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0-FIBONACCI NUMBERS, PART II

Roman Witula®

Abstract. This is a continuation of paper [6]. We study fundamental
properties and applications of the, so called, -Fibonacci numbers an(9)
and b, (0). For these numbers, many special identities and interesting
relations can be generated. Also the formulas connecting the numbers
an(9) and by, (§) with Fibonacci and Lucas numbers are presented. More-
over, some polynomials generated by an(d) and b,(9) are discussed.
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1. Introduction

Let £ = exp(i27/5). Then, the following formulas hold true [B]:

(1.1) (L+6(6+EM)" = an(d) + by (6)(E + €Y
and
(1.2) (1462 +€%)" = an(8) + b, (0) (&% + &%)

for 6 € C, n € N. Hence, the below recurrent relations can easily be gener-
ated [G]:

aw@) =a(d) =1,  by(8) =0, b (d) =0,
(13) an11(8) = an(8) + 3,(6),
(1.4) bus1(6) = 30, (8) + (1 — 6)b,(6).

We note that a,(6),b,(8) € Z[d], for every n € NU{0}. Both a,(d) and b, (5),
for n € N, are called the §—Fibonacci numbers. It should be emphasized
that these numbers are the simplest form of more general classes of numbers,
introduced recently in the papers [B, @, B, @, 8.

Additionally, in paper [G] the followmg Blnet s formulas for a,, () and b,,(9)
are presented

5+\/5<25+\/55)"+5\/5(25\/55>"

(15) an(0) =15 2 10 2

and

L6)  bu(e) =D <H+\/55>" _V5 (2—5—\/55)"

) 2 ) 2
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for every n = 1,2, ..., as well as the formulas connecting a,,(d) and b, (4) with
Fibonacci and Lucas numbers (denoted by F,, and L,,, respectively):

a7 =3 () Fs ("

k=0

(1.8) by (8) = En: (Z) Fi(—1)F15k,

k=1

We note that (by (I=33) and (IA)) the following equalities are true (see also
Remark 270):

(19) an(l) = Fn+17 an(_l) = F2n—17 an(_2) = F3n—1;
bn(l) = Fn7 bn(_l) = _F2n7 bn(_2) = —F3,.

The next lemma consists of some other basic technical facts which will turn
out to be useful in the current paper.

Lemma 1.1. a) We have

—Bi=E+ & =2cos ZE Vool

1.10 -
(1.10) —04:252—1-53:—2(308%:—‘/5“.

b) Any two of the numbers 1, a, 8, are linearly independent over Q. More-
over, we have

at+pf=ap=-1, a?=a+1 and % =p+1.

c) Let fr, € Q0] and gr € Q[8], k = 1,2. Then, for any a,b € R linearly
independent over Q, if

f1(0)a+ g1(6)b = fa(d)a+ g2(8)b, for §€Q,
then
f1(6) = f2(6) and  g1(d) = g2(d), for deC.
2. Reduction formulas

This section concerns the main reduction formulas for the indices of §—Fi-
bonacci numbers. It is a supplement of Section 6 from the paper [6].
At the beginning we get

(145 (€+€9)" = (ar(0) + b (5) (€ + €4)"
. bi.(8)

(2.1) = ai(0) (1+ 255 (€ +§4>)
bi(0)
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On the other hand, we have

(2.2) (148 +E9)" = arn(0) + bin(0) (€ + &Y.

By comparing (E70) with (222) and using Lemma [T b) we obtain the following
basic reduction identities (formulas (6.4) and (6.5) from [6]):

(2:3) 01 (0) = a(6) o (213
and
(24 b () = a(0) b (25153,

It appears that the above formulas carry important reduction properties, which
are especially noticeable in the background of the following summation formu-
las:

N bi (6)
(25) Z akn+1 = Z ag (6) Agn (ak(5)>
k=1
and
N N b (S
(2.6) S b (8) = af (8) b (aZE 5;)
k=1 k=1
Hence, for § = 1 we have
N N F,
(2.7) 3 Py = ZF,?+1akn<F7>7
1 k+1
al . F
(2:8) > Foa = Z B b (),
k=1 Fi1

and next for n = 1 we get

N N Fk-
(2.9) ZFk2+1 = ZF15+1 ak<F7>’
k=1 kt1
N
(2.10) Y Fe= ZFk+1 bk(Fk 1)
k=1

Another example of using formulas (E33) and () is the following

s = B2 b25(F36) 2 a5(F36> b (bS(ng)>’
a

F37

F F
Fs7 = Fy6 + Fi5 = FY bG(FG) + FJ a5(—7)
7 8
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and

