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EXTENSION OF RIDGELET TRANSFORM TO
TEMPERED BOEHMIANS

R. Roopkumar®

Abstract. We extend the ridgelet transform to the space of tempered
Boehmians consistent with the ridgelet transform on the space of tem-
pered distributions. We also prove that the extended ridgelet transform
is continuous, linear, bijection and the extended adjoint ridgelet trans-
form is also linear and continuous.
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1. Introduction

We denote by the set of all natural numbers, non-negative integers, real
numbers and complex numbers respectively by N, Ny, R and C. We also denote
by .7 (R?) the Fréchet space of rapidly decreasing complex valued functions on
R? and .7’ (R?) by the space of all tempered distributions on R? with weak*
topology.

Let ¢ € Z(R) be a real valued function satisfying the admissibility condi-
tion

/ WD) /1€ de = 1.

For each (a,b,0) € Y = RT x R x [0, 27|, the ridgelet is defined by

z1c0860 4+ xosinf — b

a

Ya.b,0(X) = Vapo(T1,22) = ( > , Y(21,72) € R2.

The ridgelet transform [2, 25] of a square integrable function f on R? is defined
by

) (RI)@b.0) = [ G0vnno()dx, Viab.0) € V.

and adjoint ridgelet transform of a suitable function on Y is defined by
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and it is proved in [2] that the composition (R* o R) of R and R* is the identity
operator on .Z?(R?).

Next, the ridgelet transform is consistently extended to the context of square
integrable Boehmians [I8] and studied. Though the space of square integrable
Boehmians properly contains .#?(R?), it neither contains the tempered distri-
butions nor contained in the tempered distributions. Later, in [24] the distribu-
tional ridgelet transform R : .%/(R?) — .#’(Y) and the distributional adjoint
ridgelet transform R* : ./(Y) — ./(R?) are defined by

(Ru, F) = (u, R*F), VF € Z(Y),

(R*A, f) = (A, Rf), Vf € S(R?),

where Z(Y) is the space consisting of all smooth functions on Y, with

Qk.cctpm(F) = sup  |aFb' DI DY DY F(a,b,0)| < 400, Vk,a,1, 8,m € Ny.
(a,b,0)€Y

To extend the ridgelet transform further, we consider the space of tem-
pered Boehmians which properly contains both the space of square integrable
Boehmians and the space of tempered distributions.

2. Boehmian space

Motivated from the Boehme’s regular operators [l], the concept of Boehmi-
ans is first introduced by J. Mikusiniski and P. Mikusinski [6]. Later, many
Boehmian spaces have been constructed to extend various integral transforms
[3, @, @10, T3-23, 76

In this section, first we recall the construction of an abstract Boehmian
space from [[1] and tempered Boehmians [8] which is slightly modified in [4, I5]
in two different ways. Next, we prove the auxiliary results required to construct
the required Boehmian space which will be the range of the ridgelet transform
on the tempered Boehmians.

To construct a Boehmian space, we need G, (S,®),e and A, where G is a
sequential-convergence linear space [274, p. 6], (S,®) is a commutative semi-
group and e : G x S — G satisfying the following conditions.

Let a,8 € G, (,£ € S and ¢ € C be arbitrary.

L (a+B)eC=ael+Be(

2. (ca) o & =claef);

3. 0e(CO8=(ael) et

4. f oy, > vasn —ooin G and £ € S then o, & — e as n — oo,
and A is a collection of the sequences from S satisfying

(a) If (£,), (Ca) € A then (&, ® () € A.

(b)) f a € G and (&,) € A, then a e &, - ain G as n — oo.

Let o/ denote the collection of all pairs of sequences ((ay), (§n)), where
a, € G, ¥n € N and (§,) € A satisfying the property

(3) an.gm:am.fn,v m,?’LGN.
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Each element of <7 is called a quotient and is denoted by . Define a relation
~ on & by

an  Bn .
(4) ?NC— if a,e(n=08ne&, VY mneN.

It is easy to verify that ~ is an equivalence relation on .« and hence it decom-
poses 7 into disjoint equivalence classes. Each equivalence class is called a

Boehmian and is denoted by [2‘—’:] . The collection of all Boehmians is denoted
by & = #(G,(S,®),e,A). Every element « of G is identified uniquely as a

a'in

member of %4 by } where (§,) € A is arbitrary. In this case, we say that

X represents « and we denote this by X € G.
The set Z becomes a vector space with addition and scalar multiplication
defined as follow.

s Qn ﬁi _ an'(n""ﬂn'én)
0[]+ |&] = [=ete=]

(i) |22 = |2 ].

