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ANALYTIC REPRESENTATION FOR A PRODUCT
OF A REAL ANALYTIC AND AN L1-FUNCTION IN Rn

Vasko Reckoski1

Abstract. We give an elementary proof of the known result that
P (z)f̂(z) is an analytic representation for f (x)P (x), where P is real
analytic and f ∈ L1(Rn) and f̂ is the analytic representation of f .
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1. Introduction

Recall that the Cauchy kernel in Rn has the form

K (t− z) =
1

(2πi)
n

n∏
j=1

1

tj − zj
,

where z = (z1, . . . , zn), t = (t1, . . . , tn) and zj = xj + iyj , yj ̸= 0, j = 1, 2, . . . , n.
If f ∈ L1(Rn), one has that

f∗ (x1 + iy1, . . . , xn + iyn) → f(x)

as yj → 0, in the Schwartz space D′(Rn), where

f∗ (z) = f̂ (z1, . . . , zn)− f̂ (z̄1, z2, . . . , zn) + . . .+ (−1)
n
f̂ (z̄1, . . . , z̄n) ,

(1) f̂(z1, . . . , zn) =
1

(2πi)
n

∫
Rn

f (t1, . . . , tn) dt1 . . . dtn
(t1 − z1) . . . (tn − zn)

.

We refer to [1, 2, 3, 4] for the classical results (see also [5]).

In this paper we will define an appropriate boundary value representation
for a function F (x) = F (x1, . . . , xn), x ∈ Rn of the form

(2) F (x) = f (x)P (x) ,

where f ∈ L1 (Rn) and P is a real analytic function on Rn.
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2. Main assertion

Denote by Λ ⊂ Cn the domain of analytic extension of P . Using the conver-
gence of the power series of P in the circle C(x, r) for every x ∈ Rn, r = rx > 0,
one obtains this extension. The domain Λ contains Rn.

We recall a result of the theory for analytic representation of distributions:

If f ∈ L1 (Rn), then the function

f̂ (z1, . . . , zn) =
1

(2πi)
n

∫
Rn

f (t1, . . . , tn)

(t1 − z1) . . . (tn − zn)
dt1 . . . dtn

where zi = xi + iyi , i = 1, . . . , n and Imzi ̸= 0, is the Cauchy representation
of the corresponding distribution f ; this means, for every φ ∈ D (Rn) ,

(3) lim
y→0+

∞∫
−∞

[
f̂ (x+ iy)− f̂ (x− iy)

]
φ (x) dx =

∞∫
−∞

f (x)φ (x) dx.

Now we formulate our main theorem

Theorem 1. Let f ∈ L1 (Rn) and P be as above. Then

P (z1, z2, . . . , zn) f̂ (z1, . . . , zn)

−P (z̄1, z2, . . . , zn) f̂ (z̄1, z2, . . . , zn)

+P (z̄1, z̄2, . . . , zn) f̂ (z̄1, z̄2, . . . , zn)

. . .

+(−1)
n
P (z̄1, z̄2, . . . , z̄n) f̂ (z̄1, z̄2, . . . , z̄n)

converges to F (x) = f (x)P (x) in D
′
(Rn) as y1, . . . , yn → 0+, where z =

x+ iy, z̄ = x− iy ∈ Λ.

Proof. For simplicity we give the proof for two dimensions.
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Let φ ∈ D
(
R2

)
, then we consider the following integral

∫∫
R2

[
P (z1, z2) f̂ (z1, z2)− P (z̄1, z2) f̂ (z̄1, z2)

]
φ (x1, x2) dx

+

∫∫
R2

[
P (z1, z̄2) f̂ (z1, z̄2)− P (z̄1, z̄2) f̂ (z̄1, z̄2)

]
φ (x1, x2) dx

=

∫∫
R2

P (z1, z2) [f̂(z1, z2)− f̂ (z̄1, z2) + f̂ (z1, z̄2)− f̂ (z̄1, z̄2)]φ (x1, x2) dx1dx2

+

∫∫
R2

[P (z1, z2)− P (z̄1, z2)]f̂ (z̄1, z2)]φ (x1, x2) dx1dx2

+

∫∫
R2

[P (z1, z̄2)− P (z1, z2)]f̂ (z1, z̄2)]φ (x1, x2) dx1dx2

+

∫∫
R2

[P (z1, z2)− P (z̄1, z̄2)]f̂ (z̄1, z̄2)]φ (x1, x2) dx1dx2.

