Novl SAD J. MATH.
VoL. 41, No. 2, 2011, 73-80

ON GENERALIZED n-INNER PRODUCT SPACES

Renu Chugh”, Sushma Lather?

Abstract. The primary purpose of this paper is to derive a generalized
(n — k) inner product with n > 2, from the generalized n-inner product,
which is a generalization of the definition of Misiak [B] of the n-inner prod-
uct for each k € {1,2...,n — 1} and also provide results related to the
n-normed product induced by generalized n-inner product.
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1. Introduction

Misiak [3] has introduced an n-norm and n-inner product by the following
definitions.
Definition 1.1. Let n € N (natural numbers) and X be a real linear space
of dimension greater than or equal to n. A real valued function ||e,...,e| on
X x .-+ x X = X" satisfying the following four properties:

(i) |lz1, 22, ..., zs| = 0 if any only if 21,2z, ..., 2, are linearly dependent,
(ii) ||z1,x2,. .., 2y, is invariant under any permutation,
(iil) ||x1,@a,...,az,| = |a|||z1,z2, ..., z,||, for any a € R (real),
(iv) ||z1, 22, s Tn_1, ¥ + 2| = |x1, 22, s X1, yl| + ||X1, 22, .oy 01, 2]| s
called an n-norm on X and the pair (X, ||e,...,|) is called n-normed

linear space.

Definition 1.2. Assume that n is a positive integer and X is a real vector space
such that dim X > n and (e, e|e, ..., e) is a real function defined on X™*! such
1

n—
that:
(i) (z1,21|22,...,25) > 0, for any x1,x9,...,2, € X and
(z1,21|2a,...,2,) = 0 if and only if z1, 29, ..., z, are linearly dependent
vectors;
(ii) (a7 b‘xla s 7xn*1) = (<p(a), (p(b)|7T(.%'1), s 77T(xn*1))7
for any a, b, x1, T2,...,T,—1 € X and for any bijections
m{x1, e, .. X1} = {21, 22,.. ., xp—1} and ¢ : {a,b} — {a,b};
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(iii) If n > 1, then (21, z1|z2, ..., 20) = (T2, T2|T1, X3, ..., Tn),
for any x1,x2,...,2, € X;

(iv) (aa,blz1,...,2n-1) = ala,blz1,...,zn_1),
for any a,b, x1,...,x,—1 € X and any scalar a € R;

(v) (a+ay,blz1,...,2n-1) = (a,bla1,...,2n_1) + (a1,b|21, ..., Tpn_1),
for any a,b, a1, z1,...,Tn_1 € X.

Then (e, e|e, ... o) is called n-inner product and (X, (e, e|e, ... e) n-prehilbert
n—1 n—1

space. If n = 1, then Definition 1.2 reduces to the ordinary inner product. This
n-inner product induces an n-norm [3] by

lz1, ... 2] = \/(xl,x1|x2,...,a:n).

Trencevski and Malceski [d] gave the definition of generalized n-inner product
and the Cauchy-Schwarz inequality in this space as

Definition 1.3. Assume that n is a positive integer, X is a real vector space
such that dim X > n and (e,...,ele, ... @) is a real function on X" such that

(Iy) (a1,...,anla1,...,a,) > 0if ai,...,a, are linearly independent vectors,
(I2) (a1y...,anlb1,...,bn) = (b1,...,byla1,...,a,) for any
A1y ey Qp,br,. ... b, €X
(I3) (Xay,...,anlb1,...,bn) = Xai,...,aul|b1,...,by,) for any scalar
A€ R and any ay,...,0,,b1,...,b, € X,
(14) (al,...,an\bl,...,bn>:—(aa(l),...,ag(n)|b1,...,bn>
for any odd permutation o in the set {1,...,n}
and any aq,...,0n,b1,...,0, € X,

(15) <a1 +c,a2,...,an|b1,...,bn> = <a17a2,...,an|b1,...,bn>
+{c,ag,...,an|b1,...,b,) for any ay,...,an,b1,...,b,, c € X,

(16) If <a1, b17 [N ,bi_l, bi—&-l, ceeyy bn|b1, ey bn> = 0 for each
1 € {1,2,...,n}, then {(a1,...,a,|b1,...,b,) = 0 for arbitrary vectors
A1y...,0n.
Then the function (e,... e|e ... ) is called generalized n-inner product and

the pair (X, (e,... o|e,... o)) is called generalized n-prehilbert space.
The generalized n-inner product on X induces an n-norm [3] by

lx1,.. .z, = \/<x1,...,xn\x1,...,xn).