(82) - (22 )

Py Fy
We note that, by (33) and (), we get
oo (F8) gy (F) 4 oy (i
Fyy F37 F37 F37

by ( F2o [ by ( Eze
@R )
37

Fsg 1 F36 F3e
o (2) - o (Fan(£2) (22
"\ Fyy F37< 0T\ Py 3 Fyy

() | P, (t2(5)
(o) )|

Remark 2.1. We note that the relations

F; F
F,I?+1an (F‘k) = Fkn+1 and F]?_A,_lbn <k) = Fkn
k41 +

:&az(@>
Fs7 2\ Fy;

hold for every k € Z\ {-1}, n € N.

For example, we get

(=1)"bn(=2) = (=1)" "' Fyn,
bn(fz) = 7F3nv

and similarly
an(_2) - +F3n—1-

Corollary 2.2. If 6 € C, k € N and ax () = bi(9), then
(2.11) ap (0) Fry1 = agn(0),
(2.12) ay, (6) F, = b (9).

For example:

2 ..
az(0) =by(6) & 6= gei”/‘*,
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Hence we get
\/§ [ 1 A"
o (e ) = Fun (12 31)
2 4. 1\
ban (iei”*/‘*) =F, (1 + = z) ,
2 2
for every n € N. Moreover, if § € C, k € N and ay(6) = bi (), then

n— oo

lim dist(aak(S), y akn(é)) =0,

where the symbol {/ag, () denotes the set of all complex roots of n—th order
of apn (), for every n € N. If additionally ¢ € R, then

Jim 275 fag(ant1) (0) = @ ak(9),

where the symbol 2"*/ay(2n+1)(0) denotes now the only real root of aj(2n41)(9).
At the end of this section we present one more result of the reductive nature.

Theorem 2.3. We have

(2.13)  ag(an(0) + ba(8) (€ +€Y) + br(an(d) + ba(8) (€ + €M) (€ + €Y
= Z (_1)5 L' o (a(r+s)n+r(5) + b(r+8)n+r(5) (5 + 54))

rls!
r,s>0
r+s<k

Proof. We have

(1+(roerey)Eren)
= ar(an(8) + bn(0) (€ +€")) + br(an(0) +ba(8) (€ + &%) (€ + €Y.
On the other hand, we get
(1+(+oerey)Eren)
(1\5 (L+o(E+e)"™ — 1o (1+0(E+€Y)" + 1)k

=2 N (146 +9) T 5

rls!

r,8>0
r+s<k

3. Sums of some series

According to formula (), two following formulas can be easily deduced

(3.1) (an(8) 4+ 2b,(6) COS(%))_I = (20 COS(%))_I,

n=1
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whenever |1+ 24§ cos(27\5)| > 1, ie., |6 + (V5 + 1)\2| > +1)\2, and

8) + 20, (6) cos(22)) = — (26 cos(2E) (1+ 25 cos(%)))f

HMSE

whenever }5 + (V5 +1)\2| < (V5 + 1)\2. Next, from equation (I=2) we get

(3.3) Z —2b,(0) (Jos(%))f1 =—(26 cos(%))fl,
whenever |1 — 26 cos(m\5)| > 1, i.e., [6 — (V5 —1)\2| > (V5 - 1)\2, and
> 1—26 cos(%)
A4 —2b )=~ 5/

(3.4) ; (an(0) = 200 (0) cos(3)) = —5 s (E)
whenever |§ — (V5 —1)\2| < (V5 —1)\2.