We will consider separately the following four integrals

I1 =

∫∫
R2

P (z1, z2) [f̂(z1, z2)− f̂ (z̄1, z2) + f̂ (z1, z̄2)− f̂ (z̄1, z̄2)]φ (x1, x2) dx1dx2,

I2 =

∫∫
R2

[P (z1, z2)− P (z̄1, z2)]f̂ (z̄1, z2)]φ (x1, x2) dx1dx2,

I3 =

∫∫
R2

[P (z1, z̄2)− P (z1, z2)]f̂ (z1, z̄2)]φ (x1, x2) dx1dx2,

I4 =

∫∫
R2

[P (z1, z2)− P (z̄1, z̄2)]f̂ (z̄1, z̄2)]φ (x1, x2) dx1dx2.

We write the integral I1 in the form

I1 =

∫∫
R2

P (z1, z2) f
∗ (z1, z2)φ (x1, x2) dx1dx2

=

∫∫
R2

P (z1, z2)
y1y2
π2

∫∫
R2

f (t1, t2) dt1dt2

|t1 − z1|2 |t2 − z2|2
φ (x1, x2) dx1dx2.

Since both integrals exist, by Fubini’s theorem we may change the order of
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integration and get

I1 =

∫∫
R2

f (t1, t2) dt1dt2
y1y2
π2

∫∫
R2

P (z1, z2)

|t1 − z1|2 |t2 − z2|2
φ (x1, x2) dx1dx2

=

∫∫
R2

f (t1, t2) dt1dt2
y1y2
π2

∫∫
R2

P (z1, z2)− P (x1, x2)

|t1 − z1|2 |t2 − z2|2
φ (x1, x2) dx1dx2

+

∫∫
R2

f (t1, t2) dt1dt2
y1y2
π2

∫∫
R2

P (x1, x2)

|t1 − z1|2 |t2 − z2|2
φ (x1, x2) dx1dx2

= I
′

1 + I
′′

1 .

Now, consider the integral I
′

1:
Since φ ∈ D

(
R2

)
, there exists a > 0 such that sup pφ ⊂ [−a, a] × [−a, a],

further since y1, y2 → 0+ we have that for given ε > 0 there exists δ > 0
such that |P (x1 + iy1, x2 + iy2)− P (x1, x2)| < ε if

√
y21 + y22 < δ, x1, x2 ∈

[−a, a]× [−a, a] . ∣∣∣I ′

1

∣∣∣ ≤ ε ∥φ∥ · ∥f∥ .

Consider the integral I
′′

1 :
Since φ ∈ D

(
R2

)
, it follows that φ (x1, x2)P (x1, x2) ∈ D

(
R2

)
and by (3)

we have

lim
y1,y2→0+

∫∫
R2

P (x1, x2) f
∗ (z1, z2)φ (x1, x2) dx1dx2

=

∫∫
R2

P (x1, x2) f (x1, x2)φ (x1, x2) dx1dx2

= < F,φ >

In the following we estimate the integral I2.
By the Fubini theorem, we may write

I2 =

∫∫
R2

[P (z1, z2)− P (z̄1, z2)]f̂ (z̄1, z2)]φ (x1, x2) dx1dx2

=

∫∫
R2

f (t1, t2) dt1dt2
y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z2)

(t1 − z̄1) (t2 − z2)
φ (x1, x2) dx1dx2

1. If t1, t2 /∈ [−a, a]× [−a, a], then since suppφ ⊂ [−a, a]× [−a, a],√
(t1 − x1)

2
+ (t2 − x2)

2 ≥ l, x1, x2 ∈ suppφ and t1, t2 > 0.

We have that ∣∣∣∣P (z1, z2)− P (z̄1, z2)

(t1 − z̄1) (t2 − z2)

∣∣∣∣ ≤ ε

l2



. . . a product of a real analytic and an L1-function in Rn 151

and

|I2| ≤
1

4π2

∫∫
R2

|f (t1, t2)| dt1dt2
∫∫
R2

ε |φ (x1, x2)|
l2

dx1dx2 ≤ a2 ∥φ∥
l2

.

Thus, the second integral tends to zero as y1, y2 → 0 + .

2. Let (t1, t2) ∈ [−a, a]× [−a, a] and t1, t2 ∈ suppφ . In that case we write

I2 =
1

(2πi)
2

∫∫
R2

f (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z2)

(t1 − z̄1) (t2 − z2)
[φ (x1, x2)− φ (t1, t2)]dx1dx2

+
1

(2πi)
2

∫∫
R2

f (t1, t2)φ (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z2)

(t1 − z̄1) (t2 − z2)
dx1dx2

= I
′

2 + I
′′

2 .

