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A REMARK ON BAUM-KATZ TYPE THEOREM FOR
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Abstract. We present a generalization of the Baum-Katz theorem
for ¢-mixing sequences of random variables with different distributions
satisfying some cover condition.
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1. Introduction

Let {X,,, n > 1} be a sequence of random variables defined on a probability
space (2, F, P). Define
S, = Z X5

k=1

A sequence {X,,,n > 1} is said to converge completely to a constant A if

> P(Xn—Al>€) <o, for alle>0.

n=1

This notion was first introduced and discussed by Hsu and Robbins in [3].
They proved that the sequence of arithmetic means of independent, identically
distributed (i.i.d.) random variables converges completely to the expected value
of summands, provided the variance is finite.

The result proved by Hsu and Robbins [B] was further generalized and
extended by many authors (see e.g. [, 2, d]). Katz [d], Baum and Katz []
formed the following generalization, with a normalization of Marcinkiewicz-
Zygmund type (see [2]):

Theorem 1.1. Let {X,,n > 1} be a sequence of i.i.d. random variables. Let
rp>1,r> % The following statements are equivalent:

(i) E1X1|’ < oo, and, ifp > 1, EX; =0,
(ii) oo n"P72P (|S,| > n"e) < oo for all € > 0,

(iii) > oo, n"P72P (maxi<k<n |Sk| > n"€) < oo for all € > 0.

Ifrp>1andr> % the above statements are also equivalent
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(iv) Yoo n™P72P (supys, k77 |Sk| > €) < oo for all € > 0.

Sometimes, in practical applications, it is difficult to verify the assumption
that the samples are independent observations. For this reason, in the recent
years the limit theorems for sequences of dependent random variables have
been considered.

Peligrad and Gut [I0] extended Theorem 1.1 to the case of a p*-mixing
sequence, i.e., the sequence of random variables {X,,n > 1} satisfying the
condition

p*(n) = 0, as n — oo,

" Cov (X,Y)
p* (n) =sup sup —
S, T | xeL2(Fs),yeL2(Fr) VVarXVarY

S,T C N such that dist(S,T) > k and Fyw is the o-algebra generated by
random variables X;, i € W C N.

Peligrad [9, 0] and Kiesel [8, 6] extended Theorem 1.1 to the case of a ¢-
mixing sequence, i.e., the sequence of random variables {X,,,n > 1} satisfying
the condition

where

¢(n) =0, as n — oo,

where

¢(n) =

A

and .7-';9 is the o-algebra generated by random variables X;, | =j,..., k.

The results in [5, B, 9, [0, IT] were proved for the sequences of identically
distributed (i.d.) random variables. In [[7], Pruss introduced the notion of reg-
ular cover which allowed him to consider non-identically distributed sequences

of random variables.

Definition 1. Let X1, X, ..., X,, be random variables, and let X be a random
variable possibly defined on a different probability space. Then, X1, Xo,..., X,
are said to be a regular cover of X, provided we have

1) B(G(X) =+ Y B (G (X)),
k=1

for any measurable function G for which both sides make sense.

Using this concept, Pruss [[2] obtained a generalization of the Hsu-Ribbins
theorem for a sequence of non-identically distributed random variables. Re-
cently, Kuczmaszewska [[7], using a weaker cover condition

2) S PN > @) = P (X] > ),
k=1

obtained a generalization of the Baum-Katz theorem for negatively associated
random variables.
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Definition 2. A finite family of random variables {X;,1 <i < n} is said to
be negatively associated if for every pair of disjoint nonempty subset A, B €
{1,...,n} and any real coordinatewise nondecreasing functions f and g

Cov(f(X;€A),9(X;,jeB)) <0,

whenever f and g are such that the covariance exists. An infinite family of
random variables is negatively associated if every finite subfamily is negatively
associated.

The aim of this paper is to prove a generalization of the Baum-Katz theorem
for ¢-mixing sequences of random variables with different distributions satisfy-
ing condition (B). Using the inequalities proved by Nagaev [8], we improve the
results obtained by Peligrad [8, I0] and Kiesel [5, B].