The operation e can be extended to Z x S by the following definition.

Definition 1. If X = [ ]E%and(ES thenXon[“g—:g}.

Now we recall the notions of convergence on 4 from [f].
Definition 2 (§-Convergence). We say that X, % X asn— oo in B if there
exists (&) such that X, &, € G, Vn, k € N, X o &, € G,Vk € N and for each

keN,
X008 — Xeo&, asn— o0 in G.

The following lemma gives an equivalent statement for §-convergence.

Lemma 3. X, 2 X asn — oo if and only if there exist o 1, € G and

(&) € A such that X,, = [a&"—k’“} , X = {%} and for every k € N,

O — ap asn — oo in G.

Definition 4 (A-Convergence). We say that X, A X asn— ooinB if there
exists (§,) such that (X, — X) e, € G,Vn €N, and

(Xp—X)e&, = 0asn— o0 inG.

The space of tempered Boehmians is introduced by P. Mikusinski [8] as
B(I,(D,*),*,g), where £ is the space of all continuous functions on R™ with
polynomial growth, & is the space of all smooth functions on R™ with compact

supports, * is the usual convolution between suitable real valued functions
defined by

(5) /fx— ¥) dy, Vx € R",

and Ay is the collection of all sequences (¢, ) satisfying the following conditions:
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(1) [ on(x)dx=1vk e N
(2) f|¢k ) dx < M,Vk € N, for some M > 0.

(3) If s(¢pr) = sup{x € R™ : ¢y (x) # 0}, then s(¢r) — 0 as k — 0.

In [15], the tempered Boehmians is slightly changed by replacing .# by the
space .’ of tempered distributions. This change does not alter the set but
it may increase the number of representatives of each Boehmian in the new
setup. This changed version of tempered Boehmians is successfully used to
extend Fourier transform [(H], Radon transform [I6] and Wavelet transform
[Z3]. In this paper we also prefer to use the tempered Boehmians defined in
[15] as B = B(.S'(R?), (Z2(R?), %), *, Ag), where * is defined by

for v € .7'(R2) and ¢ € D(R2), (v x §)(f) = v(f + 6), V] € F(B2),
where (%) = ¢(—x), ¥x € R? and f * ¢ is the the usual convolution of f and
®.
Remark 5. Since the convolution on 2'(R?) x P(R?) is consistent with the

usual convolution defined in (@), it is customary to use the same notation for
both convolutions.

Definition 6 ([IR]). For F € #(Y) and ¢ € 2(R?) define

(F % ¢)(a,b,0) = [ F(a,b—x-e" 0)p(x)dx, V(a,b,0) €Y
R2

where x - e = 1 cos + xosin 6.

Theorem 7 ([18]). If f € .Z(R?) and ¢ € Z(R?), then R(f * ¢) = (Rf) * ¢.
Definition 8. For A € .'(Y) and ¢ € 2(R?) define
(A® ¢)(F)=A(F @), VF € .Z(Y).

To facilitate the understanding, we recall the multi-variate Faa di Bruno
formula for the nth derivative of a composite function with a vector argument
[I2], which will be applied in the proof of the following lemma. If h(t) =
flz1(t), z2(t)] and n € N, then

Yy m! 1 )
= - X ‘Zr 1 qr, 2
0 1 m ﬁ (’r‘!)kT ﬁ qr,149r.2 6LE11)1 31: 7"1;[1

r=1

r=1

where the respective sums are over all nonnegative integer solutions of the



Extension of ridgelet transform to tempered Boehmians 23

Diophantine equations, as follows
— k1+2k2+--~+mkm=m,
qi,1+qi2 = ki1,

— Q2,1+ q2,2 = ko,

M- =1
l

Z — Gm, + qm,2 = kma
m

PL=qi1+@1+ Fqmi,P2=q2+ @2+ +qnand k=p; +p2 =
Kyt kg e+ .

Lemma 9. Let ¢ € 2(R?).

(i) If F € (YY), then Fx¢ € L(Y),

(i) If F,, = 0 as n — oo in L (Y), then F, x¢ — 0 as n — oo in L (Y),
(i) If A € S'(Y), then A® ¢ € 7' (Y).