And Cauchy-Schwarz inequality in generalized n-inner product on X is given as

(al,...,an|b1,...,bn>2

S <a1,...,an|a1,...,an><b1,...,bn|b1,...,bn>

In [M] we obtain the following identities:
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Polarization identity in generalized n-inner product space as

Ua,xa,. .., Tply, Ta,y ..., Ty)

2 2
=z 4y, za, ..., x,.|° — |z —y, 22, ..., 25
And parallelogram law in generalized n-inner product space as

||J:—|—y,x2,...,acn||2 + |\m—y,x2,...,xn||2

= 2|z, 29, ..., 2n]|* + 2|y, 22, . . ., Tn?

The classical known example [d] of generalized n-inner product space is
Example 1.4. Let X be a space with inner product (e|e). Then

) o
@y esanlbi b= o
<an|bl> <an|b2> v <an‘bn>

defines a generalized n-inner product on X.

Misiak [3] generalized the definition of 2-inner product given by Gahler [d]
in m-inner product. Recently, Trencevski and Malceski [@] introduced the con-
cept of generalized n-inner product as the generalization of n-inner product and
obtained some related results. In [l], we discussed the weak and strong con-
vergence, and proved some identities in this space. In this paper, we present a
simple method to derive a generalized (n — k) inner product with n > 2, from
the generalized n-inner product for each k € {1,2...,n — 1} and also provide
results related to n-norm induced by generalized n-inner product.

The notion of orthogonality in a generalized n-inner product space can be
developed by using a derived generalized inner product or inner product, just
as in [0, 2, @].

2. Main results

To avoid confusion, we shall sometimes denote a generalized n-inner product

by (-, .oyt yeevy ) and an n-norm by ||+, <. .., ||n-
Theorem 2.1. Let (X, {-,«,...,|",",...,)n) be generalized n-inner product space
with finite dimension d > n > 2. Take a linearly independent set
{a1,as,...,aq} and define the following function (-,..., |- ..., Yp_1 on X2(=1)
by
<.’L']_,.CL'2, e 7xn71|y17y2) ey yn71>
d
(21) = Z<$17 T2yevey Tp—1, ai|y17y27 sy Yn—1, ai>
i=1
such that this function satisfies (Ig), then the function (-, ..., |- - ..., )n_1 18

a generalized (n — 1)-inner product on X .
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Proof. We will verify that (-,-,... |-, ..., )n—1 satisfies the following six prop-
erties of a generalized (n — 1)-inner product.

(i) To verify this property, suppose that x1, s, ..., z,—1 are linearly depen-
dent. Then (z1,x9,...,Tn_1,a:|T1,22,...,Zn_1,0;) = 0, for every i €
{1,2,...,d} and hence (z1,x2,...,Tpn_1|T1,22,...,Tn_1)=0.

Conversely, suppose that

<x17x27 sy Ty —1|T1, T2, - 7(En71> = 07
then
n

Z<$1,$2, e T, Q[T T2, T, a) = 0

i=1
SO <l‘1,$2, ey Tn—1,04|T1,T2, ... ,xn_l,ai> = 0 for each 7 € {172, A ,d}
Hence by (I;) x1,x9,...,2n—1, a; are linearly dependent for each i €
{1,2,...,d}.
By elementary linear algebra, this can only happen if 1, xs,...,2,_1 are

linearly dependent.
(ii) By using (I2), we have
<$17 T2yenn 7xn71|y17 Y2, 7yn71>n71