2. Some technical lemmas

Let {X,, n > 1} be a sequence of ¢-mixing random variables defined on
a probability space (Q,F, P). Let us define the partial sums S, = > ;_; Xi,
M, = maxj<k<n |Sk|, and let ]-'jlc denote o-algebra generated by random vari-
ables X;, [ =7,...,k. Define

¢+(m):sup{P(AB>—P(B):l<k<n—m,A€]—'f,B€ ,?er,P(A);éO}
P (A)

and

gb_(m):sup{P(B)—P;?Ati):lgkgn—m,Aeff,Be ,?+m,P(A)7é0}.

Let ¢ (1) < 1 and let § > 0 satisfy the condition ¢* (1) + 6 < 1. Define
p=¢" (1) + 4. Let a be a number such that the condition

P(2M, >a)<é

is satisfied. Define

NE

Q(r)=) P(Xi|>r).

Il
-

0 .

Using the above notation, Nagaev [8] proved the following maximal inequalities.

Lemma 1. For anyr >« and 0 < e < %,

2 (" roe? du ery —s(e)
P(M,>r)< — “1(1 4 ’
( ") /0 Q( 2u > (1+ eu/a)* ! e ( " a)

ap
where s(e) = —logp/log (1 +¢).

Lemma 2. For any p >0 and 0 < e < & such that s (g) > p,

EM} <ci(p) ) EIXil" +e2(p)a”
i=1
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where

op+1

(3) a(p) <gmBle+Lls()-p+l),
ca(p) <plePBp+1s(e)—p)p+1,
and B (+,-) is the Fuler function.

Lemma 3. Let the random variables X; take real values and let EX; = 0.

Then forp>2 and 0 < ¢ < g, such that s (g) > p,

n n p/2
EM? < ¢y (p) Y EXE + ¢y (p) <Z EX,3> ,
k=1 k=1

where ¢ (p) = ¢, (p) (32¢(6) / (1 - 6~ (1)) (1 = ¢+ (1)),
c(@) = (1+2372,0Y2(k)), c1 (p) and ¢z (p) satisfying the conditions (B).

As it was pointed out by Nagaev [§], if 372, ¢!/2 (k) < co and EX; =0
for j =1,...,n, then

(4) E[Su]* <c(¢)> EX}.
j=1

In our considerations we will also need the following lemma.

Lemma 4. (Gut [2]) Let {X,,, n > 1} be a sequence of random variables satis-
fying a weak mean dominating condition with mean dominating random variable
X, i.e. for somec>0

1 n
EZP(|X,€| >z) < cP(|X]|>z).
k=1

Let r > 0 and for some A >0
X = Xil (| Xk < A), X! = XiI (| Xk| > A),
Xj = Xpl (|Xe] < A) — AT (Xp < —A) + A (X, < 4)

and
X' =XI(X|<4),  X"=XI(X|> 4),

X*=XI(|X|<A) —AI (X < —A)+AI (X < A).
Then
(i) if E|X|" < oo, then L) | F|X|" < CE|X]",
(i) 130 L EIX}|" < C(E|X'|"+ AP (|X]| > A)) for any A >0,
(i) L3 E|X}|" < CE|X"|" for any A >0,
(iv) 230 | E|X;|" < CE|X*|" for any A > 0.

Throughout this paper, C and Cs always stand for positive constants which
differ from one place to another.
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3. Main result

Theorem 3.1. Let rp > 1 and r > % Let {X,, n>1} be a sequence of

¢-mizing random variables with -, /2 (k) < oo and let X be a random
variable possibly defined on a different probability space satisfying the condition

(5) LS P(X] > ) = eP (1X] > @),
k=1

for allm > 1, all x > 0 and some ¢ > 0. Additionally, assume that for all
p>1, EX, =0 foralln > 1. Forp > 0 and any 0 < ¢ < % such that
s(€) > p, the following statements are equivalent:

(i) EIX|" < oo,
(i) D07 n"P72P (maxi<g<n [Sk| > An") < oo, for all B> 0.

