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RIGHT IDEALS OF Γ-SEMIRINGS
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Abstract. In this paper we introduce the concepts of a right weakly
regular Γ-semiring and a fully prime right Γ-semiring. Several charac-
terizations of them are furnished. Also, discuss the topological space of
prime ideals of a Γ-semiring.
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1. Introduction

The notion of a Γ-ring was introduced by Nobusawa [10]. As a generalization
of rings, semirings were introduced by Vandiver in [12]. Also, as a generalization
of a Γ-ring and a semiring, the notion of Γ-semiring was introduced by Rao
[11]. Characterizations of ideals in a semigroup were given by Lajos in [9], while
ideals in semirings were characterized by Ahsan in [1], Iseki in [7, 8] and Shabir
and Iqubal in [12]. Properties of prime and semiprime ideals in Γ-semirings
were discussed in detail by Dutta and Sardar in [3, 4]. The present authors
discussed quasi-ideals in Γ-semiring [5, 6].

In this paper, efforts are made to introduce and characterize a right weakly
regular Γ-semiring and a fully prime right Γ-semiring. Furthermore, we give
topological characterizations of the space of prime right ideals in a Γ-semiring.

2. Preliminaries

First we recall some definitions of the basic concepts of Γ-semirings that we
need in the sequel. For this we follow Dutta and Sardar [3].

Definition 2.1. Let S and Γ be two additive commutative semigroups. S is
called a Γ-semiring if there exists a mapping S×Γ×S −→ S denoted by aαb;
for all a, b ∈ S and α ∈ Γ satisfying the following conditions:

(i) aα (b+ c) = (a αb) + (a αc)
(ii) (b+ c)αa = (b αa) + (c αa)
(iii) a(α+ β)c = (a αc) + (a βc)
(iv) aα (bβc) = (aαb)βc ; for all a, b, c ∈ S and for all α, β ∈ Γ.
Obviously, every semiring S is a Γ-semiring. Let S be a semiring and Γ be

a commutative semigroup. Define a mapping S×Γ×S −→ S by, aαb = ab; for
all a, b ∈ S and α ∈ Γ. Then S is a Γ-semiring.
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Definition 2.2. An element 0 ∈ S is said to be an absorbing zero if 0αa =
0 = aα0, a+ 0 = 0 + a = a ; for all a ∈ S and α ∈ Γ.

Definition 2.3. A non-empty subset T of S is said to be a sub-Γ-semiring of
S if (T ,+) is a subsemigroup of (S,+) and aαb ∈ T ; for all a, b ∈ T and α ∈ Γ.

Definition 2.4. A non-empty subset T of S is called a left (respectively
right) ideal of S if S is a subsemigroup of (S,+) and xαa ∈ T (respectively
aαx ∈ T ) for all a ∈ T, x ∈ S and α ∈ Γ.

Definition 2.5. If T is both left and right ideal of S, then T is known as an
ideal of S.

Definition 2.6. A right ideal P of S is called a prime right ideal if AΓB ⊆ P
implies A ⊆ P or B ⊆ P , for any right ideals A and B of S.

Definition 2.7. A right ideal P of S is called a semiprime right ideal if A2 =
AΓA ⊆ P implies A ⊆ P , for any right ideal A of S.

Obviously, every prime right ideal in S is a semiprime right ideal.

Definition 2.8. A right ideal P of S is called an irreducible right ideal if
A ∩B = P implies A = P or B = P , for any right ideals A and B of S.

Definition 2.9. A right ideal P of S is called a strongly irreducible right ideal
if A ∩B ⊆ P implies A ⊆ P or B ⊆ P , for any right ideals A and B of S.

Definition 2.10. A proper ideal M of S is said to be a maximal ideal if there
does not exist any other proper ideal of S containing M properly.

Definition 2.11. An element 1 ∈ S is said to be an unit element if 1αa = a
and aα1 = a for all a ∈ S and α ∈ Γ.

Definition 2.12. A Γ-semiring S is said to be a commutative Γ-semiring if
aαb = bαa; for all a, b ∈ S and α ∈ Γ.

From now onwards S will denote a Γ-semiring with an absorbing zero and
a unit element 1 unless otherwise stated.

Remark 2.13. Let LR denote the family of all right ideals of S. Then ⟨LR,⊆⟩
is a partially ordered set. As {0}, S ∈ LR and

∩
α∈∆ Iα ∈ LR, LR is a complete

lattice under I ∨ J = I + J and I ∧ J = I ∩ J (see [2]).