Note that all the above formulas can be easily presented in a more general
form. We think that the case § = 1 (for Fibonacci numbers) is the most

representative and the appropriate formulas are listed below:

a)

(3.5) Z (Fint1 42 Fin cos(38))
n=0

Fopy1+2Fg cos(25 )
Fap1 + 2 Fyp, cos(32) —

(2 cos(%))Sk
(2 cos(%))S]c -1

T for any k,s € N,

, for any k€N and s e Ry;

b)
(3.6) Z (Fint1 + 2 Fy c08(25)) ™" (Fipg1 + 2 Fyy, cos(35)) "
n=0

Fsk+lr+1 + 2 Fsk+l'r COS( 25 )
Fopqir1 + 2 Fappar cos(3E) —

T for any s,r € N,

(2 cos(g))SkHT for any k,l € N and
(2(:o(s>))gk+lr—17 8,7 € Ry
¢)
(3.7) Z (Frng1 — 2 Fin cos(%))s = (1= Fepq1 +2Fg COS(%))_17
n=0

for every s € N;
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d)
Z ( "(2 Fon cos(%) — Fkn+1))s
n=0
(1 Fké_ﬂ 2 F. cos(%)))A7 for any k,s e N,
-1
= (1 Fk+1 —2chos(%)))b)
_ . 2\ ks -1 for ke N and
_(1 (2008(5)) ) , sER,.
e)
(3.9)
((_1)kn (Fk"+1_2Fk" COS(%)))S ((‘Uln (Fln+1—2 F, Cos(g)))r

=0

I/~ - 3

-1
1—(—1)’“”” (Fsk+lr+1—2 Fopyir cos(g))) , for any k,l,s,r € N,
1)’

1= ((=1)F (Fa1—2 Fg cos(2)))* ((—1)! (Fraa —2 F cos(g)))r)_l
= (1 (2 cos(zs’r))kyrlr)il7 for any k,l € N and s,r7 € R,.

4. Two-parameter convolution formulas

Results presented in the current paper refer to Theorems 5.5 and 5.6 from [8].
In particular, the identities (B=3) and (E) generalize identities (5.19) and (5.20)
from the paper [B].

Theorem 4.1. We have

n

(41) > (an—r(0) bi(e) — ak(e) bu—(0))

k=0

[n/2]

—n n n—2%k—

-9 +1 E 5k <2k+1> (4—5—6) 2k 1(6—5)2k+1,
k=0

n

(4.2) Z (2 ar (&) an—r(0) — 2bx () bp—(6) — ar(€) bn—r(8) — an—r(9) bk(E))

k=0

Ln/2]
— 9—n+l Z 5k <2723> (4 —e— 5)n—2k (8 _ 5)2k’
k=0
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2 ( 2 =) (0(6)bu(e) = an(e) a(9))

1—¢
19 =3 (25 25) - (25 e (£255)
- L:i? g (214771 1) (2 B 18—4_656)7%%71 (16—_655)2“1
and

(2) " (206 0 (8) ~ 264() 5 (6) — a(£) b (8) — u(5) b €))

0(2%(1315)% (25) 22 5) e (2 5)

(44) “"( ) (1—55) a"(lzi(S) b”(lzié»
S () ey
for everye,§ € C, n € N.
Proof. Let £ = exp(2mi/5). We have

2+eE+eh)+0(2+H)"
=((1+e(€+&)) +(1+5(E2+&)"

(Z) (1+e(¢+ 54))’“ (140 + 53))"7’“

I
NIE

k

I
=3

NE

(1) (00061 4 00 €+ €) (en-s(6) + 8-4(6) (€ + €9).

(=)

By equalities (1) we obtain

(ar(e) + br(e) (€ +£Y)) (an—r(8) + bn_r(5) (€% + &%)

= (ar(e) +bu() Y52 (an-k(8) — bu-i(6) Y52
= k(6) an_4(5) — be) b (9

_ % (ak(€) bp—k(8) + an—r(8) bi(e))

+ ? (an—r(9) bi(e) — ar(e) bu—r(9))

Furthermore, we get

(2+e(E+EH+6(E2+))" = (2—%(5+5)+?

[n/2] [n/2]

n n
— 5k n—2k b2k 5 5k n—2k—1 ka-‘rl
S5 (g) VB 5 () 7

(e=0)"



6-Fibonacci numbers, part 11 17

where
20:=4—¢—94 and 2b:= /5 (e — 9).

