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ORTHOGONALITY OF OPERATORS ON (R, || [|-)"
Kallol Paul? and Debmalya Sain®

Abstract. We study the orthogonality of two linear operators S, T on
(R™, ]| |loc) in the sense of Birkhoff-James [d]. We find a necessary and
sufficient condition for S to be orthogonal to T in the sense of Birkhoff-
James with certain conditions on S. We give a sufficient condition for the
existence of two operators S, T on (R", || ||o) with S gT such that there
does not exist any € R" with ||z||cc = 1, SzLpTz and||Sz|lecc = ||S]|co-
We find a sufficient condition on S so that if S1gT then there exists
z € R" with ||z]|ec = 1 such that SzLpTz and ||Sz||c = ||S||ec. We also
obtain the relations between the orthogonality of vectors in (R™, || ||cc)
and the orthogonality of operators on (R",|| ||es), both in the sense of
Birkhoff-James.
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1. Introduction

Let (X,|| ||) be a normed linear space. For any two elements z,y in X,
x is said to be orthogonal to y in the sense of Birkhoff-James[d], written as
xLlpy iff [|z|| < ||z 4+ Ay|| for all A € K(=R or C). In [5, B, 7] James studied
many important properties related to the notion of orthogonality. Let B(X, X)
denote the Banach algebra of all bounded linear operators from (X,| ||) to
(X, || II). For any two elements S,T in B(X,X), S is orthogonal to T in the
sense of Birkhoff-James, written as S_LgT, iff ||S|| < ||S + AT|| for all A € K.

In a finite dimensional Hilbert space X, Bhatia and Semrl[3] and Paul et. al.
[2] independently proved that S_LpT iff there exists € X with ||z|| = 1 such
that ||Sz| = ||S|| and Sz L pTz. Bhatia and Semrl in their paper conjectured
that if X is a finite dimensional normed linear space and S_1 g7 then there
exists * € X with ||z|| = 1 such that ||Sz| = ||S]| and SzLlpTx. Li and
Schneider [d] and Paul and Das [I1] gave examples of normed spaces (X, || ||)
in which there exist operators S,T : X — X such that S_LgT but there exists
no z € X, ||z|| =1 such that ||Sz| = ||S|| and SzL Tz, which shows that the
conjecture of Bhatia and Semrl is not true. The notion of orthogonality has
been studied by many mathematicians over the time, a few of them are Alonso
and Soriano [1], Benitez et. al. [2], Kapoor and Prasad [§] and Partington [I].
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In this paper we study the orthogonality of operators on (R, || ||o) in the
sense of Birkhoff-James. We find a necessary and sufficient condition for an
operator S on (R™, || |leo) to be orthogonal to T in the sense of Birkhoff-James
with certain conditions on S. If S 1 gT then it is not necessarily true that there
exists z, ||Z|lcc = 1 with [|SZ|lcc = [|S|lec and Sz LpTz. We find a sufficient
condition on S and T so that SLpT, but there exists no such z, ||| =1
for which [|Sz]|ec = ||S]|ec and Sz LpTx. We also find a sufficient condition
on S and T so that SLgT implies that there exists x, ||#]lc = 1 for which
1Sz]|co = ||S]lco and Sz LpTx.

2. Main Results

We first find a necessary and sufficient condition for two linear operators S
and T on (R™,|.]|s) to be orthogonal in the sense of Birkhoff-James.

Theorem 2.1. Suppose S = (aij)nxn and T = (b;j)nxn are two linear opera-
tors on (R",||.||eo) and there exists ig € {1,2,--- ,n} such that a;,; # 0 for all
je{1,2,--- ,n} and

|@io1|+|@ige|++ - Faign] > lai|+ai]+- - -+|am| for allie {1,2,...n}—{ip}.

Then
1Slloe < IS 4+ AT ||0o, for all X € R

iff (sgn aig1)bigr + -+ + (Sgn Gign)bign = 0 where

sgn (a;;) = +1, ifa;; >0
= -1, i a5 < 0
= O, Zf Q5 = 0.