3. Prime right ideal

Proposition 3.1. A right ideal P of S is a prime right ideal of S if and only
if aΓSΓb ⊆ P implies a ∈ P or b ∈ P , for any a, b ∈ S.

Proof. Suppose that P is a prime right ideal of S. Let aΓSΓb ⊆ P ,for a, b ∈ S.
Then aΓSΓbΓS ⊆ P ⇒ (aΓS)Γ(bΓS) ⊆ P . By aΓS and bΓS are right ideals
of S and P is a prime right ideal, aΓS ⊆ P or bΓS ⊆ P . Therefore, a ∈ P or
b ∈ P . Conversely, assume the given statement holds. Let A and B be any two
right ideals of S such that AΓB ⊆ P . If A ⊆ P , then the result holds. Suppose
that A * P . Hence, there exists an element a ∈ A such that a /∈ P . For any
b ∈ B, aΓSΓb = (aΓS)Γb ⊆ AΓB ⊆ P . Therefore by the assumption b ∈ P
implies B ⊆ P . Therefore, P is a prime right ideal of S.
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Proposition 3.2. A right ideal P of S is a semiprime right ideal of S if and
only if aΓSΓa ⊆ P implies a ∈ P , for any a ∈ S.

Proof. Suppose that P is a semiprime right ideal of S. Let aΓSΓa ⊆ P , for
a ∈ S. Then, aΓSΓaΓS ⊆ P ⇒ (aΓS)Γ(aΓS) ⊆ P . By aΓS is a right ideal of
S and P is a semiprime right ideal, aΓS ⊆ P . Then a ∈ P . Conversely, assume
given statement holds. Let A be any right ideal of S such that AΓA ⊆ P . For
any a ∈ A, aΓSΓa = (aΓS)Γa ⊆ AΓA ⊆ P . Therefore, by assumption a ∈ P
implies A ⊆ P . Hence P is a semiprime right ideal of S.

Proposition 3.3. If P is a prime right ideal of S, then (P : a) = {x ∈ S|aΓx ⊆
P} is also a prime right ideal of S for any, a ∈ S\P .

Proof. Let P be a prime right ideal of S and (P : a) = {x ∈ S|aΓx ⊆ P}. Let
x, y ∈ (P : a). Therefore, aΓx ⊆ P , aΓy ⊆ P . aΓ (x+ y) = aΓx + aΓy ⊆ P
implies x + y ∈ (P : a). Let x ∈ (P : a), t ∈ S and α ∈ Γ. Then, aΓ(xαt) ⊆
aΓ(xΓt) = (aΓx)Γt ⊆ P gives xαt ∈ (P : a). This shows (P : a) is a right ideal.
To show (P : a) is a prime right ideal let A and B be any two right ideals of
S such that AΓB ⊆ (P : a). Then, aΓ(AΓB) ⊆ P . aΓA and aΓB are right
ideals of S. (aΓA) Γ (aΓB) = (aΓAΓa) ΓB ⊆ aΓAΓB = aΓ (AΓB) ⊆ P . As P
is a prime right ideal of S, aΓA ⊆ P or aΓB ⊆ P . Therefore, A ⊆ (P : a) or
B ⊆ (P : a), which shows that (P : a) is a prime right ideal of S.

Similarly to as in the proof of Proposition 3.3, we immeditely get the fol-
lowing proposition.

Proposition 3.4. If P is a prime right ideal of S, then I = {x ∈ S|SΓx ⊆ P}
is the largest two-sided ideal of S contained in P .

The necessary condition for a right ideal to be prime is given in the following
proposition.

Proposition 3.5. Every semiprime and strongly irreducible right ideal is a
prime right ideal of S.

Proof. Let P be a strongly irreducible and a semiprime right ideal of S. For
any right ideals A and B of S, (AΓB) ⊆ P . A∩B is a right ideal of S. Hence

(A ∩B)
2
= (A ∩B) Γ (A ∩B) ⊆ AΓB ⊆ P . By P is a semiprime right ideal,

A∩B ⊆ P . Therefore, A ⊆ P or B ⊆ P , since P is a strongly irreducible right
ideal. Thus P is a prime right ideal of S.

Proposition 3.6. Any maximal right ideal of S is a prime right ideal.

