
Novi Sad J. Math.
Vol. 42, No. 2, 2012, 75-79

LOCALLY FINSLER A-MODULES OVER LOCALLY
C∗-ALGEBRAS

E. Ansari Piri1 and R. G. Sanati2

Abstract. Suppose A is a Frechet locally C∗-algebra and B is a
commutative locally C∗-algebra. In this paper, we study the notion of
locally Finsler module and we show that if E is both a full locally Finsler
module over A and B such that there is a map φ : A → B with the closed
range in such a way that ax = φ(a)x and φ(ρA(x)) = ρB(x), then φ is
a continuous and bijective ∗-homomorphism. Moreover, we show that if
φ(A) is of the second category in B, or the locally Finsler seminorms on
E are symmetric, then φ is ∗-isomorphism of locally C∗-algebras.
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1. Introduction

In the basic paper [5] M. S. Moslehian shows the following result:
”Let E be both full Hilbert C∗-module on C∗-algebras A and B and let

φ : A → B be a map such that ax = φ(a)x and φ(⟨x, y⟩A) = ⟨x, y⟩B , then φ is
∗-isomorphism of C∗-algebras.”

A similar result was proved by M. Amyari and A. Niknam in [1] for a full
Finsler C∗-module E which is both an A-module and a B- module. In 1988,
Phillips introduced the Hilbert locally C∗-modules as a generalization of Hilbert
C∗-modules, when the inner product takes values in a locally C∗-algebra rather
than a C∗-algebra, where a locally C∗-algebra is a complete Hausdorff ∗-algebra
whose topology is determined by a family of C∗-seminorms.

We recall that a family P of submultiplicative seminorms on a ∗-algebra A
is called C∗-family, if

(i) p(xx∗) = p(x)2 for each p ∈ P.
(ii) p(x) = p(x∗) for each p ∈ P.

In 2007, M. Joita extended the above mentioned result for full Hilbert locally
C∗-modules E and F on locally C∗-algebras A and B, respectively. In this
paper we introduce the concept of locally Finsler A-module and obtain the
same results for a full locally Finsler module such as E.

Through this section A, P and E denote an arbitrary locally C∗-algebra,
separating family of C∗-seminorms on A generating the topology on A and a
left A-module, respectively.
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Definition 1.1. The A-valued map ρA : E → A+ is called locally Finsler
seminorm if
(i) For each p ∈ P, p̄ : E → R+ with p̄(x) = p(ρA(x))

1/2 is a seminorm on E.
(ii) ρA(ax) = aρA(x)a

∗ for each a ∈ A and x ∈ E.

Definition 1.2. If E possesses a locally Finsler seminorm, then E is called a
pre-Finsler A-module. Moreover, if E is complete with respect to the topology
of the family of Finsler seminorms PE = {p̄}p∈P , then E is called a locally
Finsler A-module.

Definition 1.3. A locally Finsler seminorm ρA on E is called symmetric if for
each a ∈ A and x ∈ E, ρA(ax) = ρA(a

∗x) .

It is clear that if A is commutative, then every locally Finsler seminorm is
symmetric.

Lemma 1.4. Let E be a Finsler A-module and p̄(x) = p(< x, x >)1/2, for each
x ∈ E and p ∈ P. Then p̄(ax) ≤ p(a)p̄(x).

Proof. Let p ∈ P. Then we have

p̄(ax)2 = p(ρA(ax)) = p(aρA(x)a
∗) ≤ p(a)p(ρA(x))p(a

∗) = p(a)2p̄(x)2.

It follows that p̄(ax) ≤ p(a)p̄(x).

2. Full locally Finsler A-module

In this section we study the full locally Finsler A-modules. Through this
section we suppose that {pj}j∈J is a family of separating C∗- seminorms on A
and Uj = {a ∈ A; pj(a) ≤ 1}.

Definition 2.1. A locally Finsler A-module E is called full if the linear span
of the set {ρA(x);x ∈ E} is dense in A.

Definition 2.2. A locally C∗-algebra A is called Frechet locally C∗-algebra,
if its topology is generated by a countable separating family of C∗-seminorms.

Lemma 2.3. Let E be a full locally Finsler A-module on a locally C∗-algebra
A and a ∈ A. If ρA(ax) = 0 for each x ∈ E, then a = 0.

Proof. Let ρA(ax) = 0 or equivalently aρA(x)a
∗ = 0 for all x ∈ E. For b ∈ A,

the fullness of E implies that there exists a net {bα}α in A such that b = limα bα
and each bα is of the following form

kα∑
i=1

λi,αρA(xi,α) (xi,α ∈ E and λi,α ∈ C).

Now we have

aba∗ = lim
α

abαa
∗ = lim

α
(a

kα∑
i=1

λi,αρA(xi,α)a
∗) = lim

kα∑
i=1

λi,αaρA(xi,α)a
∗ = 0.

Hence for b = a∗a we have pj(a)
4 = pj(aa

∗)2 = pj(aa
∗(aa∗)∗) = 0, which

implies a = 0.
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As an immediate consequence of this lemma, we have the next corollary:

Corollary 2.4. Let E be a full locally Finsler A-module on a locally C∗-algebra
A and a ∈ A. Then a = 0 iff ax = 0 for all x ∈ E.

The following result is due to Phillips [6, Proposition 5.2].

Lemma 2.5. Let φ : A → B be a ∗-homomorphism from a Frechet locally
C∗-algebra A into a locally C∗-algebra B. Then φ is continuous.

Now we are ready to prove the main result of this paper.