<£C1,£L'2, .. 'axn—laai|ylay27 e 7yn—1yai>

s. s.
i M& i M&
[S [S

= <y1ay27"',ynflaai|x1am2a"'axn717ai>
= <y17y27°"7yn71|x17x27"'7xn71>n71
(111) <)‘x1,m2a"'axn71|y17y2a"'ayn71>n71
d
= Z()\xl,xg,...,xn,l,ai|y1,y2,...,yn,l,al)
=1

d
)\Z<x17$27 e 7xn717ai|y17y27 cee 7yn717ai>
=1
= )\<m17$2a"'7xn71|y17y2a"'7yn71>n71

For any scalar A € R, using (I3).
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(iV) <x13x27"'7xn—l‘y1,y2a~“7yn—l>n—l

d
= E <x17x2>---7mn—1aai|y17y27~-~>yn—1;ai>

i=1

d
<xo'(1)a Lg(2)y- s Ta(n—1)» ai|y1a Y253 Yn—1, a/i>

i=1
= —To(1), To@)s - Totn=1)|Y1, Y2, -+ Yn—1)

for any odd permutation ¢ in the set {1,...,n} and using (I4).

(V) <$1+Z,$27--~7$n—1|yl7y27--~7yn—1>n—1

d
= g (14 2,@2, . o Tre1, QY1 Y25+ - oy Y1, Q)
i=1
d

- E <x1>$2,"')xnflaai|y13y2a'"?ynflaai>
i=1

d
+ E <Za$27 .. ~;xn717ai|ylay27 e 7ynflaai>
i=1

= <x17$27~-'a‘rn71|y17y27~'~uyn71>n71

+H(z, 2, ., Tt Y1, Y25 - s YUn—1)n—1

(Vl) If <x17y1a"'ayj—17yj+17"'ayn—1|ylay27"'7yn—l>n—1 = 0 for eaChj €
(1,2,....n— 1}

d
= <$1»y17 s 7yj717yj+17 cee 7yn717ai|y1a Y2,... 7yn717ai> = 07
i=1
hence by the orthonormal basis {a1,as, ..., aq} and assumption of the the-
orem, we have the required condition that
(1,2, s Tn—1|Y1, Y2,y -« -, Yn—1)n—1 = 0 for arbitrary vectors xa, ..., Zp_1.
So, {-y5-+y|yrye ey )mn—1 is a generalized (n — 1)-inner product on X. O

Corollary 2.2. Every generalized n-inner product space is generalized (n — k)-
inner product space for all k = 1,2,...,n — 1, by induction with generalized
(n — k)-inner product

<$17I2, B azn—k|y17y25 s ayn>

- E <xlax2u~"7xn7k:7ai17ai27'"7aik‘y17y27"'7yn7k7ai17ai23”~7aik>n
i1,i2,..,ik€{1,2,...,d}

such that this function satisfies (Ig), this condition is necessary for
k=1,2....,n—2, but for Kk = n — 1 it is trivially satisfied. In particular,
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every generalized n-inner product space induces an inner product space. i.e.

(z,y) = Z (Ty @iy Qigy e ooy @i Uy Qg Qigy oy G4, I
i1,02,.00n—1€{1,2,...,d}

Corollary 2.3. Let |,,...,|l» be the induced n-norm from a generalized
n-inner product on X. Then the following function

d 2
Hl‘l,l‘g, e axn—lHn—l = (Z ||$1,$2, ey n—1, ai||2>
i=1

is an (n — 1)-norm that corresponds to (-,-,..., ] ...,-)p—1 on X, and by
induction we have

||x17x27 st axn—k”n—k

= ( Z ||x1,x2,...7xnk,ail,aiz,...,aik||2> .

i1 iz in €]1,2,0.0d]

N

1

2
In particular, ||z|| = ( > ||x,ai1,aiz,...,ain1||2> defines a

W10yl 1€]1,2,...,d]

norm that corresponds to the derived generalized inner product or inner product
(,-) on X.
2.4. Related results on n-normed space induced from generalized n-inner prod-
uct space.