Proof. Let M be any maximal ideal of S. To show that M is a prime let
aΓSΓb ⊆ M . Suppose that a /∈ M . aΓS is a right ideal of S which contains
an element a. By M is a maximal right ideal, M + aΓS = S. As 1 ∈ S,
1 = m +

∑
i aαixi. Then, 1αb = mαb + (

∑
i aαixi)αb ⊆ M + aΓSΓb ⊆ M .

Therefore, b ∈ M . This shows that M is a prime right ideal.

Proposition 3.7. If R is a right ideal of S and a is a nonzero element of S
such that a /∈ R, then there exists an irreducible right ideal P of S such that
R ⊆ P and a /∈ P .
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Proof. Let B be the family of all right ideals of S containing I and not con-
taining an element a. Then B is nonempty as R ∈ B. This family of all right
ideals of S forms a partially ordered set under the inclusion of sets. Hence, by
Zorn’s lemma there exists a maximal right ideal P in B. Therefore, R ⊆ P and
a /∈ P . Now, to show that P is an irreducible right ideal of S let A and B be
any two right ideals of S such that A∩B = P . Suppose that A and B both are
contained in P properly. Since P is a maximal right ideal in B, we get a ∈ A
and a ∈ B. Therefore, a ∈ A∩B = P which is an absurd. Thus, either A = P
or B = P . Therefore, P is an irreducible right ideal of S.

Proposition 3.8. Any proper right ideal of S is the intersection of irreducible
right ideals of S which contain it.

Proof. LetR be any proper ideal of S and {Ak/k ∈ ∆} be a family of irreducible
right ideals of S which contain R, where ∆ denotes the indexed set. Then
clearly R ⊆

∩
k Ak. To show that

∩
k Ak ⊆ R. Suppose that

∩
k Ak ⊂ R.

Therefore, there is an element a ∈
∩

k Ak such that a /∈ R. Then by Proposition
3.7, there exists an irreducible ideal P such that R ⊆ P and a /∈ P . This
establishes the existence of irreducible right ideal P such that a /∈ P and
R ⊆ P . Therefore, a /∈

∩
k Ak for every a /∈ R. Hence, by the contrapositive

method
∩

k Ak ⊆ R. Therefore
∩

k Ak = R.

4. Right weakly regular Γ-semiring

Definition 4.1. A Γ-semiring S is said to be right weakly regular if a ∈ (aΓS)
2
,

for any a ∈ S.

In the following theorems we furnish the characterizations for a right weakly
regular Γ-semiring.

Theorem 4.2. The following statements are equivalent in S
(1) S is right weakly regular.
(2) R2 = R, for each right ideal R of S.
(3) R ∩ I = RΓI, for any right ideal R and two-sided ideal I of S.

Proof. (1) =⇒ (2) Suppose that S is right weakly regular. For any right ideal
R of S, R2 = RΓR ⊆ RΓS ⊆ R. Conversely, let a ∈ R. As S is right weakly
regular, a ∈ (aΓS)

2
, then a ∈ (aΓS)

2
= (aΓS) Γ (aΓS) ⊆ (RΓS) Γ (RΓS) ⊆

RΓR = R2. Thus, R2 = R, for each right ideal R of S.
(2) =⇒ (1) Suppose that R2 = R, for each right ideal R of S. For any

a ∈ S, a ∈ aΓS and aΓS is a right ideal of S. By assumption (aΓS)
2
= (aΓS).

Therefore, a ∈ (aΓS)
2
, which shows that S is right weakly regular.

(2) =⇒ (3) Let R be a right ideal and I be a two-sided ideal of S. Then

R∩ I is a right ideal of S. By assumption (R ∩ I)
2
= R∩ I. R∩ I= (R ∩ I)

2
=

(R ∩ I) Γ(R ∩ I) ⊆ RΓI. Clearly, RΓI ⊆ R and RΓI ⊆ I. Therefore, RΓI ⊆
R ∩ I. Thus we get R ∩ I = RΓI.

(3) =⇒ (2) Let R be a right ideal of S and (R) be a two-sided ideal generated
by R. By Result 3.2 in [5], (R) = SΓRΓS. By assumption R ∩ (R) = RΓ(R).
Then, R = RΓ (SΓRΓS) = (RΓS) Γ (RΓS) ⊆ RΓR = R2. Therefore, R2 =
R.
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Proposition 4.3. S is right weakly regular if and only if every right ideal of
S is semiprime.

