods given in [1] and [2], and the final form is also different.

3. Invariant curvature-like tensor of product
semi-symmetric metric connections

On a locally decomposable Riemannian space there exists a product semi-
symmetric metric connection with components ([7])

(3.1) Γi
jk = {ijk}+ pjδ

i
k − pigjk + qjF

i
k − qiFjk

Such a connection is always metric and the structure tensor is parallel with
respect to it if and only if there holds qk = paF

a
k . We shall suppose that it

is satisfied and that the connection (3.1) is an F−connection. The connec-
tion generators p and q have the same length. Autoparallel lines of a product
semi-symmetric metric connection are holomorphically planer curves on a de-
composable Riemannian space if and only if the vector p is collinear with the
vector tangent to holomorphically planer curve and of constant length. So, the
product semi-symmetric metric connection is a member of ”projective class” of
connections.

For the curvature tensor components of the connection (3.1) there holds

Ri
jkl = Ki

jkl + δikplj − δilpkj + gjlp
i
k − gkjp

i
l(3.2)

+F i
kqlj − F i

l qkj + Fjlq
i
k − Fjkq

i
l ,

where pil = pljg
ji, qil = qljg

ji and
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pkj =
0

∇k pj − pkpj − qkqj +
1

2
psp

sgkj +
1

2
psq

sFkj ,

qkj =
0

∇k qj − pkqj − qkpj +
1

2
psp

sFkj +
1

2
psq

sgkj ,

as the lengths of vectors p and q are equal. Ki
jkl denote curvature tensor compo-

nents of the Levi-Civita connection and
0

∇ the covariant differentiation operator
with respect to it. We can notice that pkaF

a
j = qkj . After contraction (3.1)

in i and l, we obtain

Rjk = Kjk + (2− n)pkj + pkj − gkjplsg
ls + F l

kF
s
j pls −(3.3)

−φ1F
a
j pka − FjkplsF

ls.

In the last formula, we used the relation between pkj and qkj . It is necessary
to express pkj through Ricci tensors, curvature scalars, metric and structure
tensors. After multiplying the equation (3.3) by F j

pF
k
q and substracting the

result from (3.3), we obtain

(3.4) (2− n)pls
∗Ols

kj = Rsl
∗Ols

kj −Ksl
∗Ols

kj + φ1pls
∗Ols

ktF
t
j .

and from this equation there holds immediatelly

(3.5) (2− n)pls
∗Ols

ktF
t
j = Rsl

∗Ols
ktF

t
j −Ksl

∗Ols
ktF

t
j + φ1pls

∗Ols
kj .

After multiplying (3.4) by 2 − n and (3.5) by φ1 and making the sum of
results, we obtain

[(2− n)2 − φ2
1]pls

∗Ols
kj = (2− n− φ1)[Rsl

∗Ols
kj −Ksl

∗Ols
kj ]

and, hence,

(3.6) pls
∗Ols

kj =
1

2− n+ φ1

[Rsl
∗Ols

kj −Ksl
∗Ols

kj ].

On the other hand, the equation (3.3) can be rewritten as

Rjk −Kjk = (4− n)pkj − pls
∗Ols

kj − φ1F
s
j pks −(3.7)

−(gkjg
ls + FkjF

ls)pls.

From this relation, we have
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(Rck −Kck)F
c
j = (4− n)pkcF

c
j − pls

∗Ols
kcF

c
j(3.8)

−φ1pkj − (Fkjg
ls + gkjF

ls)pls.

Now we multiply (3.8) by φ1 and (3.7) by 4 − n. After addition of results, we
have

[(n− 4)2 − φ2
1]pkj = φ1[(Rck −Kck)F

c
j −(3.9)

pls
∗Ols

kcF
c
j + (Fkjg

ls + gkjF
ls)pls]− (n− 4)[Rjk −Kjk−

−pls
∗Ols

kj + (gkjg
ls + FkjF

ls)pls].

From (3.3), we obtain by transvecting gjk

R−K = 2(2− n)plsg
ls − 2φ1plsF

ls,

and, consequently

plsF
ls =

(2− n)plsg
ls

φ1

− R−K

2φ1

.

