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RIGHT IDEALS OF I'-SEMIRINGS

Ravindra Jagatap” and Yashashri Pawar?

Abstract. In this paper we introduce the concepts of a right weakly
regular I'-semiring and a fully prime right I'-semiring. Several charac-
terizations of them are furnished. Also, discuss the topological space of
prime ideals of a I'-semiring.
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1. Introduction

The notion of a I'-ring was introduced by Nobusawa [I0]. As a generalization
of rings, semirings were introduced by Vandiver in [[2]. Also, as a generalization
of a T'-ring and a semiring, the notion of I'-semiring was introduced by Rao
[T]. Characterizations of ideals in a semigroup were given by Lajos in [8], while
ideals in semirings were characterized by Ahsan in [0, Iseki in [7, 8] and Shabir
and Iqubal in [I2]. Properties of prime and semiprime ideals in I-semirings
were discussed in detail by Dutta and Sardar in [3, @]. The present authors
discussed quasi-ideals in T'-semiring [G, B).

In this paper, efforts are made to introduce and characterize a right weakly
regular I'-semiring and a fully prime right I'-semiring. Furthermore, we give
topological characterizations of the space of prime right ideals in a I'-semiring.

2. Preliminaries

First we recall some definitions of the basic concepts of I'-semirings that we
need in the sequel. For this we follow Dutta and Sardar [8].

Definition 2.1. Let S and I' be two additive commutative semigroups. S is
called a I'-semiring if there exists a mapping S X I' x S — S denoted by aab;
for all a,b € S and « € T satisfying the following conditions:

(i) acx (b+¢) = (a ab) + (a ac)

(ii) (b+ ¢)aa = (b aa) + (¢ aa)

(iii) a(a + B)c = (a ac) + (a Be)

(iv) aa(bBc) = (aad) Be ; for all a,b,c € S and for all o, f € T.

Obviously, every semiring S is a I'-semiring. Let S be a semiring and I" be
a commutative semigroup. Define a mapping S x I'xS — S by, aab = ab; for
all a,b € S and a € I'. Then S is a I'-semiring.
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Definition 2.2. An element 0 € S is said to be an absorbing zero if Oaa =
0=aa0,a+0=0+a=a;foralla e S and a €T.

Definition 2.3. A non-empty subset T of S is said to be a sub-I'-semiring of
S if (T,+) is a subsemigroup of (S,+) and aab € T; for all a,b € T and o € T".

Definition 2.4. A non-empty subset T of S is called a left (respectively
right) ideal of S if S is a subsemigroup of (S,+) and zaa € T (respectively
acx €T) forallae T, z€ S and a €T

Definition 2.5. If T is both left and right ideal of S, then T is known as an
ideal of S.

Definition 2.6. A right ideal P of S is called a prime right ideal if ATB C P
implies A C P or B C P, for any right ideals A and B of S.

Definition 2.7. A right ideal P of S is called a semiprime right ideal if A% =
AT'A C P implies A C P, for any right ideal A of S.

Obviously, every prime right ideal in S is a semiprime right ideal.

Definition 2.8. A right ideal P of S is called an irreducible right ideal if
AN B = P implies A = P or B = P, for any right ideals A and B of S.

Definition 2.9. A right ideal P of S is called a strongly irreducible right ideal
if AN B C P implies A C P or B C P, for any right ideals A and B of S.

Definition 2.10. A proper ideal M of S is said to be a maximal ideal if there
does not exist any other proper ideal of S containing M properly.

Definition 2.11. An element 1 € S is said to be an unit element if laa = a
and aal = a foralla € S and a € T.

Definition 2.12. A I'-semiring S is said to be a commutative I'-semiring if
aab = baa; for all a,b € S and a € T'.

From now onwards S will denote a I'-semiring with an absorbing zero and
a unit element 1 unless otherwise stated.

Remark 2.13. Let Lg denote the family of all right ideals of S. Then (Lg, C)
is a partially ordered set. As {0}, S € Lg and (,ca o € LR, LR is a complete
lattice under IV J =1+ Jand IAJ =1NJ (see [2]).

3. Prime right ideal

Proposition 3.1. A right ideal P of S is a prime right ideal of S if and only
if al'STb C P implies a € P or b € P, for any a,b € S.

