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ANALYTIC REPRESENTATION FOR A PRODUCT
OF A REAL ANALYTIC AND AN L}-FUNCTION IN R"

Vasko Reckoski®

Abstract. We give an elementary proof of the known result that
P(2)f(z) is an analytic representation for f(x) P (x), where P is real
analytic and f € L'(R™) and f is the analytic representation of f.
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1. Introduction

Recall that the Cauchy kernel in R™ has the form

n

1 1
K(t*Z): (27‘(’6.)”]:[75]'—2:]‘7

j=1

where z = (21,...,2n), t = (t1,...,tp) and z; = x;+iy;, y; #0,7=1,2,...,n.
If f € L'(R"), one has that

e+ iy, .. 20 +iyn) — f(2)

as y; — 0, in the Schwartz space D’'(R™), where

) =Ff(ey )= f(FL 2, zm) o+ (D" f (2, 7)),

. 1 fty,. .. ty)dty...dt,
(1) Fzesza) = 2m)" Jan (b1 —21) ... (tn — 2)

We refer to [, B, B, @] for the classical results (see also [H]).
In this paper we will define an appropriate boundary value representation
for a function F (z) = F (x1,...,2n), © € R™ of the form

2) F(z) = f(z) P (),

where f € L' (R") and P is a real analytic function on R™.

1Univerity ”St. Kliment Ohridski” Bitola, Faculty of tourism and hospitality Ohrid, Make-
donija, e-mail: vaskorecko@yahoo.com
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2. Main assertion

Denote by A C C™ the domain of analytic extension of P. Using the conver-
gence of the power series of P in the circle C(z, ) for every x € R, r = r, > 0,
one obtains this extension. The domain A contains R™.

We recall a result of the theory for analytic representation of distributions:

If f e L' (R™), then the function

r o ]. f(tl,...,tn)
fz1,. . 20) = @ri)” /Rn (t1—zl)...(tn—zn)dtl"'dt"

where z; = x; +1iy; , i = 1,...,n and Imz; # 0, is the Cauchy representation
of the corresponding distribution f; this means, for every ¢ € D (R") ,

o0 oo

@ Jm [ [feri-fe-w]e@d= [ 1@

Now we formulate our main theorem

Theorem 1. Let f € L' (R™) and P be as above. Then

P(Zl,ZQ,...7Zn)f(21,...7zn)
7P(Z_1722,...,Zn)f

+P (51,5, 2n) f (21, sy 2n)

+(=D)"P (21,72, 70) f (21,72, 7n)

converges to F (z) = f(x)P(z) in D' (R™) as y1,...,yn — O+, where z =
r+iy,Z=x—1iy € A.

Proof. For simplicity we give the proof for two dimensions.
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Let p € D (Rz), then we consider the following integral
// (21,22) f (21,22) — (2172’2)f(21,22)} (w1, 22) dx
// (21, 22) f (21, 22) — P(Z_l,z_z)f(z_hz_z)] ¢ (z1,72) dx
/ / (21,22) [F (21, 22) = F (G0 22) + F (21, 22) — f (G0 2)]ip (21, 22) drr iz
// 2172’2 (2’1722)]f(2’1,22)] ($17$2)d$1d$2
" / [1PGr,2) = P (o1, 215 (o1, )l (o0,02) i
RZ
+//[P (21,2:2) (21,22>]f<2’1722)] (.Il,xg)dxld.’lﬁg.
R2
We will consider separately the following four integrals
I = // (21,22) [f(21, 22) — F (51, 22) + [ (21, ) — [ (51, 22)] (21, 22) dyds,
I, = //[P (21, 22) — P (21, 22)]f (71, 22)]p (w1, ) d1ds,
R2
b= [[1P12) = P e ))f (1,2l (o1,0) dnd,
RZ

fa= //[P (21,22) — P (21, 2)|f (21, 2)]p (1, 22) da1dzy.
R2

We write the integral I in the form

L, = /PZl,ZQ (21, 22) p (21, T2) dr1das

t t dt dt
//P (1, 9192 // (t1,t2) dtidts o (21, 2) derdas.
[t — 21 [t2 — 2]

Since both integrals exist, by Fubini’s theorem we may change the order of
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integration and get

P(z,z
//f t1,t2) dt1dt2y1y2 // P 1|t 2) - |280(9U1>!E2)d$1d$2
1— 21" |t —
(21, 2 1, T
= //f t1,t2) dtldtzylyz // T ! ,22| i P i 2)<P(5U1,$2)d$1d$2
1— 21| [ta — 22

(z1,2
+//f(t1,t2) dtldtgylgz // 21 2) 2(,0($17332)d1‘1d1‘2
J 2 L R U e

= I,+1,.