Proof. Let (sgn ai;1)big1 + -+ + (591 @ign)bign = 0.
Now, S+ AT = (a;j + A bij)nxn and

S+ ATl
> |aigr + Abigr| + -+ F Gign + Abign]
= |(sgn aio1)(@ig1 + Abig1)| + - + (891 @ign)(@ign + Abign)]
= laig1] + A(sgn aig1)big1| + -+ + ||@ign| + A(sgN @ign)bign|
[(Jaig1| 4+ + [aign|) + A ((sgn @ig1)big1 + -+ + (597 @ign)bign) |
= |ai01|+"'+‘ai0n‘
= [|Slc forall AeR

Y

Hence ||S]|oo < ||IS + AT||o for all A € R.
Conversely, let ||S]lec < ||S + AT||oo for all A € R and without loss of
generality we assume that ig =1 i.e.,

‘CL11| +---+ \a1n| > |(li1| + -+ |am| for all i€ {2,3,-“ ,n}.
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Thus S attains its norm at the point ((sgn ai1),--- , (sgn ai,)) and
1S]lo = lara] + -+ +lain].

We choose A such that

(lana| + -+ lawn]) — maxo<i<n(Jai| + - + [ain])

1 Al <
W . 2maxa<i<n([bir] + -+ + [bin)
Let © = (z1,%2, -+ ,%5) € R™ and ||z||cc = 1. Then
(S+AT) (1,20, ,x0) = (O (ar; + Abiyj)zs, -+, > (ang + Abyj)a;)
j=1 j=1
Therefore, for any A satisfying (Il), any ¢ € {2,3,--- ,n}and x = (1,22, -+ ,zp)

with ||z]|s = 1, we have,

(aij + Absj)x;)|

Jj=1

< ait 4+ Abal[me] + - 4 |ain + Abin|20]

< ain A+ Abir| 4+ |ain + A

< (laal + -+ lail) + (M0 + [biz] + - -+ + [bin])

< an] 4+ la,]

= ISl
Therefore, when A satisfies (O), there exists (x1,x9, -+ ,z,) € R™ with
(1,22, ,2n)|lco =1 such that

|(a11 + )\bll)LEl + -+ (aln + /\bln)l‘n| > |a11| + -+ |a1n|.

We claim that, (sgn a11)bi1 + -+ + (sgn ai,)bi, = 0. If not, then choose A
such that A satisfies (), A is of opposite sign of

1 la,]
(sgn a11)bir + (sgn ai2)biz + -+ + (sgn ain)bi, and |A| < B} 1§jgrlzl,b1j7é0 b,

and [M(sgn a11)bi1 + -+ + (sgn a1,)bin}| < 3(Jar1| + -+ -+ |a1n|). Then from
[(@11 + Ab11)xy + -+ + (a1 + Abin)@n| > |arr] + -+« + |a1nl,
we have
(@11 + Ab11)(sgn a1n) + -+ + (@1n + Ab1n)(sgn a1n)| > |ars| + -+ + |anl,

since aq; and a1; + Aby; has the same sign for all j € {1,2--- ,n} due to this
particular choice of .

=lai1(sgn a11) + - - + ain(sgn ain) + AMbii(sgn ai1) + - - + bin(sgn ain)}
> lan |+ -+ |ainl,



124 Kallol Paul, Debmalya Sain

which is clearly a contradiction as A is of opposite sign of by1(sgn a11) + -+ +
bin(sgn ai,) and

Mbis(sgn ans) -+ ban(s9m ar)H < 3lana] + -+ faral).
Therefore we must have
(sgn a11)b11 + - - + (sgn a1n)b1, = 0.
This completes the proof of the theorem. O

Example 2.2. Let

1 -2 -5
S = 2 3 2 and T = (bij)gxg.
4 0 1

Then for S to be orthogonal to T" in the sense of Birkhoff-James we must have
b11 — b12 — b13 = 0. In particular, we may choose