In order to eliminate the scalar function plsF
ls, we can easily prove that there

hold

∗Ols
kjg

kj = 0, ∗Ols
kcF

c
j g

jk = 0.

Then, we can transvect (3.9) by gjk and finally get

plsg
ls =

φ1

2[(n− 2)2 − φ2
1]
(Rck −Kck)F

ck −(3.10)

− (n− 2)

2[(n− 2)2 − φ2
1]
(R−K)

(3.11) plsF
ls =

1

2φ1[(n− 2)2 − φ2
1]
[φ2

1(R−K)− (n− 2)(Rck −Kck)F
ck]

and then both scalar functions are eliminated. Now we can find the final form
of pkj , but we shall involve some numerical abbreviations first:

α1 =
φ1 + (n− 2)(n− 4)

2φ1[(n− 2)2 − φ2
1]

, α2 =
n− 2 + (n− 4)φ1

2[(n− 2)2 − φ2
1]

,(3.12)

β1 = (n− 4)2 − φ2
1, β2 = 2− n+ φ1;

Then
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pkj =
φ1

β1

(Rck −Kck)F
c
j − φ1

β2

(Rsl
∗Ols

kc −Ksl
∗Ols

kc)F
c
j −(3.13)

−n− 4

β1

(Rjk −Kjk)−
n− 4

β1β2

(Rsl
∗Ols

kj −Ksl
∗Ols

kj)+

+
1

β1

(α1(Rab −Kab)F
ab − α2(R−K))Fkj−

− 1

β1

(α2(Rab −Kab)− α1(R−K))gkj .

So we have proved that there holds

Theorem 1. On a locally product Riemannian space, if there is given a product
semi-symmetric metric connection (3.1) with curvature tensor components Rijkl

and Ricci tensor component Rjk, the tensor

A(R) = Rijkl −
φ1

β1

[RclF
c
j gik −RckF

c
j gil +RckF

c
i glj −RclF

c
i gkj

+RjlFik −RjkFli + FjlRik − FjkRil]

+
φ1

β1

[Rab
∗Oba

lc F
c
j gik −Rab

∗Oba
kcF

c
j gil +Rab

∗Oba
kcF

c
i glj

−Rab
∗Oba

lc F
c
i gkj +Rab

∗Oba
lj Fik −Rab

∗Oba
kjFil+

+Rab
∗Oba

kiFjl −Rab
∗Oba

li Fjk]

+
n− 4

β1

(gikRlj − gilRkj + gljRki − gkiRli

+FikRclF
c
j − FliRckF

c
j + FjlRckF

c
i − FjkRclF

c
i )

+
n− 4

β1β2

[Rab
∗Oba

lj gik −Rab
∗Oba

kjgil +Rab
∗Oba

kiglj−

−Rab
∗Oba

li gkj +Rab
∗Oba

lc F
c
j Fik −Rab

∗Oba
kcF

c
j Fil+

+Rab
∗Oba

kcF
c
i Fjl −Rab

∗Oba
lc F

c
i Fjk]−

− 4

β1

(α1RabF
ab − α2R)[2(gljFik − gilFkj + gikFlj − gkjFli)−

−2(gikglj − gilgkj + FikFlj − FliFkj)](3.14)

does not depend on the generators p and q of the product semi-symmetric metric
connection.
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The tensor in (3.14) is equal to a tensor of the same structure, but depending
on Kijkl,Kjk and K instead of Rijkl, Rjk and K. It is invariant on the generator
of such a connection and, is the same for the whole family of product semi-
symmetric metric connection.

4. A relation between holomorhically projective and mir-
ror connection on a locally decomposable Riemannian
space

The mirror connection on a locally decomposable Riemannian space acts
along a curve which is holomorphically projective to the Levi-Civita connection
such that the image of the vector tangent to that curve by the structure tensor
stays parallel to itself. Its components are given by

(4.1) Γi
jk = {ijk}+ qjF

i
k + qkF

i
j ,

where {ijk} are components of the Levi-Civita connection, F i
j are components

of the structure tensor and qj are components of a vector field.
The mirror connection is neither an F−connection nor metric connection.