Moreover, we have

(T+e@+M) (1+6(E2+€%)) =1—ecd+e(E+&H+5(E2+€%)

- 1_266 (2+ 13555 €+ + 125 € +¢))
and
(1+eE+eh)" (1+5 e +eH)"
= (an(e) + bu(e) (€ + &) (an bn(8) (€2 +€7))
= an(e) an(d ) bn(e) b (5)+an( ) 1(6) (6% + &%) + an(6) bule) (€ + &)
an(€) an(8) = bn(e) b (d) — ( n(€) b (8) + an(3) ba(e))

(an((s) bn(€) — an(e) bn(é))ﬁj

5. Inner products of )-Fibonacci vectors

The aim of this section is to determine the compact analytical description
of the following three sums:

N—-1
Sin(8) == ap(d
k=0
N—-1 N—-1
Son(8) =Y ap(8),  San(8) =Y bi(6)
k=0 k=0

We achieve the assumed goal in two independent ways.

The first way
Let us start with the identity written below (see formula (2.8) in [G]):
(1—5—06%)" = (1+5(§+§4))k(1+5(£2+§3))k
(5.1) = (ak(8) + br(6) (€ +€")) (ar(8) + b (9) (67 +&7))
= ai(8) — ax(8) b (0) — bi(4).

Hence, we obtain
N-1

(5.2)  San(6) = Sin(6) = Ssn(d) =D (1-d- 5%)"
k=0

1—(1-6— 42 1 N
- 1—((1—5—53) :5+52(1_(1_5_5) )

= Ni:l(—nk (JZ) (6 + 6%)k.

k=0




18 Roman Witula

Remark 5.1. If 1 =6 — 62 =1,i.e. § =0 or § = —1, then we set

1 N
So8(8) = S1n(0) = Sy () = lim s (1 (15— 5)")

6—) 1
Zim N(1-5-62)"" =N,
§—=0

or
§——1

On the other hand, we have

)+ b (6 (§+§4))

(1+5(§+§4 ) ( ag
=ai(s )+b2( ) + (2ax(8) bi(6) — b(8)) (€ + &Y,

which implies the identity

(5.3)  S2.n(d) + Ss, N(a) + (£ + 54)(2 S1,n(8) — S35 ()

pl= C1-(1+a(e+en)™
1 0 ( =
kzo + §+§ 1—(1+6(§+§4))2
_ 1 —axn(0) — ban(9) (€ +&%)
1 —as(6) — b2(8)(§ + &%)
by (6 1—aon(8 1 —aon(8) —ban (0 4
L8006 G-t |F] L) ey | €€
b2(0) 1 —ax(0) +b2(6) ' '
1 —ay(d) b2 (0)

K

Hence, we obtain two new identities

b2(0) 1 —azn(6) ‘
1—@2(5) GQN(6)+b2N(6)_1

b2(6) 1 —as(6) + ba(6)

1-— a2(§) bg(é)

i

Sa,n(0) + S3,n(d) = ‘ ‘

ie. (§#0,—14+/5):

(5.4)
§(5=(641)%) (S2.n(8)+Ss.n(6)) =2(1—6) (aan(6) —1)+(2—6) ban (6),
and
‘ 1-— agN(5) —bQN(5) ‘
1-— 0,2(5) 7b2(5)
‘ b2(5> 1-— a2(5) + b2(5) ‘ ’
1 —ax(9) b2 (0)

251,8(8) — S3n(0) =

ie. (6#0,—1++/5):

(5.5)
§(5—(6+1)%) (251,5(8) — S5.n(8)) = (2 —0) (azn(6) — 1) — S ban(6).
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Finally, from the identities (62), (64) and (633), we get

(5.6) 552 n(6) =2 (S2,n(0) = S1n(8) — S35 (6)) + 3 (S2,n(0) + S3.n(5))
+2.51 n(6) — Sz n() (1-(1-0-06*)")

T 0+02
+ m(@ —78)(aan () — 1) + (6 — 48) ban (),
(5.7)  585n(0) = ﬁ((l —5 0N 1)

1

S GrY ((2=30)(azn(d) = 1) + (4 = 9) ban (9))
and
(5.8) 5Sn(5) = ﬁ((l 5N 1)

1

IR

6 —46)(azn(6) — 1) + (2 —38) ban(9)).

For example, from (E8) for N = 2 we obtain
(5.9) 2862 +5+3)(4—26—06%)=(8—70)(as(d) —1) + (6 —40)by(0).