Since P is continuous for a given ε > 0, there exists δ > 0 such that
√
y21 + y22 < δ

and∣∣∣∣ [P (z1, z2)− P (z̄1, z2)] [φ (x1, x2)− φ (t1, t2)]

(t1 − z̄1) (t2 − z2)

∣∣∣∣ ≤ ε

∣∣∣∣φ (x1, x2)− φ (t1, t2)

(t1 − x1) (t2 − x2)

∣∣∣∣ .
Since the function

∣∣∣φ(x1,x2)−φ(t1,t2)
(t1−x1)(t2−x2)

∣∣∣ is integrable we may apply the Lebesgue

dominant theorem and obtain for I
′

2 that

lim
y1,y2→0+

1

(2πi)
2

∫∫
R2

f (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z2)

(t1 − z̄1) (t2 − z2)
[φ (x1, x2)− φ (t1, t2)]dx1dx2 = 0.

We consider the integral

I
′′

2 =
1

(2πi)
2

∫∫
R2

f (t1, t2)φ (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z2)

(t1 − z̄1) (t2 − z2)
dx1dx2.

Since P is continuous for a given ε > 0, there exists δ > 0 such that

|P (x1 + iy1, x2 + iy2)− P (x1, x2)| < ε
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if
√
y21 + y22 < δ, x1, x2 ∈ [−a, a]× [−a, a] and

∣∣∣∣∫ a

−a

∫ a

−a

P (z1, z2)− P (z̄1 − z2)

(t1 − z̄1) (t2 − z2)
dx1dx2

∣∣∣∣ ≤ εM.

This proves that I
′′

2 → 0 as y1, y2 → 0+.

We consider the third integral

I3 =

∫∫
R2

[P (z1, z̄2)− P (z1, z2)]f̂ (z1, z̄2)]φ (x1, x2) dx1dx2.

Since both integrals exist we may change the order of integration and obtain

I3 =

∫∫
R2

[P (z1, z̄2)− P (z1, z2)]f̂ (z1, z̄2)]φ (x1, x2) dx1dx2

=

∫∫
R2

f (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z̄2)− P (z1, z2)

(t1 − z1) (t2 − z̄2)
φ (x1, x2) dx1dx2.

1. If t1, t2 /∈ [−a, a]× [−a, a], then since suppφ ⊂ [−a, a]× [−a, a],

√
(t1 − x1)

2
+ (t2 − x2)

2 ≥ l,

x1, x2 ∈ suppφ and t1, t2 > 0.

This implies ∣∣∣∣P (z1, z̄2)− P (z1, z2)

(t1 − z1) (t2 − z̄2)

∣∣∣∣ ≤ ε

l2

and

|I3| ≤
1

4π2

∫∫
R2

|f (t1, t2)| dt1dt2
∫∫
R2

ε |φ (x1, x2)|
l2

dx1dx2 ≤ a2 ∥φ∥
l2

.

Thus, the third integral tends to zero as y1, y2 → 0 + .
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2. Let (t1, t2) ∈ [−a, a]× [−a, a] and t1, t2 ∈ suppφ. In that case we write

I3 =
1

(2πi)
2

∫∫
R2

f (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z̄2)− P (z1, z2)

(t1 − z1) (t2 − z̄2)
[φ (x1, x2)− φ (t1, t2)]dx1dx2

+
1

(2πi)
2

∞∫∫
R2

f (t1, t2)φ (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z̄2)− P (z1, z2)

(t1 − z1) (t2 − z̄2)
dx1dx2 = I

′

3 + I
′′

3 .

Since P is continuous for a given ε > 0, there exists δ > 0 such that
√

y21 + y22 <
δ and∣∣∣∣P (z1, z̄2)− P (z1, z2) [φ (x1, x2)− φ (t1, t2)]

(t1 − z1) (t2 − z̄2)

∣∣∣∣ ≤ ε

∣∣∣∣φ (x1, x2)− φ (t1, t2)

(t1 − x1) (t2 − x2)

∣∣∣∣
Since the function ∣∣∣∣φ (x1, x2)− φ (t1, t2)

(t1 − x1) (t2 − x2)

∣∣∣∣
is integrable we may apply the Lebesgue dominant theorem and obtain for I

′

3

that

lim
y1,y2→0+

1

(2πi)
2

∫∫
R2

f (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z̄2)− P (z1, z2)

(t1 − z1) (t2 − z̄2)
[φ (x1, x2)− φ (t1, t2)]dx1dx2 = 0.

We consider the integral

I
′′

3=
1

(2πi)
2

∫∫
R2

f (t1, t2)φ (t1, t2) dt1dt2
y1y2
π2

∫∫
R2

P (z1, z̄2)− P (z1, z2)

(t1 − z1) (t2 − z̄2)
dx1dx2

Since P is continuous for a given ε > 0, there exists δ > 0 such that

|P (x1 + iy1, x2 − iy2)− P (x1 + iy1, x2 + iy2)| < ε

if
√
y21 + y22 < δ, x1, x2 ∈ [−a, a]× [−a, a] and∣∣∣∣∫ a

−a

∫ a

−a

P (z1, z̄2)− P (z1, z2)

(t1 − z1) (t2 − z̄2)
dx1dx2

∣∣∣∣ ≤ εM.