Components of its curvature tensor are given by

Ri
jkl = Ki

jkl − F i
l qkj + F i

kqlj + F i
j (qlk − qkl)(4.2)

+δikqlqj − δilqkqj ,

where by qkj are denoted components of the tensor
0

∇k qj − pkqj − qkpj and pj
are components of the vector qaF

a
j .

We can notice that for every mirror connection on a locally decomposable
Riemannian space there exists a uniquely determined connection which is holo-
morphically projective to the Levi-Civita connection, which is an F−connection,
and which is projective to the mirror connection ((2.5))

(4.3) Λi
jk = {ijk}+ qjF

i
k + qkF

i
j + pjδ

i
k + pkδ

i
j ;

(4.4) Λi
jk = Γi

jk + pjδ
i
k + pkδ

i
j ,

where pj = qaF
a
j . According to (2.2), the components of curvature tensors of

these two connections satisfy the relation

(4.5) R
i

jkl = Ri
jkl + δikPlj − δilPkj + δij(Plk − Pkl),
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where Pkj denotes the tensor ∇kpj − pkpj and R
i

jkl and Ri
jkl are curvature

tensors components of connections given by (4.3) and (4.1) recpectively; the
operator ∇k denotes the covariant differentiation with respect to the connection
with coefficients Γi

jk. As these coefficients are given by formula (4.1), for the

tensor Pkj there holds Pkj =
0

∇k pj−2qkqj−pkpj (where
0

∇k denotes the covariant
differentiation operator towards the Levi-Civita connection). If we denote by

pkj the tensor qkaF
a
j , in the case of mirror connection, there will hold Pkj =

0

∇k

pj − qkqj − pkpj and, consequently, pkj = Pkj + qkqj .

By suitable transformations of the formula (4.5) (contraction, symmetriza-
tion, alternation), we obtain that there holds

Pkj =
1

n2 − 1
[Rkj + nRjk − (Rkj + nRjk)],

where Rjk denotes components of the Ricci tensor of mirror connection and
Rjk denotes components of the Ricci tensor of the holomorphically projective
F−connection. Then, for the mirror connection there hold

pkj =
1

n2 − 1
[Rkj + nRjk − (Rkj + nRjk)] + qkqj ,

qkj =
1

n2 − 1
[Rka + nRak − (Rka + nRak)]F

a
j + qkpj .

The coefficients of a holomorphically projective F−connection are given by the
relation (4.3). Then for the components of curvature tensor of such a connection,
according to Section 2, are given by

R
i

ijkl = Ki
jkl + δikplj − δilpkj + F i

kF
s
j pls − F i

l F
s
j pks +

+δij(plk − pkl) + F i
j (F

t
kplt − F t

l pkt),

where pji denotes the tensor
0

∇j pi − pjpi − qjqi; we can see that pji = pji.

If we follow the construction from Section 2, we obtain the formula (2.9). In
the exactly same way, we can eliminate the tensor pkj . Using the abbreviations
given by (2.10), we can obtain a simplier expression for pkj . Putting it into (4.2),
we obtain
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Ri
jkl − F i

kF
a
j [α1RclF

c
a − β1Ral − α2

−
πla +β2

−
πlc F

c
a ](4.6)

+F i
l F

a
j [α1RckF

c
a − β1Rak − α2

−
πka +β2

−
πkc F

c
a ]

−F i
jF

a
k [α1RclF

c
a − β1Ral − α2

−
πla +β2

−
πlc F

c
a ]

+F i
jF

a
k [α1RckF

c
a − β1Rak − α2

−
πka +β2

−
πkc F

c
a ]

= Ki
jkl − F i

kF
a
j [α1KclF

c
a − β1Kal − α2πla + β2πlcF

c
a ]

+F i
l F

a
j [α1KckF

c
a − β1Kak − α2πka + β2πkcF

c
a ]

−F i
jF

a
k [α1KclF

c
a − β1Kal − α2πla + β2πlcF

c
a ]

+F i
jF

a
k [α1KckF

c
a − β1Kak − α2πka + β2πkcF

c
a ]

+δikqjql − δilqjqk.