Proof. Let supp ¢ C K for some compact subset K of R? and M = sup |x]|.

xeK
For k,,a, B, m € Ny,

‘aklengDﬁ((F *¢)(a,b, 9))]

= akleng'BD;”/F(a7b—x~ei9,9)¢5(x)dx
K

g/ a*b' DX DY D F(a,b — x - €, 9)q§(x)‘ dx

m

m! G r r
<[l " gagor < L1 (957)12 | [0l dx
0w TLODE T gragre © 2 e

r=1 r=1

where G(gla 92) = (DngL)?F)(aygl792)7 g1 (9) = b_X'ei97 92(0) = 03 v € [07 27‘-]
Since gy) is a linear combination of xy,zs with coefficients from {# cos,

+sin 6} and gér) € {6,1,0}, we have

(9171 (95712 | < (M) (2m) 72,
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Thus the last term is dominated by

(2M)7 (27) %2/22 _ mnll
1 I;[() HQMQM

r=1

‘akbl(D;"DerpngQF)(a, b—x-e?0) ‘ |p(x)| dx
Since for each x € K,

) ) ol=1(1p — x . 0] IYaL for 1> 1
|bl|s<|b—x.ew|+|x.ew|yg{ (1b—x- ¢l + (20))) for 1>

1 for [ =0,
we have
Qk,a;l,ﬁ;m(F*¢)
|
SO IEIEHTED ) SR gu—"_ [ 1601 ax
o 1 m [ (rh)ke HQTIQTZK

<
I
—

(6) <2l_1Qk7a§lﬁ+P1m2 (F) + ((2M) + 1)Qk,a;0,ﬂ+p1;p2 (F)) < 400

Thus, F x ¢ € .Z(Y).

We get the statement (ii) of this lemma as an immediate consequence of
the estimate (B). To prove the statement (iii) of this lemma, let Fy, Fr € #(Y)
and c1,cy € C be arbitrary. Then, we have

(A® @)(c1Fy + c2Fy) = A((c1Fy 4 coFy) % §)

= A(F1x @) + caA(F % @)
c1(A® ¢)(F1) + c2(A @ @) (F2).

Let F,, — 0 as n — oo in .(Y). From the statement (ii) of this lemma, we
get F, «¢ — 0 asn — oo in .7(Y). Since A € .#(Y) and it is continuous
on .#(Y), it follows that (A ® ¢)(F,) = A(F, « ¢) — 0 as n — oo. Therefore,
A® ¢ e S (Y). O

Lemma 10. If A1, Ay € 7' (Y), ¢ € 2(R?) and c € C, then
(i) A1+A)RP=A QR+ A R P,
(ii) (cA1) ® ¢ = c(A1 @ ).
Proof of this lemma is straightforward.
Lemma 11. Let ¢1,¢2 € Z(R?).
(i) If F € .Z(Y), then F * (¢1 % o) = (F % ¢1) % b2,
(i) If A € S'(Y), then A @ (¢1 % ¢2) = (A @ ¢1) ® .
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Proof. Let a,b,0 € Y be arbitrary. By applying Fubini’s theorem, we get

(F * (¢1 * QZ)Z))(O‘? b, 9)

[ Fab-x-c0 / br(x — y)a(y) dy dx

R2
F(a,b—x-¢"? 0)p1(x —y)dx d2(y) dy

]R2 RQ

F(a7 b - (Z + y) : ei07 0)¢1(Z) dZ ¢2(Y) dy
RZ RQ

Fla,(b—z-¢”) —y-e",0)¢1(z) dz ¢5(y) dy
]RZ Rz
/(le)(ab—z o 0)ba(y) dy
R2

((F x¢1) x ¢2)(a,b,0).

Let F' € Z(Y) be arbitrary.

(A® (1% 02))(F)

= A(

Fx (¢1 % ¢2))
A(F % (¢1 % ¢2))
A(F * (¢ha % ¢1)) (since # is commutative on 2(R?))
A((F % ¢) x ¢1) (by using previous lemma)
(A® ¢1)(F x da) = (A ® ¢1) @ 62)(F).

Lemma 12. Let If F € .Z(Y), A € /(YY) and ¢ € 2(R?). Then,

(1) R*(F %)
(i) R*(A©¢)

= R*F*¢;
= R*A % ¢.

Proof. For each x € R?, by using Fubini’s theorem, we get

RY(F % ¢)(x)

/(F * @) (a,b,0) g p0(x)du
Y

/w“xbﬂ(")/F(a,b—y-ei9,9)¢(Y)dydu-
R2

Y
R/Z oly)dy

™ 0)ba b o (x)dp

[ Fa

Y
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e —c @d ﬁ
4 C471'

For f € .7 (R?),

R'A®¢)(f) = (A®¢)(Rf)=ARSf*0)
= AR(f*9) =R'A(f =)
= (R*Ax(f=))(0) = (R*A* (f = $))(0)
= (R*A* (¢ f))(0) = (R"A = ¢) * £)(0)
= (R*A*9)(f).