Proof. Suppose that S is right weakly regular. Let R be a right ideal of S such
that AΓA ⊆ R, for any right ideal A of S. A = AΓA as S is right weakly
regular. Therefore A ⊆ R. Hence R is a semiprime right ideal of S. Conversely,
suppose that every right ideal of S is semiprime. Let R be right ideal of S.
RΓR is also a right ideal of S. By assumption RΓR is a semiprime right ideal
of S. RΓR ⊆ RΓR implies R ⊆ RΓR. Therefore, R2 = R. Hence, S is right
weakly regular.

Proposition 4.4. If S is right weakly regular, then an ideal P of S is prime
if and only if P is irreducible.

Proof. Let S be a right weakly regular Γ-semiring and P be an ideal of S. If P
is a prime ideal of S, then clearly P is an irreducible ideal. Suppose that P is
an irreducible ideal of S. To show P is a prime ideal, let A and B be any two
ideals of S such that AΓB ⊆ P . Then, by Theorem 4.2, we have A ∩ B ⊆ P .
Therefore, (A ∩B)+P = P . But LS lattice of all ideals of S being distributive
(A+ P ) ∩ (B + P ) = P . As P is an irreducible ideal, A+P = P or B+P = P .
Then A ⊆ P or B ⊆ P . Therefore, P is a prime ideal of S.

Now we define a fully prime right Γ-semiring and a fully semiprime right
Γ-semiring.

Definition 4.5. A Γ-semiring S is said to be a fully prime (semiprime) right
Γ-semiring if all right ideals of S are prime (semiprime) right ideals.

The relation between a fully prime right Γ-semiring and a right weakly
regular Γ-semiring is furnished in the following propositions.

Proposition 4.6. If S is a fully prime right Γ-semiring, then S is right weakly
regular and the set of ideals of S is totally ordered.

Proof. Let S be a fully prime right Γ-semiring. Therefore, every right ideal of
S is a prime right ideal. But every prime right ideal is a semiprime right ideal.
Hence, by Proposition 4.3, S is right weakly regular. Let A and B be any two
ideals of S. Then A ∩ B is a right ideal of S. By hypothesis A ∩ B is a prime
right ideal of S. AΓB ⊆ A ∩ B implies A ⊆ A ∩ B or B ⊆ A ∩ B. Therefore,
A∩B = A or A∩B = B. Thus we get either A ⊆ B or B ⊆ A. Hence, the set
of ideals of S is totally ordered.

Proposition 4.7. If S is right weakly regular and the set of ideals of S is
totally ordered, then S is a fully prime right Γ-semiring.

Proof. Let S be a right weakly regular Γ-semiring and the set of ideals of S
is totally ordered. To show that S is a fully prime right Γ-semiring, let P
be any right ideal of S. To prove P is a prime right ideal of S, let A and
B be any two right ideals of S such that AΓB ⊆ P . By assumption, either
A ⊆ B or B ⊆ A and A2 = A, B2 = B. We consider A ⊆ B. Then,
A = A2 = AΓA ⊆ AΓB ⊆ P . Therefore, P is a prime right ideal of S. Hence,
S is a fully prime right Γ-semiring.
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The definition of a regular Γ-semiring given by Dutta and Sardar in [3] as
follows:

A Γ-semiring S is said to be regular if a ∈ aΓSΓa, for any a ∈ S.
In general, the family of regular Γ-semirings forms a proper subclass of

the family of right weakly regular Γ-semirings. But if S is a commutative Γ-
semiring, then S is regular Γ-semiring if and only if S is right weakly regular Γ-
semiring.

Proposition 4.8. If S is a commutative Γ-semiring, then S is regular if and
only if S is right weakly regular.

Proof. Let S be a commutative Γ-semiring. Suppose that S is a right weakly
regular Γ-semiring. Hence, for any a ∈ S, a ∈ (aΓS)

2
. a ∈ (aΓS)

2
=

(aΓS) Γ (aΓS) = (aΓS) Γ (SΓa) ⊆ aΓSΓa. Therefore, S is a regular Γ-
semiring. Conversely, suppose S is a regular Γ-semiring. Let a ∈ S. Hence,
a ∈ aΓSΓa. Then, a ∈ aΓSΓa ⊆ (aΓSΓa) Γ (SΓa) ⊆ (aΓS) Γ (aΓS) = (aΓS)

2
.

This shows that S is a right weakly regular Γ-semiring.

Proposition 4.9. Each ideal of a right weakly regular Γ-semiring S is a right
weakly regular (as a Γ-semiring).