On the left-hand side of (4.6), there appear curvature tensor components (Ri
jkl)

of the mirror connection given by (4.1), but all Ricci tensor components (R
) are those of holomophically projective connection (given by (4.3)) which is
projectively related to the mirror connection and uniquely determined. Also,
the generator of the mirror (and holomorphically projective) connection on the
right-hand side of (4.6) is not fully eliminated. As the tensor on the left-hand
side is completely different from the holomorphically-projective curvature ten-
sor, we call it a semi-invariant tensor of mirror connection of a locally
decomposable Riemannian space. It is a consequence of projectivity of
these two connections.

5. On the existence of a possible tensor invariant of a mir-
ror connection of a locally
decomposable Riemannian space

For the mirror connection on a locally decomposable space with the coeffi-
cients given by the formula (4.1), the curvature tensor is expressed by the for-

mula (4.2), where by qkj are denoted components of the tensor
0

∇k qj−pkqj−qkpj
and pj are components of the vector qaF

a
j . We are going to show here that,

besides the semi-invariant which has been shown in the previous section, there
is no invariant tensors of curvature type or Ricci type for the family of mirror
connections. As the Levi-Civita connection is an F−connection, we shall focus

on the tensor pkj =
0

∇k pj − pkpj − qkqj (pkj = qkaF
a
j ). If we contract the

relation (4.2) in the indices i, l, we obtain

(5.1) Rjk = Kjk − φ1pkaF
a
j + F b

kF
a
j (pab + pba)− pkj + (1− n)qkqj.

Now we put that there holds

(5.2) pkj = Skj + α1pkpj + α2qkqj + β1pkqj + β2qkpj .
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Our goal is to eliminate the product of generator components at the end of
(5.1). From (5.1) and (5.2) we obtain

Rjk = Kjk − φ1SkaF
a
j + F a

j F
b
k(Sab + Sba)− Skj(5.3)

−φ1α1pkqj − φ1α2qkpj − φ1β1pkpj − φ1β2qkqj

+α1qkqj + α2pkpj + β1qjpk + β2pjqk

+α1qkqj + α2pkpj + β1pjqk + β2qjpk

−α1pkpj − α2qkqj − β1pkqj − β2qkpj + (1− n)qkqj .

Now we are going to make an equation system, such that the last four lines of
(5.3) vanish. If it would be possible to solve such a system, (5.3) will reduce to
its first line.

The equation system looks this way

−φ1α1 + β2 = 0(5.4)

−φ1α2 + β1 = 0

−φ1β1 + 2α2 − α1 = 0

−φ1β2 + 2α1 − α2 − (n− 1) = 0

From the first two equations, we obtain α1 = β2

φ1
;α2 = β1

φ1
. Putting these results

into the third equation, we obtain β2 = (2− φ2
1)β1. If we put

(5.5) 2− φ2
1 = θ,

the system will have the solution

(5.6) β1 =
φ1(n− 1)

θ2 − 1
;β2 =

φ1θ(n− 1)

θ2 − 1
;α1 =

θ(n− 1)

θ2 − 1
;α2 =

n− 1

θ2 − 1
.

As θ2 − 1 = (θ − 1)(θ + 1) = (1 − φ2
1)(3 − φ2

1). It will be possible to solve the
system if and only if φ1 ̸= ±1 (as φ1 = p− q is an integer) and then we have

(5.7) Rjk = Kjk − φ1SkaF
a
j + F a

j F
b
k(Sab + Sba)− Skj ,

where Skj is given by the equation (5.2). If we put Tjk = Rjk −Kjk, there will
hold

(5.8) Tjk = −φ1SkaF
a
j + F a

j F
b
k(Sab + Sba)− Skj .