I,

Now, consider the integral I :

Since p € D (]RQ), there exists a > 0 such that suppyp C [—a,a] X [—a,al,
further since y1,y2 — 0+ we have that for given ¢ > 0 there exists § > 0
such that |P (z1 +iy1, @ +iy2) — P (w1, 22)] < € if \Jy? +y3 < 6,21,72 €
[—a,a] X [—a,a].

L] <elell- 11

Consider the integral If:
Since ¢ € D (R?), it follows that ¢ (z1,22) P (z1,32) € D (R?) and by (8)
we have

lim // (z1,22) [* (21, 22) ¢ (1, x2) dx1dTo

Y1,y2—0+

/ P (x1,22) f (21, 22) @ (21, 22) dr1das

= < F,p>

In the following we estimate the integral I5.
By the Fubini theorem, we may write

L = //[P(zl,zg) P (5, 2217 (51, 20)p (21, 2) drds

P
//f tl,tQ dtldtgylyQ/ 21722 (21722)@($1,1'2)d$1d1'2

(t1 — 21) (t2 — 22)

1. If t1,t2 ¢ [—a, a] x [—a,a], then since supp ¢ C [—a,a] X [—a,al,

\/(tl — m1)2 + (ta — x2)2 > 1, 21,19 € supp p and tq,ts > 0.
We have that

‘P(Zl,ZQ)_P(Zl,ZQ) < 19
(tl —51)(t2 —2’2) -2
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2
z,:z: a
bl < - 2//|f tl,t2|dt1dt2// cle(@nza)l 1dx2§#.

Thus, the second integral tends to zero as y1,y2 — 0+ .

and

2. Let (t1,t2) € [—a,a] x [—a,a] and t1,ts € supp ¢ . In that case we write

1
L = —— b1, to) diydt
2 (27”,)2/ f(t1,t2) dt1dts

Y1Y2 // (21,22) — P (21, 22) (o (o1, 22) — o (b1, ta) s

tl —Z1 t2 —2’2)

/ [ (t1,t2) o (t1,t2) dt1dts

Y1Y2 // (21,22) (21722)dx1dx2
(t1 — 21) (t2 — 22)

= I;+IQ.

Since P is continuous for a given & > 0, there exists § > 0 such that \/y? + y5 < &
and

’[P(Zh@) — P (z1, 22)] [p (w1, 72) —@(thtz)}‘ < 6’80(901,902) — ¢ (t1,12)
(t1 — 21) (t2 — 22) B (ti—z1) (2 —22) |

p(z1,x2)—p(t1,t2)
(t1—z1)(t2—22)

dominant theorem and obtain for Ié that

Since the function ‘ is integrable we may apply the Lebesgue

/ F (o t) dtrdts

lim —
Y1,Yy2—0+ (Qm')

Y1y2 (21,22) — P (21, 22)
) - t ,t dx1d =0.
// (t1 — 21) (t2 — 22) [0 (21, 22) = @ (t1, t2)]drdy

We consider the integral

17 1
I :7.2/ [ (t1,t2) @ (t1,t2) dtydty

(27i)

dl’ldxg.

y1y2/ P(z1,22) — P (%1, 2)
(t1 — 21) (t2 — 22)

Since P is continuous for a given ¢ > 0, there exists § > 0 such that

|P (21 + iy1, 22 + iy2) — P (x1,22)| < &
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if \/y? +vy3 <0, z1,72 € [—a,a] x [—a,a] and

P P (z
’/ (21,2) — P(51 = )dscldacg <eM.
—adea (1= 21) (t2 — 22)

This proves that I; — 0 as y1,y2 — 0+.

We consider the third integral

fs= é/[P (21, 22) — P (21, 22)|f (21, 22)]p (21, 72) dw1ds.

Since both integrals exist we may change the order of integration and obtain

Iy = //[P(Zl,z_g) P (21, 2)f (21, %)) (w1, 22) daydas

7/ f (t1, ta2) dt1dts

Y1Yy2 // 21,22 (21722)90(1:1"%2) dxlde,

tl —21 tg —2:2)

1. If t1,t2 ¢ [—a,a] X [—a, a], then since supp ¢ C [—a,a] X [—a,a],

Vit — o) + (62 —22) > 1,

x1,%2 € supp ¢ and ty,ts > 0.
This implies
P (2’1,2_2) - P (Zl, ZQ)
(t1 — 21) (t2 — 22)

=

and

2
(z1, a
[I3] < g 2//|f (t1,t2) \dtldtz// |SD 1 2) d$1d$2 < ZH;PH

Thus, the third integral tends to zero as y1,y2 — 0+ .
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2. Let (t1,t2) € [—a,a] X [—a,a] and 1,2 € supp . In that case we write

13 = / f tl,tQ dtldtz
2m

y1y2/ P (z1, %) — P (21, 22)