Proof. Let R be any ideal of a right weakly regular Γ-semiring S. Hence R itself
is a sub-Γ-semiring of S. For any element a ∈ R, aΓR is a right ideal of S. S
is a right weakly regular Γ-semiring implies a ∈ (aΓS)

2
and (aΓR)

2
= aΓR.

Hence we have, a ∈ (aΓS)
2
= (aΓS) Γ (aΓS) = aΓ (SΓaΓS) ⊆ aΓ (SΓRΓS) ⊆

aΓR = (aΓR)
2
. Therefore, a ∈ (aΓR)

2
implies R is itself a right weakly regular

Γ-semiring.

Bi-ideals of a Γ-semiring are defined by the authors in [6] as follows: A
nonempty subset B of a Γ-semiring S is said to be a bi-ideal of S if B is a
sub-Γ-semiring of S and BΓSΓB ⊆ B.

Proposition 4.10. S is right weakly regular if and only if B ∩ I ⊆ BΓI, for
any bi-ideal B and an ideal I of S.

Proof. Suppose that S is a right weakly regular Γ-semiring. Let B be a bi-
ideal and I be an ideal of S. Let a ∈ B ∩ I. Therefore, a ∈ (aΓS)

2
,

since S is a right weakly regular. Then a ∈ (aΓS)
2

= (aΓS) Γ (aΓS) ⊆
(aΓS) Γ (aΓS) Γ (aΓS) ΓS ⊆ (BΓSΓB) Γ(SΓIΓS) ⊆ BΓI. Therefore, B ∩ I ⊆
BΓI. Conversely, suppose that B ∩ I ⊆ BΓI, for any bi-ideal B and an ideal
I of S. Let R be a right ideal of S. Then R itself a bi-ideal of S. By as-
sumption R = R ∩ (R) ⊆ RΓ (R) = RΓ (SΓRΓS) = (RΓS) Γ(RΓS) ⊆ RΓR.
Therefore R = RΓR = R2. Then by Theorem 4.2, S is a right weakly regular
Γ-semiring.

Proposition 4.11. S is right weakly regular if and only if B∩I∩R ⊆ BΓIΓR,
for any bi-ideal B, an ideal I and a right ideal R of S.

Proof. Suppose that S is a right weakly regular Γ-semiring. Let B be a bi-ideal,
I be an ideal and R be a right ideal of S. Let a ∈ B ∩ I ∩ R. Therefore a ∈
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(aΓS)
2
, since S is a right weakly regular. Then a ∈ (aΓS)

2
= (aΓS) Γ (aΓS) ⊆

(aΓS) Γ (aΓS) Γ (aΓS) ΓS ⊆ BΓ (SΓIΓS) Γ(RΓS) ⊆ BΓIΓR. Therefore B ∩
I ∩ R ⊆ BΓIΓR. Conversely, suppose B ∩ I ∩ R ⊆ BΓIΓR, for any bi-
ideal B and an ideal I and a right ideal R of S. For a right ideal R of S,
R itself being a bi-ideal and S itself is being an ideal of S. By assumption
R ∩ S ∩ R ⊆ RΓSΓR = (RΓS)ΓR ⊆ RΓR. Therefore, R ⊆ RΓR. Therefore,
R = RΓR = R2. Then, by Theorem 4.2, S is a right weakly regular Γ-
semiring.

5. Right pure ideals

In this section we define a right pure ideal of a Γ-semiring S and furnish
some of its characterizations.

Definition 5.1. An ideal I of Γ-semiring is said to be a right pure ideal if
for any x ∈ I, x ∈ xΓI.

Proposition 5.2. An ideal I of S is right pure if and only if R ∩ I = RΓI,
for any right ideal R of S.

Proof. Let I be a right pure ideal and R be a right ideal of S. Then clearly
RΓI ⊆ R ∩ I. Now let a ∈ R ∩ I, gives a ∈ R and a ∈ I. As I is a right
pure ideal, a ∈ aΓI ⊆ RΓI. This gives R ∩ I ⊆ RΓI. By combining both
inclusions we get R ∩ I = RΓI. Conversely, suppose R ∩ I = RΓI, for a right
ideal R and an ideal I of S. Let I be an ideal of S and a ∈ I. (a)r denotes the
right ideal generated by a and given by (a)r = N0a+ aΓI, where N0 is a set of
non-negative integers. Then, a ∈ (a)rΓI = (N0a + aΓI)ΓI ⊆ aΓI. Therefore,
I is a right pure ideal of S.

Proposition 5.3. The intersection of right pure ideals of S is a right pure
ideal of S.