Now we shall calculate the components of the tensor Skj on the component-
subspaces, as well as on the mixed ones, using separating coordinate system. If
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Mn = Mp ×Mq and if on Mp, F
i
j = δαβ , then on Mq there holds F i

j = −δκλ . The
indices from the beginning of alphabet (α, β, γ, ...) are related to the subspace
Mp and the indices from the middle of alphabet (κ, λ, µ, ...) are related to the
subspace Mq. According to the relation (5.8), there will hold

Tαβ = −φ1Sβα + Sαβ ,

Tβα = −φ1Sαβ + Sβα,

(5.9) Sαβ =
1

1− φ2
1

[Tαβ + φ1Tβα],

Tκα = (φ1 − 2)Sακ − Sκα,

Tακ = −(φ1 + 2)Sκα − Sακ ,

(5.10) Sακ = − 1

1 + (φ1 + 2)(φ1 − 2)
[Tακ − (φ1 + 2)Tκα],

(5.11) Sκα = − 1

1 + (φ1 + 2)(φ1 − 2)
[Tκα + (φ1 − 2)Tακ ],

Tκλ = φ1Sλκ + Sκλ,

Tλκ = φ1Sκλ + Sλκ,

(5.12) Sλκ =
1

1− φ2
1

[Tλκ − φ1Tκλ].

According to relations (5.9)-(5.12), it is natural to expect that there holds

Skj = ATkj +BTjk + F a
k (CTaj +DTja) +(5.13)

F a
j (ETka +GTak) + F a

j F
b
k(HTab +KTba),

for some constants A,B,C,D,E,G,H,K. Now we can express components of
the tensor S given by the equation (5.13) by the use of the separating coordi-
nate system. Comparing the results with equations (5.9)-(5.12), we obtain a
system of eight linear equations with eight variables A,B,C,D,E,G,H,K. If
it is possible to solve such a system uniquely, then Sij will really look as it is
given by (5.13).
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The system is looking this way

A+ C + E +K =
1

1− φ2
1

;(5.14)

A+ C − E −K = − 1

1 + (φ1 + 2)(φ1 − 2)
;

A− C + E −K = − 1

1 + (φ1 + 2)(φ1 − 2)
;

A− C − E +K =
1

1− φ2
1

;

B +D +G+H =
φ1

1− φ2
1

;

B +D −G−H = − φ1 − 2

1 + (φ1 + 2)(φ1 − 2)
;

B −D +G−H =
φ1 + 2

1 + (φ1 + 2)(φ1 − 2)
;

B −D −G+H =
−φ1

1− φ2
1

.

These are in fact two systems consisting of four linear equations of four variables
each. They have a unique solution if φ1 ̸= ±1.

The solution of 8× 8 system is

A =
1

2(1− φ2
1)

− 1

2[1 + (φ1 + 2)(φ1 − 2)]
;

K =
1

2(1− φ2
1)

+
1

2[1 + (φ1 + 2)(φ1 − 2)]
;(5.15)

C = E = 0;

B = − 1

1 + (φ1 + 2)(φ1 − 2)
;H = −B;

G = φ1A;D = φ1K.

Now the equation (5.13) has the form

(5.16) Skj = ATkj +BTjk + φ1KF a
k Tja + φ1AF a

j Tak + F a
j F

b
k(KTba −BTab).

Our goal is to express the tensor T in terms of metric tensor, structure tensor
and constants. Now we apply the above equation to the equation (5.8). We
obtain

0 = (K − 2B − φ2
1A− 1)Tjk + (K −A−B)Tkj(5.17)

−φ1(B +A−K)F a
j Tak + φ1(B +A−K)F b

kTjb

+(A− φ2
1K + 2B)F a

j F
b
kTab + (B +A−K)F a

j F
b
kTba
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After calculating the coefficients in the above equation using the solution of the
linear equations system, we obtain that the expression on the right-hand side
of the equation (5.17) vanishes identically. So we cannot express the tensor T
as we have intended. Such a method cannot give us any way to calculate any
invariant for a mirror connection, neither of curvature type, nor of Ricci type.
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