-4 -2 -2
T =\ b1 bay b3
b31 b32 b33
But if we choose
5 -2 =2
T=1| b ba bz |,
b31 b32 b33
then S is not orthogonal to 7" in the sense of Birkhoff-James.
Our main objective is to study if S1gT then whether there exists z,
with [|z|lec = 1, for which ||Sz||cc = [|S|lec and Sz LpTz. In general, this

is not true. We give below an example in which S gT but there exists no x,
with ||z|lec = 1, for which [|Sz||ec = ||S||ec and Sz L pTz.

Example 2.3. Let

1 —4 1 0
S—(2 3 )andT—(O _2>.

Then ||S]lec = 5 and S attains its norm at the points £(1,1) and £(1,—1). It
is easy to check that ||S]|ec < ||S + AT|co for all A € R, but there exists no
x = (z1,72) € R? with ||z]|s = 1 such that ||S||oc = [|S2]lcc < [|(S + AT)2|0o
for all A € R.

We next give a sufficient condition for the existence of two operators
ST (R | floo) — R™, | [l0)

such that SLpT but there does not exist any « € R™ with ||z| . = 1 such that
1Sz]|oo = ||S]|co and Sz L gTx.
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Theorem 2.4. Let S = (aij)nxn : R, || |oo) — (R™, || |loo) with |a11|+---+
la1n| = lagi| 4+ -+ + |a2n| > lan| + - + |ai| for alli € {3,4,--- ,n} and with
a11,a12, " ,a1,pn—1 > 0,a1, <0 and a91,a92, -+ , 02, > 0.

Let T = (bij)nxn : R, o) — (R™, ]| |loo) where b11 > 0 and be, < 0
and b;; = 0 for all other i,j’s. Then ||S||cc < ||S + AT||oc for all A € R and
there does not exist © € R™ with ||z||ec = 1 such that ||Sz||ec = ||S]lec and
SrlgTx.

Proof. Clearly

ISlloc = @11 + @12+ -+ A1.n—1 — G1p, = Q21 + A22 + - + A2 1 + G2p,

and S attains its norm only at +(1,1,---,—1),£(1,1,---,1,1).
Now,
an + b1 as .. a1n
a1 a99 . . . QAo2p + /\bgn
S+ M=
an1 a2 Apn

Therefore for any A € R,

1S + AT[| oo
> max{lar + Abur| + |arz] + -+ + [a1nl], la21| 4 |age| 4+ - -+ + a2y + Aban|}
= max{|a11 + Ab11| + @12 + -+ — @1n, 21 + 22 + - -+ F |a2, + b2y}
> a4 a2+ Fain—1— a1 (=a2 +an+--+a,)
= |5l

Therefore ||S]|co < IS+ AT |00, VA €R

Now, (S+XT)(1,1,---,1,—-1) = (a11 + A\b11 + a2+ - “+a1,n-1—01n, a21 +
aga+ -+ a2n_1—a2n — Ab2p, - ,an1 +An2+ -+ App_1 — Anyn). Therefore
(IS + M) (£(1,1,- - ,1,—1))||oo < @11 +a12+ -+ + a1,n—1 — Q1n (= as +
agy + -+ + agn = ||S]|eo), when X is -ve and sufficiently small. Also (S +
AT)(1,1,--+,1,1) = (a1 + Ab11 + a12 + -+ + ain,a21 + a2 + -+ + az, +
Abopy 5 Qp1 + Gpo + -+ -+ app). Therefore, (]S + AT)(£(1,1,---,1,1))|loo <
a1 +aj2+-- -—|—a11n,1 —a1n (: a1+ Q22+ +ag, = ||SHoo)a when A is —+ve
and sufficiently small. Hence ||S|loc < ||S + AT|| for all A € R and there does
not exist € R”™ with ||z||cc = 1 such that ||S||cc = [|S]|ec and Sz LpTz. O

