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INTEGRABLE DISTRIBUTIONS AND
»-FOURIER TRANSFORM

Ganesan Chinnaraman®

Abstract. A new concept of integration of distributions is introduced
and studied. It is proved that the space of all integrable distributions
is properly larger than the space of Lebesgue integrable functions and
compactly supported distributions. As an application of this concept, an
alternate definition of Fourier transform namely ¢-Fourier transform is
defined, on the space of integrable distributions into the space of contin-
uous functions and its properties are established.

AMS Mathematics Subject Classification (2010): 42A38, 44A35, 46F12

Key words and phrases: Distributions, Integration, Integrable functions,
Fourier transform

1. Introduction

In the earlier 1920s, the concept of singular functions (subclass of general-
ized functions) was first introduced and tacitly used by the British theoretical
physicist Paul Dirac in his quantum mechanics studies. The mathematical foun-
dation for the theory of generalized functions was independently formulated by
S.L. Sobolev [Z1] and by L. Schwartz [15]-[T9]. Later, different approaches for
the development of generalized functions were made by many mathematicians
(see [2, B, B, 22, 2R]). The theory of distributions and their integral transforms
has a wide range of applications in mathematical physics, applied mathematics
and engineering sciences, etc. L. Schwartz extends the classical Fourier trans-
form theory to the context of distributions and this extended Fourier transform
was used by L. Ehrenpresis, B. Malgrange and by L. Hormander to successfully
solve certain types of partial differential equations. For the study of integral
transforms on distributions one can refer to [, B, B, 28, 29).

The concepts of Lebesgue integration of f € L'(R) and Fourier transform
of functions in L'(R) are well known. The notion of integration of compactly
supported distributions is introduced and studied by L. Schwartz [I8]. In [27],
R. Wawak has introduced the improper integrals of distributions, which is a
slight modification of the definitions of [0, 20]. As a consequence of his new
definition, a representation theorem, the convolution of two distributions were
obtained. Further, the class of distributions having the improper integrals turns
out to be the dual space of a space which can be called a space of functions
with bounded variations in R”.

On the other hand, it was proved in [24] that the set of integrable distri-
butions is a Banach space isometrically isomorphic to the Banach space Br
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of the space of all functions F' : R — R such that (i) both left and right lim-
its exist at all points in R, (ii) left continuous on R and (iii) F(—o00) = 0;
F(o0) € R. Apart from proving standard properties of integrals, it was shown
that the space of all integrable distributions is a module over the functions of
bounded variation. Most recently [R], Svetlana Mincheva-Kaminska proved the
equivalence of various conditions for integrability of distributions by extending
the equivalence conditions given in [4]. One can refer to [@, [4, @, [0, 23, P4, 25]
for extensive study of various ways of defining the integral of dlstributions.

In this paper, motivated by the fact that the distributional derivative of a
Schwartz distributions is again a Schwartz distributions, the Lebesgue integral
of a certain type of Schwartz distribution is obtained as a Schwartz distribution.
We define the Lebesgue integral of a distribution in a different way on a subclass
of 2'(R) which properly contains L'(R) U £'(R). By using this integration of
distributions, we define the Fourier transform of a distribution as a continuous
function on R, which is consistent with the distributional Fourier transform
"2 2'(R) = Z'(R) [11]. In order the present work be self-contained, we shall
first list basic notations, definitions and some of the results from the literature.

Let N, R and C be the set of natural numbers, real numbers and complex
numbers respectively. Let L!(R), C(R), Co(R), C*(R), 2(R), .#(R), On(R),
7' (R), 2'(R) and € (R) denote respectively the usual spaces of Lebesgue
integrable functions, continuous functions, continuous functions vanishing at
infinity, infinitely differentiable functions, C*°-functions with compact support,
rapidly decreasing functions, infinitely differentiable functions with polynomial
growth, tempered distributions, Schwartz distributions and compactly sup-
ported distributions. For the topology and the notion of convergence of the
above mentioned spaces, we refer to [12, I3, [, PG, IR].