Proof. Suppose that P is a prime right ideal of S. Let aI'STb C P for a,b € S.
Then al'STHI'S C P = (aI'S)[(BI'S) C P. By aI'S and bI'S are right ideals
of S and P is a prime right ideal, aI'S C P or bI'S C P. Therefore, a € P or
b € P. Conversely, assume the given statement holds. Let A and B be any two
right ideals of S such that AT'B C P. If A C P, then the result holds. Suppose
that A ¢ P. Hence, there exists an element a € A such that a ¢ P. For any
be B, al'STh = (aI'S)I'b C AT'B C P. Therefore by the assumption b € P
implies B C P. Therefore, P is a prime right ideal of S. O
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Proposition 3.2. A right ideal P of S is a semiprime right ideal of S if and
only if al'STa C P implies a € P, for any a € S.

Proof. Suppose that P is a semiprime right ideal of S. Let aI'STa C P, for
a € S. Then, al'STal'S C P = (aI'S)T'(al'S) C P. By al'S is a right ideal of
S and P is a semiprime right ideal, aI'S C P. Then a € P. Conversely, assume
given statement holds. Let A be any right ideal of S such that AT'A C P. For
any a € A, al'STa = (aI'S)T'a C AT'A C P. Therefore, by assumption a € P
implies A C P. Hence P is a semiprime right ideal of S. O

Proposition 3.3. If P is a prime right ideal of S, then (P : a) = {x € S|al'z C
P} is also a prime right ideal of S for any, a € S\P.

Proof. Let P be a prime right ideal of S and (P : a) = {z € S|aI'z C P}. Let
z,y € (P : a). Therefore, al'z C P, al'y C P. al'(z +y) = al'z + al'y C P
implies z +y € (P:a). Let zx € (P :a),t € S and a € I'. Then, al'(zat) C
al'(xT't) = (al'z)T't C P gives xat € (P : a). This shows (P : a) is a right ideal.
To show (P : a) is a prime right ideal let A and B be any two right ideals of
S such that ATB C (P : a). Then, aI'(AT'B) C P. aI'A and aI'B are right
ideals of S. (aT'A)T" (aI'B) = (aI'AT'a)I'B C aT'AT'B = aI' (A'B) C P. As P
is a prime right ideal of S, al'A C P or alI'B C P. Therefore, A C (P : a) or
B C (P : a), which shows that (P : a) is a prime right ideal of S. O

Similarly to as in the proof of Proposition B33, we immeditely get the fol-
lowing proposition.

Proposition 3.4. If P is a prime right ideal of S, then I = {z € S|STxz C P}
1s the largest two-sided ideal of S contained in P.

The necessary condition for a right ideal to be prime is given in the following
proposition.

Proposition 3.5. FEvery semiprime and strongly irreducible right ideal is a
prime right ideal of S.

Proof. Let P be a strongly irreducible and a semiprime right ideal of S. For
any right ideals A and B of S, (ATB) C P. AN B is a right ideal of S. Hence
(ANB)> = (ANB)T (AN B) C AI'B C P. By P is a semiprime right ideal,
ANB C P. Therefore, AC P or B C P, since P is a strongly irreducible right
ideal. Thus P is a prime right ideal of S. O

Proposition 3.6. Any mazimal right ideal of S is a prime right ideal.

Proof. Let M be any maximal ideal of S. To show that M is a prime let
al’STh C M. Suppose that a ¢ M. al'S is a right ideal of S which contains
an element a. By M is a maximal right ideal, M + al'S = S. As 1 € S,
1 =m+ ), aq;x;. Then, lab = mab+ (>, aa;x;) ab € M + aI'STb C M.
Therefore, b € M. This shows that M is a prime right ideal. O

Proposition 3.7. If R is a right ideal of S and a is a nonzero element of S
such that a ¢ R, then there exists an irreducible right ideal P of S such that
RCPanda¢ P.
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Proof. Let B be the family of all right ideals of S containing I and not con-
taining an element a. Then B is nonempty as R € . This family of all right
ideals of S forms a partially ordered set under the inclusion of sets. Hence, by
Zorn’s lemma there exists a maximal right ideal P in B. Therefore, R C P and
a ¢ P. Now, to show that P is an irreducible right ideal of S let A and B be
any two right ideals of S such that AN B = P. Suppose that A and B both are
contained in P properly. Since P is a maximal right ideal in B, we get a € A
and a € B. Therefore, a € AN B = P which is an absurd. Thus, either A = P
or B = P. Therefore, P is an irreducible right ideal of S. O

Proposition 3.8. Any proper right ideal of S is the intersection of irreducible
right ideals of S which contain it.