Note. This result negates the following conjecture of Bhatia and Semrl 3] :
“Given any finite dimensional normed linear space (X, || ||) if

S, (XD = (X1

are two linear operators with S_L T then there exists z € X with ||z|| = 1 such
that Szl gTx and ||S|| = ||Sz|.”
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In the next example we show that even if

s=(& 0 ) @01 @1 )

is such that |a| + |b] = |¢| + |d| then it may happen so that for any

T(:g)mw,maﬂmM|w

which is orthogonal to S in the sense of Birkhoff-James, i.e. [|S]|oco < [[S+AT |00

for all A € R, there exists * € R? with ||z]|o = 1 such that ||S]s = [|S7]c
and Szl gTx.

Example 2.5. Let S = ( 32 _34 ) . Let

o B\ oo 2
T:(75).@,m@a@J|w

be such that ||S]ecc < ||S + ATl for all A € R. Clearly, ||S]lcc = 5 and S

attains its norm at the points +(1, —1).
We have

(S+AT)(z1,22) = ((1+Aa)zr + (=44 AB)za, (=24 Ay)z1 + (3 + Ad)x2)
= (z1 — 4o + Mazxy + Bx), —2x1 + 3x2 + A(y21 + d22)).

Therefore, (S + AT)(1,—1) = (5 + AM(a — ), =5 + A(y — 9)). Clearly, if « — 3
and v — d are not of the opposite sign then 5 = ||S]|c = [|9(1, —1)]|eo <
|(S + AT) (1, —1)|lec for all A € R. If possible, suppose that a — 8 > 0 and
v—6<0.

Now, [|S 4+ AT|loc = max{|l + Aa|+ | =4+ X3|,| =2+ M| + |3 + Ad|}.
Then, choosing A to be sufficiently small and -ve, ||S + AT|| < 5 = ||S]|oo, 2
contradiction. Therefore it is not possible to have « — 8 > 0 and v — § < 0.
Similarly, it is not possible to have a — 8 < 0 and v — d > 0. This proves our
claim.

We next find a sufficient condition on S so that if S 15T, then there exists
x € R™ with ||z]|c = 1 such that ||Sz|ec = ||S]|cc and Sz LpTz.

Theorem 2.6. Let S = (aij)nxn : R™, | [loo) — R™, || |lco) be such that
there exists ig € {1,2,--- ,n} such that

|ai01|+~-~+|ai0n| > |ai1\+--~—|—|am| Y ig € {1,2,...,”}—{i0}.

Let T = (bij)nxn : R™, || [oo) — (R™,]| |loo) is such that SLgT. Then there
exists © € R™ with ||zl = 1 such that ||Sz||cc = ||S|lec and Sz LpTx.

Proof. Without loss of generality, we assume iy = 1.
Ifa;; #0 forall je{1,2,...,n} then, from Theorem P we have,

(2) (Sgn a11)b11 +---+ (sgn a1n)b1n =0
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Then, S attains its norm at the point = (sgn a1, -+, sgn aip,) i.e. ||S]|oo =
152 ]loc = [ara] + -+ + |a1n].
Now, for any A € R,

1(S+AT)xlloe > [(a11 + Ab11)(sgn ai1) + -+ + (a1n + Ab1y)(sgn a1y,

lai] + -+ |ain], by (@)
= [15%]

So Szl gTx.

Now we consider the case a;; = 0 and ai;; #0 V j € {2,3,---,n}.
In that case, ||S|lcc = |ai2| + |a13] + -+ + |a1n] and S attains its norm at
x = (x1,89n ai2,- - ,8gn ay,) where —1 < xy < 1. If (sgn ai2)bia + -+ +
(sgn ain)bi, = 0, then we are done as before. Let (sgn ajz)bis + -+ +
(sgn a1p)bin # 0.