Hence the lemma follows. O

Theorem 13 (Convolution Theorem). If v € /' (R?) and ¢ € P(R?), then
Rv+*¢)=Rr® .

Proof. Let F' € #(Y) be arbitrary.

Rv*¢)(F) = (w*o)(R'F)=((vx¢)*(RF ))(0)
v (¢ (R°F))(0) = v* (R*F)  ¢)(0)
V(R*F % ¢) = v(R*(F * ¢))

= Ru(Fx9¢)=(Rv®e¢)(F)

Then, we have the following corollary.
Corollary 14. If A € R(Z(R?)) and ¢ € Z(R?), then A ® ¢ € R(S(R?)).

Lemma 15. If A, — A asn — oo in '(Y) and ¢ € P(R?), then A, @ ¢ —
A®¢ asn — oo in S'(Y).

Proof. Let F € #(Y) be arbitrary. Then, by assumption, we have
Ap(F) — A(F) as n — oo in C.

Now, (A ® ¢)(F) = Ap(Fx¢) = A(F+¢) = (A® ¢)(F) as n — oo, since
Fx¢c.(Y), by Lemma 0. O

In the following lemma, by “A,, — A as n — oo in R(.¥'(R?))”, we mean
that A, € R(Z'(R?)), Vn € N, A € R(¥'(R?)) and A,, - A as n — oo in
Z(Y).

Theorem 16. If A € R(.Z'(R?)) and (¢n) € Ao, then A® ¢, — A asn — oo
in R(.S'(R?)).
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Proof. From A € R('(R?)), there exists v € .#/(R?) such that A = Rv. It
has been proved in [I5, Lemma 3.5], that if v € .#/(R?) and (¢,) € Ag, then
vk ¢, — vasn — oo in . (R?). Since A® ¢, = Ru®@ e, = R(v+*¢,) and R :
S (R?) — .#(Y) is continuous ([24, Theorem 4.5]), we have A®¢,, — Rv = A
asn — oo in .#’(Y). By using Corollary, we have A®¢,, € R(.%'(R?)), Vn € N.
Thus, we get A ® ¢, — A as n — oo in R('(R?)). O

Thus the Boehmian space B = B(R(S'(R?)),(2,%),®,A¢) has been
constructed.

3. Extended ridgelet transform

Before defining the extended ridgelet transform, we consider the following.
If = is a quotient in the context of %1, then we have v;, € S"(R?),Vn € N,
(Cbn) S AO and
Un *¢m = Vm *¢n7 vm7n € N.

By applying the ridgelet transform R : .%/(R?) — .%/(Y) on both sides of the
above equation and by invoking the Convolution Theorem (Theorem [3), we
get

Rvp ® ¢y = Ry Q@ ¢p, Ym,n € N.
Rum

bn
Boehmian in %5. Moreover, if ; ~ &= then we have
n n

Therefore, is a quotient in the context of %, and hence it represents a

Up % Oy :ﬂm*¢na Vm,n € N.
Again, by using the same technique, we get

Rvp @ 0m = Rptm @ ¢pn, Ym,n € N.

Pn
is a well deﬁned map from %, into By. We call Z : %"1 % Py the extended

ridgelet transform.

Thus R ~ M With these observations, if we let %Z ”" = R””} then #

Lemma 17. The extended ridgelet transform % : %, — PBs is consistent with
the distributional ridgelet transform R : ' (R?) — .7(Y).

Proof. Let v € ./(R?) be arbitrary. Then the tempered Boehmian represent-
ing v is given by [” 4)’“] for any (¢r) € Ag. Therefore, by using Theorem [3,

we get
@ [u % qﬁk] _ {R(u * (bk)] _ |:'R,V®¢k:|
Ok ot Pk ’
which is the Boehmian in %, representing Rv. Hence Z : B1 — PBo is consis-
tent with R : ./ (R?) — .7/(Y). O

Theorem 18. The extended ridgelet transform % : %1 — PBo is a linear map.
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Proof. By using the linearity of R : .%/(R?) — .#/(Y) and Theorem [3, the
proof follows immediately. O

Theorem 19. The extended ridgelet transform X : B1 — B is injective.