Corollary 1. Let rp > 1 and r > % Let {X,,, n> 1} be a sequence of ¢-

mizing i.d. random variables with Y ;- /2 (k) < 0o. Moreover, assume that
forallp>1, EX; =0. Foranyp >0,0<¢e < % such that s () > p, the
following statements are equivalent:

(i) E1X[" < oo,
(i) >-oo, n"P72P (maxi<g<n [Sk| > An") < oo, for all g > 0.

PROOF OF THEOREM BIl: First we prove that (i) = (i4). For this purpose
we distinguish two cases.
Case 0 < p < 1. Note that

X =X;I (| X <n")+ XTI (|X4| >n") = X+ X/
and

=Y X (IXi| <n")+ > X (|Xi| >n") =S, + 5.
i=1 i=1
By Lemma 0 and (B) we obtain

g e < max |S]| > ﬂnr>
1<i<n
n=1 - =
pnr n P<|X|> fn’ac )du
< Cl E n’P— 2/

= = (1+eu/a>s<s>“
0 r\ —s(e)

+Cs anp—z (1 + Eﬁan
n=1

e (X 2
<0 ZnTp—Q/
0

n=1 i=1 (1+ 5“/0‘)8 E)H

+ CQ Z nrp72fs(6)r = Il -+ IQ.

n=1
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Because for any 0 < e < s(e) > p, we have that Iy < co. Therefore, we have

to prove that I; < oo. Indeed let x = ﬂ" o’ , then

L [ P(|X’| > 002 gy
Il < Cl n"P~ /
Z (Eu/a) E)+1
<Clznrp2s(6)TZ/ s(a 1P |X|>$)

2/ae?

<Clznrp255)r2/ 56) 1P |X|>l’)

By (8) we have

[
I < Cl anp—l—s(s / s(s) 1P |X| > JT)
0

n=1

Sclznrpflfs(erZ/ sa) 1P(|X|>x)
n=1 k=1 (k=1)"

o] k" o]
=C} Z/ o) -1p (IX] > x)dx Z prPlosE)r
k=1 (k=1)" n=k

r

<Gy k"P—s@)f‘/ *O7IP(1X] > z) dx

P (k—1)"

As s(g) > p, we finally get

o0 kT
I <Cp Y kPms@r . e / PP (1X| > x)da
=1 (k—=1)"
<C12/ 2P P (|X| > x)dr = E|X|P < o0.

Similarly, we show that

o0
Zn”’_QP ( max |S)/| > Bnr) < 0.
ot 1<i<n
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Indeed,
Zn”’*zP < max |S)/| > Bn" >
1<i<n
n=1
, Bn" m P(‘X”|>ﬁ" ae )du
< Cl n'P~ /
Z - (Ql+4ceu/a

r\ —s(e)
+Cs Z n"P=2 (1 + Eﬁan )
n=1

P (\X”| > fnrac? )du
E)Jrl

)s(s)+1

[e%S) Bn" n
<[5
n=1 0

i1 (1+eu/a)®

+ Oy anp72fs(5)r =I5+ 1.

Because s( ) > p, we have that Iy < oco. It remains to prove that I3 < co. Let
T = *3” ac’ , then

Ig_clznrp 2- e(e)rz// @O (XY > 1) da
g

< Z nPm s E)r Z/ O IP (XY > z) dx
n=1 i=170

=0 Z p'P=2=sE@r Z/ *O7IP(|1X;] > z) da
n=1 i=17/7"

Because s (¢) > p, for any 0 < & < &, by (8) we have

<Gy n”H*S(E)T/ 2 EO71P(|X] > z) da

-
n=1 n

(k4+1)"
- clznrp 2-s 8>PZ/ 2P (1X| > x) da

(k+1)" k
= ClZ/ m$(6)—1p(|X| > :C) denTp—l—s(a)p

k’r‘

k=1 n=1
00 (k+1)"
<Ci Yy IJP*S(E)I’/ *O7IP(1X] > z) dx
k=1 "
o0 (k+1)"
<0 Z Lrp—s(E)p . kS(E)p*T;D/ P 1P (|X| > z) dx
k=1 kr
< E|X|".

By the condition (%),
I3 < o0,
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which yields (4¢) in the case of 0 < p < 1.

Case p > 1.