This proves that I
′′

3 → 0 as y1, y2 → 0+.
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Finally, we consider the fourth integral. Since both integrals exist we may
change the order of integration and get

I4 =

∫∫
R2

[P (z1, z2)− P (z̄1, z̄2)]f̂ (z̄1, z̄2)]φ (x1, x2) dx1dx2

=

∫∫
R2

f (t1, t2) dt1dt2
y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z̄2)

(t1 − z̄1) (t2 − z̄2)
φ (x1, x2) dx1dx2

In this case we consider two subcases:

1. If t1, t2 /∈ [−a, a]× [−a, a], then since suppφ ⊂ [−a, a]× [−a, a] ,√
(t1 − x1)

2
+ (t2 − x2)

2 ≥ l,

x1, x2 ∈ sup pφ and t1, t2 > 0, it follows that∣∣∣∣P (z1, z2)− P (z̄1, z̄2)

(t1 − z̄1) (t2 − z̄2)

∣∣∣∣ ≤ ε

l2

and

|I4| ≤
1

4π2

∫∫
R2

|f (t1, t2)| dt1dt2
∫∫
R2

ε |φ (x1, x2)|
l2

dx1dx2 ≤
a2 ∥φ∥ ∥f∥1

l2

Thus the fourth integral tends to zero as y1, y2 → 0 + .

2. Let (t1, t2) ∈ [−a, a]× [−a, a] and t1, t2 ∈ suppφ.
In that case we write

I4 =
1

(2πi)
2

∫∫
R2

f (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z̄2)

(t1 − z̄1) (t2 − z̄2)
[φ (x1, x2)− φ (t1, t2)]dx1dx2

+
1

(2πi)
2

∫∫
R2

f (t1, t2)φ (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z̄2)

(t1 − z̄1) (t2 − z̄2)
dx1dx2

= I
′

4 + I
′′

4 .

Since P is continuous for a given ε > 0, there exists δ > 0 such that
√
y21 + y22 < δ

and∣∣∣∣P (z1, z2)− P (z̄1, z̄2) [φ (x1, x2)− φ (t1, t2)]

(t1 − z̄1) (t2 − z̄2)

∣∣∣∣ ≤ ε

∣∣∣∣φ (x1, x2)− φ (t1, t2)

(t1 − x1) (t2 − x2)

∣∣∣∣ .
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Since the function
∣∣∣φ(x1,x2)−φ(t1,t2)

(t1−x1)(t2−x2)

∣∣∣ is integrable we may apply the Lebesgue

dominant theorem and give for I
′

4 that

lim
y1,y2→0+

1

(2πi)
2

∫∫
R2

f (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z̄2)

(t1 − z̄1) (t2 − z̄2)
[φ (x1, x2)− φ (t1, t2)]dx1dx2 = 0.

Finally, we consider the last integral

I
′′

4 =
1

(2πi)
2

∫∫
R2

f (t1, t2)φ (t1, t2) dt1dt2

y1y2
π2

∫∫
R2

P (z1, z2)− P (z̄1, z̄2)

(t1 − z̄1) (t2 − z̄2)
dx1dx2.

Since P is continuous for a given ε > 0 there exists δ > 0 such that

|P (x1 + iy1, x2 + iy2)− P (x1 − iy1, x2 − iy2)| < ε

if
√
y21 + y22 < δ, x1, x2 ∈ [−a, a]× [−a, a] and∣∣∣∣∫ a

−a

∫ a

−a

P (z1, z2)− P (z̄1, z̄2)

(t1 − z̄2) (t2 − z̄2)
dx1dx2

∣∣∣∣ ≤ εM.

This proves; that I
′′

4 → 0 as y1, y2 → 0+.

Remark 1. From the consideration given above it follows that

P (z1, . . . , zn) f̂ (z1, . . . , zn)

− P (z̄1, . . . , zn) f̂ (z̄1, . . . , zn)

. . .

+ (−1)
n
P (z̄1, . . . , z̄n) f (z̄1, . . . , z̄n)

converges to F (x) = f (x)P (x) in D
′
(Rn) as y1, .., yn → 0+

If f ∈ L1 (Rn) and if P is an entire function, then the function

F (z) = P (z) f̂ (z)

is an analytic representation of the distribution F (x) = P (x) f̂ (x).
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[5] Manova Eraković, V., Pilipović, S., Reckovski, V., Generalized Cauchy transforma-
tion with applications to boundary values in generalized function spaces. Integral
Transf. Spec. Func. 21 (2010), 75-83.

Received by the editors October 25, 2011


	Introduction
	Main assertion