Proof. Let [””}, [“"] € % be such that Z [g—n] =% [“"]. Then we have

n On 5n
{72):”] = [7%‘:"} This implies that

Ry ® O = Ritm ® ¢n, Ym,n € N.
Then, by using the convolution theorem, we get
R(Wn * 0m) = R(tm * ¢n), Ym,n € N.

By applying the distributional adjoint ridgelet transform R* : .7 (Y) — .7 (R?)
on both sides, we get

Un % Om = fm * Qn, Ym,n €N,

because R* o R is identity on .7 (R?). See [24].

Therefore, g" and &= represent the same Boehmian in %;. In other words,

[%} = [‘5—"} Hence, the theorem follows. -

Theorem 20. The extended ridgelet transform % : %1 — By is surjective.

Proof. Let {2—;] € %y be arbitrary. Then A,, € R(Z(R?)), Vn € N, (¢,,) € Ay

and
Ap @ O = Ay @ by, Ym,n € N.

Since A, = Ry, for some v, € .#/(R?), Vn € N. Therefore, by using the
convolution theorem, we get

R(Vn * om) = R(Vm * ¢p), Ym,n € N.

Again, by applying R* on both sides and by using the fact that R* o R is
identity on .7 (R?), we get

Up * O = U * Opn, Ym,n € N.

n

Therefore, £~ is a quotient and hence [%} € %,. Obviously, we have Z [%} =

{%} Hence, the theorem follows. =

Theorem 21. The extended ridgelet transform % : $B1 — PBa is continuous
with respect to §-convergence.

Proof. Let X,, 2 Xasn— ocoin %,. Then by Lemma B, there exist vy, i, Vg €
S'(R?), n,k € N and (¢r) € Ag such that

X, = [V"k} X = [Vk] and vy, ), — v as n — oo in .7’ (R?).
Pr o '
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Since the distributional ridgelet transform R : .#/(R?) — .#/(Y) is continuous,
we have

Rk — Ry as n — oo in .#”(Y) and hence in R(.7"(R?)).

Since
Run,k

k

ax, - |

} and #X = [Ry’“] :

P
again, by using Lemma B, we get
%Xnih%’X as n — 0o in HBs.
Hence the theorem. O

Theorem 22. If X € B> and ¢ € D(R?), then Z(X * ¢) = #X @ .

Proof. Let X — {gﬂ € %, and ¢ € Z(R?). Then by definition, X ¢ = [Vfo}

Since X * ¢ € %, we can apply Z on X * ¢ and by using Theorem I3, we get
R (v * ¢)] _ |:Ryk ® fﬂ B [ch
Pk g g

%(X*¢)[ }w%xw.

O

Theorem 23. The extended ridgelet transform % : 51 — PBa is continuous
with respect to A-convergence.

Proof. 1f X, A Xasn—ooin %1, then there exist v, € ./ (R?), n € N and
(¢r) € Ag such that (X,, — X) x ¢, = v, Yn € Nand v, — 0 as n — oo in
' (R?). Since
(%X, —ZX)@ ¢y, = X(X,—X)® ¢y (by Theorem [R)
Z(( X, — X) * ¢p,) (by Theorem B2)
= R,
Rvy,, (by Theorem [7)
we have ZX,, A %X asn — oo in B>. O
Definition 24. We define the extended adjoint ridgelet transform Z* : Bo —
By by B* [27] = [R¢A} where R* : #'(Y) — ' (R?). See [24].
Lemma 25. The map Z* : By — B, is well defined.

We call Z* : By — %, the extended adjoint ridgelet transform.

Lemma 26. The extended adjoint ridgelet transform Z* : By — By is consis-
tent with the distributional adjoint ridgelet transform R* : '(Y) — '(R?).

Theorem 27. The extended adjoint ridgelet transform Z* : By — By is
linear.



30 R. Roopkumar

Theorem 28. IfY € By and ¢ € D(R?), then Z*(Y @ ¢) = Z*Y * .

Theorem 29. The extended adjoint ridgelet transform Z* : By — Py is
continuous with respect to §-convergence and A-convergence.

Since the above theorems are analogous to the corresponding results of the
extended ridgelet transform, we prefer to omit the details.

Theorem 30. The composition Z* o Z of extended ridgelet transform and the
extended adjoint ridgelet transform is identity on % .

Proof. Let {27} € %, be arbitrary. Then

@ o) {yn} e {Rﬂ _ [R*onyn} _ [Vn]

n n Fn bn
since R* o R is identity on .#/(R?). See [24]. O
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