Suppose now that (X, ||, -, ..., ||») is an n-normed space and {a1, as,...,aq}
is a linearly independent orthonormal set in X. Then we can show that

d 2
HxlaxZa CIE 7xn71Hn71 - (Z ||(E1,$2, ey Tn—1, ai||2>
i=1

defines an (n — 1)-norm on X. In particular, the triangle inequality can be
verified as:

lz+y,z2,..., 201>,

= <$+y7l'2,...,In_1|l’+y,1'2,...,$n_1>
d

= Z<$+y,$2,...,Z‘n_l,ai|$+y,l‘2,...,.I‘n_l,ai>
=1
d

= Z\|x—|—y,m2,...,xn_1,ai|\2
1=1
d

S Z( ||x,x2,...,xn_1,ai|| + Hyaan'- -7xn—1aa’i”)2

=1
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Thus
HCL’ + Y, T2,... axnlenfl

d :

S <Z(|I’,I27 s 7In—17ai|| + ”ya Loy -esTn—1, ai|)2)
i=1
d 3 d 2

S <Z |x7x27"'71‘n17ai”2> + <Z”y7x27"'axn17ai”2)
i=1 i=1

= ||.’E, T, ... 7xn71||n71 + ||ya Za,... 7xn71||n71~

This inequality shows the triangle inequality in (n — 1)-norm.

Theorem 2.5. If the n-norm induced by generalized n-inner product satisfies
the parallelogram law

||33+ya$2,-- '7I7LH2 + ||$—Z/73327~-- ,.Tn”Q

=2||x, 20, .., ||+ 2|y, 22, . . 20|

then the (n — 1)-norm induced by generalized n-inner product given by (4) sat-
isfies

H:c—|—y,x2,...,xn_1||2 + Ho:—y,xg,...,xn_1||2

=2z, 22, ..., Tp 1 ||* +2lly, T2,y 21 |]?
In particular, the derived norm satisfies
Iz +yl? + llz = ylI* = 2[|=]|* + 2(ly[*.
Proof. Polarization Identity in a generalized n-inner product space is
(20, ..., xp|Y, T2, ..., Tp)
. i(||x+y,x2,...,mn\|2 Mz =y, zall?)

and a generalized (n — 1)-inner product is derived from it with respect to

{a1,a2,...,aq}. One will then realize that the derived (n — 1)-norm is the
induced (n — 1)-norm from the derived generalized (n — 1)-inner product, and
hence the parallelogram law follows. O

3. Examples

Example 3.1. Let X = R" be equipped with the standard generalized n-inner
product space

<$1,Z/1> <1'1’y2> <$1>Z/n>
<I27 y1> <127 y2> s <I2» yn>
<331,$27---790n|y1,y2,---,yn>= . . . .

<wn;y1> <wn;y2> <$n;yn>
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where (z,y) is the usual inner product on R™. Then the derived generalized (n—
k) inner product with respect to an orthonormal basis {b1,bs, ..., b, } coincides
with the standard generalized (n — k)-inner product on R™, that is,

<.’E1,.’E2, e 7xn7k|y17y27 e 7yn7k>
<$17y1> (x17y2> <x17yn7k>
<$27y1> <3327y2> e <x2ayn—k}>
(Tn—rs 1) (@n—kr¥2) - Tk Yn—k)

In particular, the derived generalized inner product (inner product) (x,y) with
respect to {b1, ba,...,b,}, which is given by
(x,y) = (x,ba,bs,...,bn|y,ba,bs,...,by)
+{(x,b1,b3, ... by, b1,bs, o by) .
+{x,b1,bay ..., bp—1ly,b1,b2,.. ., by_1)
is the usual inner product.

Example 3.2. Let X = R? be equipped with the standard n-inner product as in
(5), with (x, %) being the usual inner product on R%. Then one may particularly
observe that the derived inner product with respect to an orthonormal basis
{b1,ba,...,bq} is given by

<$ay> = Z <xabi27bi3’"'7bin|yvbi27bi3a"'7bin>

{i1,82,.,8n } C{1,2,...,d}

= <Z: D (z,y),

d—1\ (d—1)!
-1)  (d—n)(n—-1)V
This derived inner product is better than the previous one in the sense that
it is only a multiple of the usual inner product. This example may also be
extended to any finite d-dimensional inner product space X.

where
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