Proof. Let R be any proper ideal of S and { Ay /k € A} be a family of irreducible
right ideals of S which contain R, where A denotes the indexed set. Then
clearly R C (), Ax. To show that (N, Ay C R. Suppose that (), Ay C R.
Therefore, there is an element a € (), Ay, such that a ¢ R. Then by Proposition
B4, there exists an irreducible ideal P such that R C P and a ¢ P. This
establishes the existence of irreducible right ideal P such that a ¢ P and
R C P. Therefore, a ¢ [, Ai for every a ¢ R. Hence, by the contrapositive
method (), Ar € R. Therefore (N, Ax = R. O

4. Right weakly regular I'-semiring
Definition 4.1. A I'-semiring S is said to be right weakly reqular if a € (aFS)Q,
for any a € S.

In the following theorems we furnish the characterizations for a right weakly
regular I'-semiring.

Theorem 4.2. The following statements are equivalent in S
(1) S is right weakly regular.
(2) R* = R, for each right ideal R of S.
(8) RN I = RTI, for any right ideal R and two-sided ideal I of S.

Proof. (1) = (2) Suppose that S is right weakly regular. For any right ideal
Rof S, R? = RTR C RI'S C R. Conversely, let a € R. As S is right weakly
regular, a € (aI'S)?, then a € (al'S)* = (aI'S)T (aI'S) C (RI'S)T (RI'S) C
RTR = R2. Thus, R? = R, for each right ideal R of S.

(2) = (1) Suppose that R? = R, for each right ideal R of S. For any
a €S, aealsS and al'S is a right ideal of S. By assumption (aI'S)? = (al'S).
Therefore, a € (al"S)z, which shows that S is right weakly regular.

(2) = (3) Let R be a right ideal and I be a two-sided ideal of S. Then
RN I is a right ideal of S. By assumption (RN 1)> = RNI. RNI= (RN1)* =
(RNI)T(RNI) C RII. Clearly, RT'I C R and RI'T C I. Therefore, RT'I C
RNI. Thus we get RNI = RI'I.

(3) = (2) Let R be aright ideal of S and (R) be a two-sided ideal generated
by R. By Result 3.2 in [§], (R) = STRI'S. By assumption RN (R) = R['(R).
Then, R = RI'(STRI'S) = (RI'S)T' (RI'S) C RTR = R?. Therefore, R?> =
R. O
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Proposition 4.3. S is right weakly regular if and only if every right ideal of
S is semiprime.

Proof. Suppose that S is right weakly regular. Let R be a right ideal of S such
that AT'A C R, for any right ideal A of S. A = AT'A as S is right weakly
regular. Therefore A C R. Hence R is a semiprime right ideal of S. Conversely,
suppose that every right ideal of S is semiprime. Let R be right ideal of S.
RT'R is also a right ideal of S. By assumption RI'R is a semiprime right ideal
of S. RTR C RI'R implies R C RT'R. Therefore, R? = R. Hence, S is right
weakly regular. O

Proposition 4.4. If S is right weakly regular, then an ideal P of S is prime
if and only if P is irreducible.

Proof. Let S be a right weakly regular I'-semiring and P be an ideal of S. If P
is a prime ideal of S, then clearly P is an irreducible ideal. Suppose that P is
an irreducible ideal of S. To show P is a prime ideal, let A and B be any two
ideals of S such that AT'B C P. Then, by Theorem B2, we have AN B C P.
Therefore, (AN B)+ P = P. But Lg lattice of all ideals of S being distributive
(A+P)N(B+ P)=P. As Pis an irreducible ideal, A4+ P = Por B+P = P.
Then A C P or B C P. Therefore, P is a prime ideal of S. O

Now we define a fully prime right I'-semiring and a fully semiprime right
I'-semiring.

Definition 4.5. A I'-semiring S is said to be a fully prime (semiprime) right
I-semiring if all right ideals of S are prime (semiprime) right ideals.

The relation between a fully prime right I'-semiring and a right weakly
regular I'-semiring is furnished in the following propositions.

Proposition 4.6. If S is a fully prime right I'-semiring, then S is right weakly
reqular and the set of ideals of S is totally ordered.

Proof. Let S be a fully prime right I'-semiring. Therefore, every right ideal of
S is a prime right ideal. But every prime right ideal is a semiprime right ideal.
Hence, by Proposition B23, S is right weakly regular. Let A and B be any two
ideals of S. Then AN B is a right ideal of S. By hypothesis AN B is a prime
right ideal of S. AT'B C AN B implies A C AN B or B C AN B. Therefore,
ANB=Aor ANB = B. Thus we get either A C B or B C A. Hence, the set
of ideals of S is totally ordered. O

Proposition 4.7. If S is right weakly regular and the set of ideals of S is
totally ordered, then S is a fully prime right I'-semiring.