=21 (= ) [0 (w1, 22) = ¢ (t1, ta)|dzrdis

/ f(t1,t2) @ (t1,t2) dtidis
2 1)

ylyg/ P 21,252 (Zl,Zz)d ’ "
T1drg = Is + 1, .
(t1 — 21) (t2 — 22) s

Since P is continuous for a given € > 0, there exists § > 0 such that \/y7 + y3 <
¢ and

‘P(thz) — P (21, 22) [ (w1, 22) — @ (t1,t2)] ‘ < 5‘90(331@2) — ¢ (t1,t2)
(t1 — 21) (t2 — 22) T (i) (b —22)

Since the function

‘w(xl’@) — ¢ (t1,t2)
(t1 — 1) (t2 — 22)

is integrable we may apply the Lebesgue dominant theorem and obtain for I:;
that

/ f(t1,t2) dt1dts

lim —
y1,y2—0+ (27ri)

y1y2 21,22 (21722)
// (t1 — z1) (t2 — 22) [p (z1,22) — ¢ (t1, t2)]d21dxo

We consider the integral

1= //f t1,t2) @ (t1, 2) dtldtolyQ // (21,%) = Pla1,20) )0
27m (t1 — 21) (t2 — 22)

Since P is continuous for a given € > 0, there exists § > 0 such that

|P(x1 + iy1, 22 — iyg) — P(.’L‘l + 1y1, T2 +iy2)| <€
if \/y? +y32 <0, 1,73 € [—a,a] X [—a,a] and

‘/ / (21, 22) P(ZliZZ)dxldxg < eM.

(t1 — z1) (t2 — 22)

This proves that Ig — 0 as y1,y2 — 0+.
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Finally, we consider the fourth integral. Since both integrals exist we may
change the order of integration and get

I = //[P(zl,zz) P (a1, 2)|f (71, %)|¢ (#1, x2) drydas

P _
//f tts) dtldt2y1y2 / (21,22) (21722)¢($17x2)dx1dx2

(t1 — 21) (t2 — 22)

In this case we consider two subcases:

1. If t1,t2 ¢ [—a, a] X [—a,a], then since supp ¢ C [—a,a] X [—a,a],

\/(t1 —21)? 4 (2 — 22)% > 1,

x1,%2 € sup pp and t1,to > 0, it follows that

S

’P(ZhZQ) — P(ZH,ZE)
(t1 — 21) (t2 — 22)

and

a2
(pa:,x ol |1
L] < g 2//|f t1,t2 |dt1dt2// o, r2) d 1das < w

Thus the fourth integral tends to zero as y1,y2 — 0+ .

2. Let (t1,t2) € [—a,a] X [—a,a] and t1,ts € supp .
In that case we write

1

Y1y2 // (21,22) — P (21, 22) (o (1. 22) — o (b1, ta) s
t1— 21) (t2 — 22)

/ [ (t1,t2) @ (t1,t2) dt1dts
2 1)

Y1Y2 // (21, 22) (zl’ZQ)dx d
1 2

(t1 — 21) (t2 — 22)

= I,+1,.

Since P is continuous for a given € > 0, there exists § > 0 such that \/y7 + y3 < &
and

P(z1,22) — P (%1, 22) [@(331,562)—%0(151»152)]‘ <5‘¢($17$2)—90(t1»t2)
(t1 — 21) (t2 — 22) B (tr — 1) (t2 —22) |
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e(z1,22)—p(t1,t2)
(t1—z1)(t2—22)

dominant theorem and give for I, that

Since the function is integrable we may apply the Lebesgue

72/ f(t1,to) dtydts

lim
Yy1,y2—0+ (27ri)

y1y2/ P (z1,22) — P (z1, 22)
1—21 2—22)

[¢ (21, 22) — ¢ (t1,t2)]dx1dze = 0.

Finally, we consider the last integral

1
I, = 7,2/ [ (t1,t2) o (t1,t2) dt1dly
(2m)

Y1y2 // (21,22) (Zl’ZQ)dzldmg

(t1 — 21) (t2 — %2)

Since P is continuous for a given ¢ > 0 there exists § > 0 such that
|P (21 +iy1, w2 +1y2) — P (21 — iy1, 02 —iya)| < ¢
if \/y? +y3 <9, 1,22 € [~a,a] X [~a,a] and

@ P( P
‘/ Z17 ZQ) (Zl’ Z2)d$1d$2 < eM.
cadoa (1= 22)(t2 — %)

This proves; that L;/ — 0 as y1,y2 — 0+. O

Remark 1. From the consideration given above it follows that

P21y z0) f (2100 20)
— Pz, ) f(Zy e 20)

converges to F (z) = f (z) P (z) in D" (R™) as y1, .., yn — 0+
If f € L'(R") and if P is an entire function, then the function

F(z)=P(2)f(2)

is an analytic representation of the distribution F (z) = P (z) f (z).
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