For f,g € L*(R), we define respectively the Fourier transform f € Cy(R) of
f and the convolution f * g € L'(R) by

t):/f(x U gy and (f * g)(t /ft— y)dy, VteR.
R

For u € 2'(R) and ¢ € Z(R), we define

(u*p)(z) = (u(y), p(z — y)) = u(Tp), Vo €R,

where (1,0)(y) = ¢(y — z) and ¢(y) = ¢(—y), Yy € R. In the same way we
can also define u * ¢ when u € . (R) and ¢ € ./ (R).

e Let u € 2'(R) and a € R. The derivative u’/, the translation 7,u and the
dilatation e, u of u are defined as
(i) (u'(2), ¢(x)) = (u(x), —¢'(x)), V¢ € Z(R).
(i) ((raw) (@), ¢(2)) = (u(z), ¢(x + a)), Vo € Z(R).
(iii) ((eau)(x), d(x)) = (u(x), e"*"d(x)), V¢ € Z(R).

Moreover, these operations are continuous from 2’(R) into 2'(R).

o The spaces Z(R) and . (R) become an algebra with respect to the usual
convolution * as well as with respect to the point-wise multiplication.
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e The usual Fourier transforms ~: Z(R) — Z(R) = Z(R) and " : .#(R) —
Z(R) are linear, continuous, one-to-one and onto. Further, the inverse
Fourier transforms are also continuous.

e The Fourier transform " : 2'(R) — Z'(R) is defined by (8, ¢) = (v, ¢),
Vo € Z(R) is linear, continuous, one-to-one and onto. Here Z (R) is the
dual space of Z(R) and will also be called as the space of ultra distribu-
tions.

e The Fourier transform " : .# (R) — .% (R) is defined by (3, ¢) = (v, ),
Vo € (R) is linear, continuous, one-to-one and onto.

o Ifue 7'(R) (S (R)) and ¢ € Z(R) ((R)) then ux¢ € C*(R) (On(R))
and (u * @) = ¢ .

This paper is organized as follows. In Section 2, the definition of integration
of distributions is defined and it is shown that the collection of all integrable
distributions E; is a subspace of 2'(R). An example to show that the space
E; is properly larger than L'(R) U (R) is also given in this section. It is also
shown that this space Ej is closed under differentiation, translation, dilatation
and convolution by elements of Z(R). Further, the concept of locally integrable
distributions is introduced. Just as every continuous function is locally inte-
grable, it is nice to see that every distribution is locally integrable. In Section
3, the ¢-Fourier transformation is defined from E; into C'(R), and some of its
properties are studied.

2. Integration of Distributions

Definition 2.1. Let E = {u € 2 (R)/uxyp € L'(R), Vo € Z(R)}. For u € E,
we define [u : 2(R) — C as follows: (([u) (z),0(z)) = [x(u* ¢)(z)dz,
V¢ € 2(R), where [ (ux ¢)(z)dz is the Lebesgue integral of u ¢ on R.

It is easy to see that [ is linear on Z(R).

Definition 2.2. A distribution u € E is said to be an integrable distribution
if u* @, — uxpasn— ooin L'(R) whenever ¢, — ¢ as n — oo in Z(R).
We denote the set of all integrable distributions by Ej.

Remark 2.3. If u is an integrable distribution, then it easily follows from Defi-
nition 232 that, [u € 2 (R).

Lemma 2.4. For uj,uz,u € E; and o € C, [(uq +u2) = [us + [u2 and
J(au) = a [u and the set of all integrable distributions E; is a subspace of
2'(R).