Let us define X/, = —n"I(X; < —n") + XI(|X | <n")+n"I(X; >n"),
for 1 <i < n, meX’ — EX], and S, kle 1Y for 1 <k <n.

Noting that EXT (| X| <n ) = —EXI(|X| >n"), in view of the fact that
EX =0, by Lemma @ (iii) we have

k k
max Y EXI (X <n")| < max. EX;I(|Xi| >n")
- 7 li=1 =1
1 r
1 (IX]>n")
E|X[?
<C —0 as n — 0o,
nrp—1

because rp > 1.
Additionally, by the Markov inequality and (), for 1 < k < n, we have

k
1 r
. P i Ty _ TP i _ <
nrigl(n (X >n")—n"P(X; <—-n" En |X|>n)

< OnP(|X| >n")
CE|X|’

<

- nrp—l

— 0,

as n — oo and rp > 1.
Hence, for a sufficiently large n we obtain

[ee]
nz:mrp 2p ( max |Sk| > fBn” ) < nz::lnrpdp (1@?3 |S), | > Bn" )
+anp2P<maX |Xi| >n )
n=1
< nzz:lnrpﬁp (féllagxn |S;L’k| > 6nr>
+ ZnT'p—Q ZP(le| > n,,.)
n=1 1

Note that by (8) and (), the second series on the right-hand side converges.
Therefore, it remains to show that

(6) 2:171”’_2P <1r£1?<xn |S), | > Bn” ) < 00.

By the Markov inequality and Lemma B, for a sufficiently large ¢ > 2 and any
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0 < e < & such that s (g) > ¢, we have

q
Zn”’ 2P(rnaux ’Snk’>ﬁn> Zn”’ 2= qTE(max ’Snk|>,6’n>
n=1
< Cl anp—Q—qr ZE ‘X’ q
n=1 i=1

+ 02 Z nrp—Q—qr

n=1

=I5+ Is.
For ¢ > p, we obtain that Is < co. By (B) we have that

=0 an 2= ‘"ZE|Xm\q

n=1

_clznrp 2- qrz/ #71P(1X],| > o) de
< an—Q—WZ/ 2P (| X > 7) da
n=1 i=170

d

<G an—l—‘ﬂ/ 217 P (|1X| > z) da
n=1 0

Hence, for ¢ > p we have

r

I, <y anp_l_q”/ 2P (|X| > x)dx
0

n=1
_CIZn’”” 1QTZ/ 271P (1X] > 2) da
(i—1)"
—ay [ e (x| dry et
i=17 (=" n=i

< Clz/ 2 P(|X| > z)da Y nrPmiTar

i—1 7 (i—1) —i

<y Zirp*qr/ 2P (|X| > z) da
- i—1)"

i

< Zz”’ ar . 4= Tp/ 2P P (|X| > x)dx

i=1 (i—1)"

2012/ PP (|X| > ) de = E|X|P.

i=1 7 (=17

By (i) we obtain
I5 < o0,
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which gives (i) in the case of p > 1.
Now, we prove the converse. To prove that (i7) implies (i), it suffices to
show that

> wPTIP(IX] > pn") < oo

n=1

From (i7), it follows that

rp—QP X

(7) ;n (11<nkaz< | k|>n><oo
and

(8) P <1I<HI§%2( | X%| > pn" > — 0.

From the relation

ZP(|Xk|>n max |X|<n><P<max |X|>n>

1<i<n
k=1

and (B), we obtain

M=

P(|X|>n") = P (| Xk| >n")

S
Il
—

P <|Xk| >n", max |X;| > nr)
1<i<n

M- 11:

p <|Xk| >n", max |X;| < nr)
1<i<n

~
Il
—

©
A
NE

P <|Xk| >n", max |X;| > nr)
1<i<n

~
Il

1
(max | Xi| >n )
1<i<

Let J =", _; P (|Xx| > n",maxi<i<n | X;| > n"). By centering we obtain that

3

{ I(Xel > ") = P(Xa| > n")] 1 <mx X > n> }

(10) + nP rga< | Xi| > nr> P(|X|>n") =17+ Is.
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By the Cauchy-Schwarz inequality and (@), I7 can be estimated as