Choose, =1 = _ bia(sgn a12)+l-)<1-1+b1n(sgn a1n)- Now, for any A ER,

[(S + AT )zl

> |Abnizy + (ai2 + Abi2)(sgn aia) + - -+ + (a1n + Abin)(sgn a1n)]
= |a12(sgn ai2) + -+ + a1, (sgn ar,) +
)\(bnxl + bia(sgn ara) + -+ + bin(sgn aln))|
lata] + -+ |ain]
1520
= [|Slle-

Therefore, if we can show that —1 < z; < 1 then we have
x = (z1,(sgn ai2), -, (sgn ai,)) € R"

such that ||2]lcc = 1 and [|S|leo = [|9Z||o < [|(S+AT)z||oo ¥V A € R. Therefore,
all we have to show is that

|b11] > |(sgn a12)biz + - + (sgn a1n)biy|
If possible, suppose that
|bi1] < |(sgn a12)bia + - - + (sgn a1n)bin|

Now, two cases may arise:
Case I: (sgn ai2)bio + -+ + (sgn ain)bi, > 0.
Choose A such that X satisfies (1), A is -ve and A is sufficiently small so that

aij + Aby; and a1; have the same sign for all j € {2,3,--- ,n}.
Then
IS + AT

= |Abu1] + |a12 + Abia| + - - - + |a1n + Abiy|

=Alb11] + (a12 + Ab12)(sgn a12) + - - - + (a1n + Ab1n ) (sgn a1y)
= (laz| + -+ [a1n]) + A(=b11] + (sgn a12)biz + - - + (sgn a1p)biy)
lato| + - - + |ainl, due to this particular choosing of A

A

15| o a contradiction.
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Case II: (sgn a12)bia + -+ + (sgn a1,)b1, < 0.

Choose A such that A satisfies (W), A is +ve, A is sufficiently small so that
a1; + Abi; and aq; have the same sign V j € {2,3,---n}.

Then

15 + AT ||oo
[Ab11| + |aiz + Abia| + - - - + [a1n + Abin|
= Albui| + (a12 + Abi2)(sgn ar2) + -+ + (a1n + Ab1y)(sgn a1n)
(larz] + -+ + [ain]) + A|bra] + (sgn a12)brz + - -+ + (sgn a1n)bin)
lata| + -+ + |ainl, due to this particular choosing of A

A

15|00 a contradiction.

Therefore, in any case, we must have |b11| > |(sgn a12)bia + -+ (sgn a1n)bin]
(sgn _aiz)biz+---+(sgn ain)bin

and so ¢ = (— o ,Sgn a2, -+ ,8gn ai,) € R™ such
that H:EHOO =1 and [|SZ|lcc = ||S]|co, SzLpTx. Slmﬂarly, if a; =0 for j €
{1,2,--- ,n} then we can find z € R" with ||z||cc = 1 such that ||Sz||cc = ||5]/co
and SxJ_BTz.

This completes the proof of the theorem. O

Example 2.7. Let S,T : (R?| ||oo) — (R3]| [|) be given by
1 4 -2 3 2 5
S=131 0 and T = 1 1 0
2 2 2 0 8 3

Then, S 15T, and there exists z = (1,1, —1) € R? with ||z||oc = 1 such that
1Sz]|co = ||S]|co and Sz LpgTx.

Example 2.8. Let S,T : (R3] |l«) = (R?]| ||oo) be given by
0
S = 1

_ o O

1 2 3 0

0 1 JandT=11 1
-2 0 0 1 1

Then S1pT and there exists z = (0,1,1) € R? with ||z]|s = 1 such that
19|00 = ||S]lco and Szl pTx.

Remark 2.9. We have obtained the relations between the orthogonality of vec-
tors in (R™, || ||oo) and the orthogonality of operators on (R™, || ||oo), both in the
sense of Birkhoff-James. In the same way we can explore the relations between
the orthogonality of vectors in (R™, || ||1) and the orthogonality of operators on
(R™, ]| ||1), both in the sense of Birkhoff-James.
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