Proof. Since ui,us € Ej, we have uy *x ¢, — u1 * ¢ and ug * ¢, — us * ¢
as n — oo in L1(R), for every sequence (¢,) in Z(R) converging to ¢. Then
(ur +ug) xdp =ur * Py + Uz ¥ Py, = UL ¥ ¢+ ug ¥ = (ug +uz) xP asn — oo
in L'(R). Thus u; + uz € E;. Similarly, by using (au) * ¢ = a(u * ¢) and
the linearity of the Lebesgue integral on L!'(R), we get [(au) = a [u and
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au € Ey, whenever u € E;. Thus, E; is a subspace of 2'(R). Let uj,us € Ef
and ¢ € Z(R). Then by Definition E, we have

((J(ur +u2)) (@),0(2)) = [o((wr +u2) * §)(x) da
= fRul*muz*as)(w) ©

= u1*¢ d:r—i—f(ug (z)
. “fful ([ D 66w
= u1—|—qu) ), p(x)) .

O

The following example shows that [ u need not belong to E; even though
u € Ey.

Example 2.5. If § is the Dirac’s delta distribution, then for any ¢ € Z(R),

(J8) (), () = / (6% @) (x) de = / (@) de = (1(z), o(x)).

Lemma 2.6. Ifu € E; and a € R, then ,u € By and [ (Tqu) = [pu

Proof. For each ¢ € P(R), from [[3, Theorem 6.35] we get that Tu * ¢ =
To(u % @) = u * 7,0, which belongs to L'(R). This shows that 7,u € E. Let
¢n — ¢ as n — oo in Z(R). Since the translation operator 7, : Z(R) — Z(R)
is continuous and u € Ej, we get that 7,u * ¢, = u* 740, > U*x Ty = Tuu*x @
as n — oo in LI(R). This Shows that ,u 6 EI

Further, (( g au fR Tall z)dr = [p7a(ux ¢)(z)de =
Jp(ux ¢)(x) dx = ( fR que@( ) O

Proposition 2.7. Ll(]R) UE'(R) C E;.
Proof. Assume that ¢, — ¢ as n — oo in Z(R).

o Let f € LY(R). We shall show that f*p, — f*pasn — oo in L}(R). Let
[a, b] be a compact interval of R which contains the support of (@, — ¢),
Vn € N. Then

If*(en—0)li < NIfllillen —elh
< |[flli(b—a) Sl[lpb] lon(z) — @(x)] = 0 as n — oo.
xE|a,

This proves that f € Ej.

o Let f € El(R) and let K¢ be the support of f. Choose a compact set
K € R such that Ky + supp (¢, —¢) C K. Since the mapping ¢ — f* ¢
is continuous linear from Z(R) into C°°(R) [I3, Theorem 6.33], we have
f*(pn —¢) = 0 as n — oo uniformly on each compact subset of R.
Hence for a given € > 0, there exists N € N such that

sup |f # (n —¢)(2)] <€ Vn = N.
zeK

Hence
/|<f*<sonw>><x>|dx:/ (% (pn — 9))(@)] dz < em(K),
R K

where m(K) is the Lebesgue measure of K. Therefore f € E;.
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O
The following example shows that the inclusion in the above proposition is
proper.

Example 2.8. Consider the bounded C*-function defined by

flx)=e*" ¥z eR.

Since f € On(R) and the Fourier transform on yI(R) is bijective, we can
choose u € . (R) such that .= f. We first claim that

ug LHR)UE (R).
Since f(z) — 1 as ¥ — +o0, we have f & Co(R) and hence u ¢ L*(R). Also, it
is true that f can be extended as an entire function f(z) = 66722, Vz € C. But
when z is restricted to the imaginary axis, we have |f(z)| = |f(iy)| = |eey2|
and hence there are no real v, N € N and r > 0 such that the inequality
7] < 71+ Jigl) et

holds for all y € R. Hence, by the Paley-Wiener theorem [13], u & £ (R).
We shall show that this u € Ej. Since f and all its derivatives belong to
Oy (R), we have

f e L(R) for all p € L (R)

and also
fon = f asn — oo in L (R), whenever ¢, — ¢ as n — oo in . (R).
This shows that ux ¢ = (f¢f € .Z(R) for every ¢ € Z(R) and
ux @, = u*xp asn — oo in L (R), whenever ¢, — ¢ as n — oo in Z2(R).
Hence u* @, — u* @ asn — oo in L*(R). Thus u € Ej.