Proof. Let S be a right weakly regular I'-semiring and the set of ideals of S
is totally ordered. To show that S is a fully prime right I'-semiring, let P
be any right ideal of S. To prove P is a prime right ideal of S, let A and
B be any two right ideals of S such that AI'B C P. By assumption, either
AC Bor B C Aand A2 = A, B2 = B. We consider A C B. Then,
A= A? = ATA C AT'B C P. Therefore, P is a prime right ideal of S. Hence,
S is a fully prime right I'-semiring. O
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The definition of a regular I'-semiring given by Dutta and Sardar in [3] as
follows:

A T-semiring S is said to be regular if a € al'STa, for any a € S.

In general, the family of regular I'-semirings forms a proper subclass of
the family of right weakly regular T'-semirings. But if S is a commutative I'-
semiring, then S is regular I'-semiring if and only if S is right weakly regular I'-
semiring.

Proposition 4.8. If S is a commutative I'-semiring, then S is regular if and
only if S is right weakly regular.

Proof. Let S be a commutative I'-semiring. Suppose that S is a right weakly
regular I'-semiring. Hence, for any a € S, a € (aFS)Q. a € (aFS)2 =
(al'S)T (al'S) = (al’'S)T (STa) C al'STa. Therefore, S is a regular I-
semiring. Conversely, suppose S is a regular I'-semiring. Let a € S. Hence,
a € al'STa. Then, a € al'STa C (aI'STa) T (STa) C (aI'S)T (al'S) = (al'S)>.
This shows that S is a right weakly regular I'-semiring. O

Proposition 4.9. Each ideal of a right weakly reqular I'-semiring S is a right
weakly regular (as a T-semiring).

Proof. Let R be any ideal of a right weakly regular I'-semiring S. Hence R itself
is a sub-I'-semiring of S. For any element a € R, al'R is a right ideal of S. S
is a right weakly regular I'-semiring implies a € (aI'S)? and (aI'R)* = aT'R.
Hence we have, a € (aI'S)* = (aI'S) T (aI'S) = al' (STal'S) C al’ (STRI'S) C
al'R = (al'R)?. Therefore, a € (aI'R)” implies R is itself a right weakly regular
I'-semiring. U

Bi-ideals of a I'-semiring are defined by the authors in [6] as follows: A
nonempty subset B of a I'-semiring S is said to be a bi-ideal of S if B is a
sub-I'-semiring of S and BI'ST'B C B.

Proposition 4.10. S is right weakly reqular if and only if BNI C BT'I, for
any bi-ideal B and an ideal I of S.

Proof. Suppose that S is a right weakly regular I'-semiring. Let B be a bi-
ideal and I be an ideal of S. Let a € BN I. Therefore, a € (al'S)?
since S is a right weakly regular. Then a € (al'S)* = (al'S)T (al'S) C
(aI'S)T (al'S) T (aI'S) 'S C (BI'ST'B) I'(STIT'S) C BI'I. Therefore, BNI C
BT'I. Conversely, suppose that BN I C BI'I, for any bi-ideal B and an ideal
I of S. Let R be a right ideal of S. Then R itself a bi-ideal of S. By as-
sumption R = RN (R) € RT'(R) = RI'(STRI'S) = (RT'S)T(RT'S) C RUR.
Therefore R = RI'R = R?. Then by Theorem B3, S is a right weakly regular
I'-semiring. O

Proposition 4.11. S is right weakly regular if and only if BOINR C BT'ITR,
for any bi-ideal B, an ideal I and a right ideal R of S.

Proof. Suppose that S is a right weakly regular I'-semiring. Let B be a bi-ideal,
I be an ideal and R be a right ideal of S. Let a € BN I N R. Therefore a €
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(al'S)?, since S is a right weakly regular. Then a € (aI'S)* = (aI'S) T (aI'S) C
(aI'S)T (aT'S)T (aI’'S)T'S C BT (STIT'S)T(RI'S) C BTIT'R. Therefore BN
INR C BIITR. Conversely, suppose BNINR C BIITR, for any bi-
ideal B and an ideal I and a right ideal R of S. For a right ideal R of .S,
R itself being a bi-ideal and S itself is being an ideal of S. By assumption
RNSNR C RI'STR = (RT'S)TR C RT'R. Therefore, R C RT'R. Therefore,
R = RT'R = R?. Then, by Theorem B2, S is a right weakly regular I'-

semiring. O

5. Right pure ideals

In this section we define a right pure ideal of a I'-semiring S and furnish
some of its characterizations.

Definition 5.1. An ideal I of I'-semiring is said to be a right pure ideal if
forany x € I, x € zI'I.