Theorem 2.6. Let E be both a full Finsler module on a Frechet locally C∗-
algebra A and on a commutative locally C∗-algebra B . Let φ : A → B be
a map with closed range such that ax = φ(a)x and φ(ρA(x)) = ρB(x), where
a ∈ A, x ∈ E. Then φ is a bijective continuous ∗-homomorphism.

Proof. Since (φ(ab) − φ(a)φ(b))x = ((ab)x − a(bx)) = 0, by Corollary 2.4
φ(ab) = φ(a)φ(b). Similarly, φ(λa + b) = λφ(a) + φ(b). Therefore φ is a
homomorphism. To show that φ preserves involution, suppose a ∈ A. For
x ∈ E we have, ρA(ax) = aρA(x)a

∗. So

ρB(ax) = φ(ρA(ax)) = φ(aρA(x)a
∗) = φ(a)ρB(x)φ(a

∗).

But ρB(ax) = ρB(φ(a)x) = φ(a)ρB(x)φ(a)
∗. Therefore, we have

φ(a)ρB(x)(φ(a)
∗ − φ(a∗)) = 0.

A similar argument for ρA(a
∗x) implies that

φ(a∗)ρB(x)(φ(a)− φ(a∗)∗) = 0.

Since the family of C∗-seminorms on B is separating, we have

(φ(a)∗ − φ(a∗))ρB(x)φ(a
∗)∗ = (φ(a∗)ρB(x)(φ(a)− φ(a∗)∗))∗ = 0.

Now commutativity of B implies that

φ(a∗)∗ρB(x)(φ(a)
∗ − φ(a∗)) = 0.

Therefore

ρB((φ(a)− φ(a∗)∗)x) = (φ(a)− φ(a∗)∗)ρB(x)(φ(a)
∗ − φ(a∗))

= φ(a)ρB(x)(φ(a)
∗ − φ(a∗))−

φ(a∗)∗ρB(x)(φ(a)
∗ − φ(a∗)) = 0.

Using Lemma 2.3, φ(a∗) = φ(a)∗. Hence φ preserves ∗ and so it is continuous
by Lemma 2.5. Now let φ(a) = 0, then φ(a)x = 0 for every x ∈ E which
implies that ax = 0 for each x ∈ E. Corollary 2.4 shows that a = 0 and so
φ is one to one. Suppose that b ∈ B. There is a net {bα}α in B such that

bα −→ b and each bα is of the form
∑kα

i=1 λi,αρB(xi,α), in which λi,α ∈ C
and xi,α ∈ E. Consider aα =

∑kα

i=1 λi,αρA(xi,α). Clearly, φ(aα) = bα, so
φ(aα) −→ b. But the range of φ is closed, hence φ is surjective. Therefore φ is
a bijective continuous ∗-homomorphism.
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Corollary 2.7. Let E, A, B and φ be as in Theorem 2.6 such that φ(A) is of
the second category in B. Then φ is a ∗-isomorphism of locally C∗-algebras.
In particular, if B is a Frechet locally C∗-algebra, then φ is a ∗-isomorphism.

Proposition 2.8. Let E be both full locally Finsler module on Frechet lo-
cally C∗-algebras A and B such that ρB, ρA are symmetric. Then φ is a
∗-isomorphism of locally C∗-algebras.

Proof. We only prove the ∗-preserving of φ. Let a ∈ A and x ∈ E. As in
Theorem 2.6, we have

φ(a)ρB(x)(φ(a)
∗ − φ(a∗)) = 0 = φ(a∗)ρB(x)(φ(a)− φ(a∗)∗).

But,

φ(a∗)ρB(x)(φ(a)− φ(a∗)∗) = φ(ρA(a
∗x))− ρB(φ(a

∗)x)

= φ(ρA(ax))− ρB(φ(a
∗)∗x)

= (φ(a)− φ(a∗)∗)ρB(x)φ(a
∗).

Hence, (φ(a)− φ(a∗)∗)ρB(x)φ(a
∗) = 0. It follows that

φ(a∗)∗ρB(x)(φ(a)
∗ − φ(a∗)) = 0.

Thus, ρB((φ(a) − φ(a∗)∗)x) = 0. Now we have φ(a)∗ = φ(a∗) by Lemma
2.3.

In [1], an example is given to show that we can not drop the fullness of E
in Theorem 2.6.

Remark 2.9. Theorem 2.6 shows that, we can substitute the condition ∥ρA(x)∥
= ∥ρB(x)∥ of the main Theorem in [1] by commutativity of B (or symmetry of
ρA, ρB) and obtain the same result.

Proposition 2.10. Let E, A, B and φ be as in Theorem 2.6. Then the topology
of the family of seminorms QE on E is weaker than the topology of the family
of seminorms PE on E.

Proof. We show that the identity map from (E,PE) onto (E,QE) is con-
tinuous. Let q ∈ QE . Since φ : A → B is continuous, there is pq ∈ PE such
that

q(φ(a)) ≤ pq(a) (a ∈ A).

Let x ∈ E. Then we have

q̄(x)2 = q(ρB(x)) = q(φ(ρA(x))) ≤ pq(ρA(x)) = p̄q(x).

So, q̄(x) ≤ p̄q(x) and this completes the proof.

Corollary 2.11. Let E, A, B and φ be as in Theorem 2.6. Moreover, if B is
Frechet, then PE and QE induce the same topology on E.

Proof. It is enough to show that the identity map from (E,PE) onto (E,QE)
is a homeomorphism. But this is obvious by the previous proposition.
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