Proposition 2.9 (Consistency)
(i) If f € LY(R then ([N = ([fp f(z)dz, p(x)), Yo € Z(R).
(i) If f € E'(R) then ( ff x) ) = (({f(2), 1(2)))(s), p(s)), Vo €
2(R).
Proof. (i) Let f € L*(R). For an arbitrary ¢ € 2(R)
(JH@,e@) = fo(f 5 o)) ds -
= fR (fR f(x) dz) p(x)de = (
This completes the proof of (7).

(i7) Let f € £ (R). Let ¢ € Z(R). Choose a compact set K such that supp f,
supp ¢ and supp (fx*p) C K (note that this is possible since fxp € Z(R)). Now

\
~—~
5 N

(fH(@), () = [o(f*@)(x)de = [p(fxo)(x)1(y — z)dx
= ((fxp)*1)(y) = (fx(px1))(y)
= (fa),(px)(y—=) = (f(z), fmw(y—x—t)l(t)dt>
= (f(x 7( p(s)ds) () = (f(x),1(z)) ([ e(s)ds)
= Jp(f(@), 1) @(s)ds = (((f(x),1(x)))(s), ¢(s)).

O
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Lemma 2.10. If u € By, then its distributional derivative v’ € Ey and

() @) 0(@)) = (= (Ju)' (@), ¢(2)), Vo € D(R).
Proof. Let u € E;. Since the differential operator ¢ — ¢’ is continuous from
2(R) into Z(R), we get v’ € E;. By using the fact that [u € 2 (R) and the
definition of [ u, for each ¢ € Z(R), we have
((Ju) @), 0@) = [ *p)(@)dz = [p(uxe’)(@)d
- (@@ = (-0 @e@). O

Corollary 2.11. For every f € LY(R)UE&'(R), [ f'=0.

Proof. From Proposition 29, we have

N dx, ¢(z)), if f € LY(R)
<fﬁ@{<§u»uwxmmx if f € £'(R).

In both cases, f f represents a regular distribution given by a constant and
hence ([ f)’ = 0. Now, the proof follows from Lemma P10 O

Theorem 2.12. Ifu € . (R) such that i®) (z) € Opr(R) for allk =0,1,2,...,
then u € Ej.

Proof. Let u € . (R) such that 4 (z) € @) (R), Yk =0,1,2,.... Let ¢, —
pasn — ocoin Z(R). Then ¢, — ¢ asn — oo in L (R). Now @i, ¢t € . (R)
forn =1,2,... and also ¢, — ¢G as n — oo in #(R) (here we have used the
Leibniz formula and the fact that 4*)(2) € @y (R) for k = 0,1,2,...). This
will imply that (¢,a) — (@a) as n — oo in .#(R). That is, u * @, — u * @ as
n — oo in . (R) and hence in L*(R). This shows that u € E;. O

We shall denote the space of all u satisfying the hypothesis of the above
theorem by C.

Definition 2.13. Let H C R be Lebesgue measurable and v € 2 (R). We
define [, u as follows: (([;; u) (z),(x)) = [ (u*p)(z) dx, whenever the right
hand side integral exists in the Lebesgue sense for every ¢ € Z(R).

Analogous to Definition EZ2, we shall define the following.

Definition 2.14. A distribution u is said to be Lebesgue integrable over H if
([5; u, ) exists for every ¢ € Z(R) and u* ¢, — u @ as n — oo in L'(H),
whenever ¢, — ¢ as n — oo in Z(R).

Remark 2.15. From Theorem 6.33 [12, p.173], we have if u € 2 (R), then
u* o, = uxp asn — oo in C®(R), whenever ¢, — @ as n — oo in
2(R). Hence u * ¢n, — u * @ uniformly on each compact subset of R. This in
turn implies that for each u € @/(R), and for each compact set K C R, we
have [ u € Ql(R). Hence we prefer to say that every distribution is locally
integrable.