Proposition 5.2. An ideal I of S is right pure if and only if RNI = RI'I,
for any right ideal R of S.

Proof. Let I be a right pure ideal and R be a right ideal of S. Then clearly
RI'I C RNI. Nowlet a € RNI, givesa € Rand a € I. As [ is a right
pure ideal, a € al'l C RI'I. This gives RN I C RI'I. By combining both
inclusions we get RN I = RI'I. Conversely, suppose RN I = RI'I, for a right
ideal R and an ideal I of S. Let I be an ideal of S and a € I. (a), denotes the
right ideal generated by a and given by (a), = Noa+ al'l, where Ny is a set of
non-negative integers. Then, a € (a), I'l = (Noa + aI'I)I'I C aI'I. Therefore,
I is a right pure ideal of S. O

Proposition 5.3. The intersection of right pure ideals of S is a right pure
ideal of S.

Proof. Let A and B be right pure ideals of S. Then for any right ideal R
of S we have, RN A = RI'A and RN B = RI'B by Proposition 62. We
consider RN(ANB)=(RNA)NB=(RIT'A)NB = (RT'A)TB = RI'(A'B) =
RT'(AN B). Therefore, AN B is a right pure ideal of S. O

We characterize right weakly regular I'-semirings in terms of right pure
ideals in the following proposition.

Proposition 5.4. S is right weakly regular if and only if any ideal of S is right
pure.

Proof. Suppose that S is a right weakly regular I'-semiring. Let I be an ideal
and R be a right ideal of S. Then by Theorem B, R NI = RI'I. Therefore,
an ideal I of S is right pure by Proposition B22. Conversely, suppose any ideal
of S is right pure. Then, from Proposition 62 and Theorem B=2 we get S is a
right weakly regular I'-semiring. O
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6. Space of prime ideals

Let S be a I'-semiring and pg be the set of all prime ideals of S. For each
ideal I of S define ©; = {J € ps|I € J} and ¢ (ps) = {O; | is an ideal of S}.

Theorem 6.1. If S is a right weakly regular T'-semiring, then ¢ (pg) forms a
topology on the set pg. There is an isomorphism between the lattice of ideals
Ls and ¢ (ps) (lattice of open subsets of ps ).

Proof. Since {0} is an ideal of S and each ideal of S contains {0},
Op0y = { J € ps|{0} € J} = ®. Therefore, ® € ((pg). Also, S itself is an
ideal O = {J € ps|S € J} = pg imply ps € ¢ (ps). Now let O, € ((ps)
for k € A, A is an indexing set and I is an ideal of S. Therefore, ©;, =
{Jeps|ly & J}. As U, O, ={J€ps|> Ix € J}, >4 Ix is an ideal of S.
Therefore J,, ©7, = Oy, 1, € ((ps). Further, let ©4, Op € ((ps). Let
J € ©4 Oy, J is a prime ideal of S. Hence A ¢ J and B ¢ J. Sup-
pose that AN B C J. In a right weakly regular I'-semiring prime ideals and
strongly irreducible ideals coincide. Therefore, J is a strongly irreducible ideal
of S. As J is a strongly irreducible ideal of S, A C J or B C J, which is a
contradiction to A ¢ J and B ¢ J. Hence, AN B ¢ J implies J € Oanp .
Therefore, ©4 (105 C Oanp . Now let J € Oanp . Then AN B ¢ J implies
A ¢ Jand B € J. Therefore, J € ©4 and J € Op imply J € O4 (105,
Thus, ©4nsC O4 1O . O4 O =Ounp € ((psg). Thus, ((pg) forms
a topology on the set pg.

Now we define a function ¢ : LS C(ps) by ¢ (I) = 0Oy, for all I € Lg.
Let [ KeLs. (INK)=0nxk =0;()O K =o()No(K). ¢(I+K) =
d(I+K) =014k =07 UBg = ¢(I)U ¢ (K). Therefore, ¢ is a lattice
homomorphism. Now consider ¢ (I) = ¢ (K). Then ©; = Ok .

Suppose that I # K. Then there exists a € I such that a ¢ K. As
K is a proper ideal of S, there exists an irreducible ideal J of S such that
K C J and a ¢ J by Proposition B2. Hence, I ¢ J. As S is a right weakly
regular ['-semiring, J is a prime ideal of S by Proposition B. Therefore,
J € O = Oy implies I C J; which is a contradiction. Therefore, I = K.
Thus, ¢ (I) = ¢ (K) implies I = K, and hence ¢ is one-one. As ¢ is onto, the
result follows. O
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