Corollary 5.2. Using () we get (see also [, B]):
N-1

(5.10) 5S5n(1)=5 Y FZ=(-1)N+3Fn — Fani1 = Loy-1 + (1)
k=0

N
58N (1) =5 ZFkQH = Fong1 +2Fon — (=)
k=1

(5.11) = Fonio+ Foy — (1) = Loyyy — (-1
N—-1

(5.12) 58 n(1) =5 Y FpFepr = Loy + 3((-1)V = 5);
k=0
N-—-1

(5.13) 583 5(=1) =5 Z F2 =1—2N 4 Fyy_o;
k=0

(5.14)
N

58 n41(=1) =5 Fy ; =2N+5+ Fyn;

k=0

(5.15)

N

581 n11(—1) =5 For1 Fop = N — 1+ Fyn 1.
k=0
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Moreover, from (513) the following formula can be derived

N)\Cﬂ

=551, n41(

N N
Z Loy, — Fay) For, = Zsz For — 5 ZFQZIC
k=0

k=0

Hence, by (B13) and (51H), we get

N
2N —-2+2Fnt1 =5 ZLQkFQk - (F4N+2*2N*1)>
k=0

i.e

N

(5.16) 5 Z Lok Foj, = Lynyo — 3.
k=0

The second way

First, we prove (in two ways) two auxiliary formulas:

N-1
(5.17) 5> b(6) =an(6) —1
k=0
and
N—-1
(5.18) 5> a6 )+ by (6) — 1.
k=0

Proof. Immediately from (I3) we derive

N-1

N—
Z ar+1(9) — ax(9)) = an(8) — ao(d) = an(d) — 1.
k=0 k=0

Next, from () we obtain

N-1 N-1 N-—1
0 ) ar(8) =06 Y bppa(0) + (6 —1)8 > bi(0)
k=0 k=0 k=0

— (ans100) = 1) + (0 = 1)(an (8) — 1)
=an+1(6) + (0 —1) an(6) — 0.

Hence, by (Z3) again, we get
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Now, by the Binet’s formulas ([CH) and (ITH), we obtain

Za 25+1+\f2\[<2 5+f6) (2=05v/50)2N g
2k(0 TR 2
25 2 (%) _1

_25+1—¢5_<2—5—\/55>_(W)2N—1

25 2 (2755\/55)2_1
1 20+1+6 [2-0+V56 o
VB (3—-VB)i+2(v5—1) 2
1 26 +14++5 2—5+\f5
V6o 3—B)s+2(v5—1)
1 26+1—+/5 2 — 5 V56 e
V56 (3+vVB)d—2(vV5+1)
N 1 256+1—-+/5 2 — 5 V54
V56 (3+vVB)s—2(vVa+1)

1

-t _ _ 3982
_5(52+26—4)(2(6 1) azn+2(6) + (0 — 2) ban+2(0) — 6% — 20 +25+2)’
i.e. the following identity holds

N-1

(5.19) §(0%+25—4) Y az(6) =2(6 — 1) (aan(8) = 1) + (6 — 2) ban (9).
k=0

Next, from (I3) it follows that

2

-1

N— N-1
§ Y bo(d) = Z azr41(6) = Y ask(0)
k=1 k=1

1

~
Il

2N—1 N-1
= ar(6) —2 a2 (6) — ap(d) — a1(9).
k= k=1

Hence, by (EI8) and (B19) we obtain

(=)

N-1

8 (6% +26 —4) Zb%

(6 +28 —4)(aan (8) + ban (8) = 1) —2(2(6 — 1) aan(9)
+(6=2)ban(0) = 0° —26% +26+2) —2(8° +206° — 40)
(5((5 2) (GQN((s) — ].) + (52 bQN((S),

i.e.

N-1
(5.20) §(0%+25—4) Y bai(6) = (6 — 2) (azn(8) — 1) + 6 ban (9).
k=1
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Next, form (I3) and (ICH) we obtain

N-1 N—-1 N—-1
551]\] Zagk +2 Zbgk 21—5 52k.
k=0 k=0 k=0

Thus, by (B19) and (6220) we derive
55 (6% +20—4)Sin(8) =20 —1)(azn(6) — 1) + (5 — 2) ban ()

+2(5 = 2) (aan (8) — 1) + 26 bon (6) + M% (1=5—52)Y 1)
(

5(5% + 26 — 4)

— (45 = 6) (aa(8) = 1) + (36 — 2)ban (8) + 22

1-5-6)N -1),
which is exactly the formula (B3).
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