<i
k=1

n 2
L < E(meu>nr>—P<|Xk|>nr>]> P(lmagn|xi|>nr)

T —_ T 2 . T
< I;E[I(|Xk\>n) P (| X > n7)] P(lrél%xn|XZ|>n)
< ORI )P (s 1] > )
<

1<

\/c(gb) nP (| X|>n")P ( max | X5| > nr>
1
< = r : ") .
(11) < 4nP(|X| >n")+c(p) P (féliagxn|X1 >n )
Combining (I) and (), we get in ()
3
— ™ < . T
TP (X)) < 20+ (o) P (130> )
+nP(|X|>n")P ( max |X;| > n’“) .
1<i<n
In the consequence, from (B), for sufficiently large n we have
(12) nP (| X|>n")<4(1+c(¢)P (1r£1_a<x | X;| > nr) .
Finally, (I2?) and (@) give
(o)
anp_1P(|X| > fn") < o0,
n=1

and (¢) follows. This completes the proof of the theorem. O

Remark 1. One can give an alternative proof of (B). By the Markov inequality
and Lemma B, for a sufficiently large ¢ > 2 we have

0 0o q
-2 ! rp—2—gqr ! T
;nw P <11£1?<xn Sy | > ﬂm) < T;n E (lrgixn |S), | > Bn >
00 n
S USRS W
n=1 i=1

oo n q/2
W oy
n=1 i=1

i

+ Is.

[
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Using similar arguments as in the estimation of I5, we obtain that Iy < 0. In
order to estimate Ig we distinguish two cases.
Case p > 2.

- s a/2
Is < Cy Z n'Pm2mar . pa/2 (E |X|2> < 00,
n=1

forqg>(rp—1)/(r—1/2).
Case 1 <p<2.

I~6 < (Cy Z nP—2=ar . pa/2 ., (2-p)e/2 (E |X|p)q/2 < 00,

n=1

forq > 2.

Acknowledgements

The author would like to express his gratitude to Prof. Tadeusz Caliriski
for reading the draft of this paper and the referee for valuable comments and
remarks.

References

[1] Baum I. E., Katz M. L., Convergence rates in the law of large numbers. Trans.
Amer. Math. Soc. 120 (1965), 108-123.

[2] Gut A., Complete convergence for arrays. Period. Math. Hungar. 25 (1992),
51-75.

[3] Hsu P. L., Robbins H. Complete convergence and the law of large numbers. Proc.
Natl. Acad. Sci. USA, 33 (1945), 153-162

[4] Katz M. L., The probability in the tail of distribution. Ann. Math. Statist. 31
(1963), 312-318.

[5] Kiesel R., Strong laws of large numbers and summability of ¢-mixing random
variables in Banach spaces. Electron. Commun. Probab. 2 (1997), 27-41.

[6] Kiesel R., Strong laws of large numbers and summability of ¢-mixing random
variables. J. Theoret. Probab. 11 (1998), 209-234.

[7] Kuczmaszewska A., On complete convergence in Marcinkiewicz-Zygmund type
SLLN for negatively associated random variables. Acta Math. Hungar. 128
(2010), 116-130.

[8] Nagaev S. V., On probability and moment inequalities for dependent random
variables. Theory Probab. Appl. 45 (2000), 152-160.

[9] Peligrad M., Convergence rates of the strong law of for stationary mixing se-
quences. Z. Wahrscheinkeitsth. 70 (1985), 307-314.

[10] Peligrad M. The r-quick version of the strong law for stationary ¢-mixing se-
quences. In: Almost Everywhere Convergence (G. A. Edgar and L. Sucheston,
eds.) pp. 335-348. Academic Press, Boston, MA.

[11] Peligrad M., Gut A., Almost sure results for the class of dependent random
variables J. Theoret. Probab. 12 (1999), 87-112.



A remark on Baum-Katz type theorem for ... 115

[12] Pruss A. R., Randomly sampled Riemann sums and complete convergence in
the law of large numbers for a case without identical distirbution. Proc. Amer.
Math. Soc. 124 (1996), 919-929.

Received by the editors January 19, 2012



	Introduction
	Some technical lemmas
	Main result