Proof. Let A and B be right pure ideals of S. Then for any right ideal R
of S we have, R ∩ A = RΓA and R ∩ B = RΓB by Proposition 5.2. We
consider R∩ (A ∩B) = (R ∩A)∩B = (RΓA)∩B = (RΓA) ΓB = RΓ (AΓB) =
RΓ(A ∩B). Therefore, A ∩B is a right pure ideal of S.

We characterize right weakly regular Γ-semirings in terms of right pure
ideals in the following proposition.

Proposition 5.4. S is right weakly regular if and only if any ideal of S is right
pure.

Proof. Suppose that S is a right weakly regular Γ-semiring. Let I be an ideal
and R be a right ideal of S. Then by Theorem 4.2, R ∩ I = RΓI. Therefore,
an ideal I of S is right pure by Proposition 5.2. Conversely, suppose any ideal
of S is right pure. Then, from Proposition 5.2 and Theorem 4.2 we get S is a
right weakly regular Γ-semiring.
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6. Space of prime ideals

Let S be a Γ-semiring and ℘S be the set of all prime ideals of S. For each
ideal I of S define ΘI = {J ∈ ℘S |I * J} and ζ (℘S) = {ΘI |I is an ideal of S}.

Theorem 6.1. If S is a right weakly regular Γ-semiring, then ζ (℘S) forms a
topology on the set ℘S. There is an isomorphism between the lattice of ideals
LS and ζ (℘S) (lattice of open subsets of ℘S).

Proof. Since {0} is an ideal of S and each ideal of S contains {0},
Θ{0} = { J ∈ ℘s|{0} * J} = Φ. Therefore, Φ ∈ ζ (℘S). Also, S itself is an
ideal ΘS = {J ∈ ℘S |S * J} = ℘S imply ℘S ∈ ζ (℘S). Now let ΘIk ∈ ζ (℘S)
for k ∈ Λ, Λ is an indexing set and Ik is an ideal of S. Therefore, ΘIk =
{J ∈ ℘S |Ik * J}. As

∪
k ΘIk = {J ∈ ℘S |

∑
k Ik * J},

∑
k Ik is an ideal of S.

Therefore
∪

k ΘIk = Θ∑
k Ik ∈ ζ (℘S). Further, let ΘA, ΘB ∈ ζ (℘S). Let

J ∈ ΘA

∩
ΘB , J is a prime ideal of S. Hence A * J and B * J . Sup-

pose that A ∩ B ⊆ J . In a right weakly regular Γ-semiring prime ideals and
strongly irreducible ideals coincide. Therefore, J is a strongly irreducible ideal
of S. As J is a strongly irreducible ideal of S, A ⊆ J or B ⊆ J , which is a
contradiction to A * J and B * J . Hence, A ∩ B * J implies J ∈ ΘA∩B .
Therefore, ΘA

∩
ΘB ⊆ ΘA∩B . Now let J ∈ ΘA∩B . Then A ∩ B * J implies

A * J and B * J . Therefore, J ∈ ΘA and J ∈ ΘB imply J ∈ ΘA

∩
ΘB .

Thus, ΘA∩B⊆ ΘA

∩
ΘB . ΘA

∩
ΘB = ΘA∩B ∈ ζ (℘S). Thus, ζ (℘S) forms

a topology on the set ℘S .
Now we define a function ϕ : LS −→ ζ (℘S) by ϕ (I) = ΘI , for all I ∈ LS .

Let I,K ∈ LS . ϕ (I ∩K) = ΘI∩K = ΘI

∩
ΘK = ϕ (I) ∩ ϕ (K). ϕ (I +K) =

ϕ (I +K) = ΘI+K = ΘI ∪ ΘK = ϕ (I) ∪ ϕ (K). Therefore, ϕ is a lattice
homomorphism. Now consider ϕ (I) = ϕ (K). Then ΘI = ΘK .

Suppose that I ̸= K. Then there exists a ∈ I such that a /∈ K. As
K is a proper ideal of S, there exists an irreducible ideal J of S such that
K ⊆ J and a /∈ J by Proposition 3.7. Hence, I * J . As S is a right weakly
regular Γ-semiring, J is a prime ideal of S by Proposition 4.4. Therefore,
J ∈ ΘK = ΘI implies I ⊆ J ; which is a contradiction. Therefore, I = K.
Thus, ϕ (I) = ϕ (K) implies I = K, and hence ϕ is one-one. As ϕ is onto, the
result follows.
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