Lemma 2.16. If H is any bounded measurable subset of R, then [, u € 2" (R),
for every u € 2 (R).
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Proof. Since H is bounded, there exists M > 0 such that H C [-M, M]. Now
the proof follows easily from Theorem 6.33 [I3, p. 173] and the fact that

M
Jul(ux o) (@) dz < _&I(U*w)(x)ldx, Ve e Z(R).

Theorem 2.17. A necessary condition for 0 # u € Ey is that u’ # 0.

Proof. For u € 9'(R), we shall first prove that if v/ = 0 then w must be
a regular distribution representing some constant function. Since non-zero
constant functions are not in Ej, the proof follows immediately. Assume that
u € 2'(R) such that v/ = 0. Fix a € R. Then for y > a and ¢ € Z2(R), by
using (u * )" = (v’ x ), we get

Yy Yy

(s @)y) ~ (wrp)a) = [ (wre)(a)do = [ (@)l — 1)) do=0.
This shows that (u * ¢)(y) = (u * ¢)(a) = a, (a constant depending on ¢).
Since u * ¢ is a C'*°-function we have

(ux@)(y) = (u*p)(a) = oy, forall y € R.

Now choose a sequence (,,) in 2(R) such that uxp, — uasn — oo in 2 (R).
Then for every nn € Z(R), for a given € > 0, there exists N € N such that

(e, (), n(1)) — (u(t),n())| = [((u* @) (), n(t)) — (u(t),n(t))| <€ Yn=N.

This proves that a,, — uasn — oo in 2'(R). Now, for an 1) with Sz n(z) dz =
1, we have

|%fﬂ%|=\/%mwM—/%mmmw
R R

e, (8),n(t)) = (@, (), 1(1))]
e, (8),n(t)) = (u(®), n(0))] + Kag,, (8), n(t)) — (u(t), n(t))]

— 0 as both n and m tend to oo.

IN

Hence, there exists some a € C such that o, — a as n — oo in C and hence
in 2'(R) which in turn implies that u = c. O

Remark 2.18. By using the above result, we see that the converse of Corollary
213 does not hold. For example, one may take w as a regular distribution
representing a constant function.
3. ¢-Fourier transform and its properties

Throughout this section, we fix ¢ € Z(R) with [, ¢(z) dx = 1.
Theorem 3.1. Ifu € Ey, then e;u € Ep for allt € R.
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Proof. Let v € Er and let ¢ € R. For ¢ € Z(R),

(eruxp)(@) = (e™uly), ¢z —y)) = (u(y), ez —y))
= ¢ (u(y), e M Vp(z —y)) = e (u(y), (e—rp)(x — y))
= e (uxe_4p)(z).

Let ¢, — ¢ as n — oo in Z(R). Using the above equality and the fact that for
each s € R, the mapping ¢ — es1) is continuous from Z(R) into Z(R), we get

ELU K Py = U K Cp(Py —> Uk €10 = €U * P as N —> 0.

This shows that e;u € Ey, for all ¢t € R. O

Definition 3.2. For u € E;, we define the ¢-Fourier transform Fy(u) of u as
[Fy(w)](t) = ([ e—ru)(z), p(x)) = [p e " (u er)(x) da for all ¢ € R.

Theorem 3.3. Ifu € Ey, then Fy(u) € C(R).

Proof. Let t,, — t as n — oo in R. We shall show that [Fy(uw)](t,) — [Fy(w)](t)
as n — 0o. Consider

(3.1) [[Fs(u)l(tn) — [Fs(u)] ()] = [(u* er, @) (tn) — (ux ed) (t)] .
Now we claim that
e, d — exd as m — oo in Z(R).

Once this is done, then by using the fact that v € Er, we have uxe; ¢ — uxerd
as n — oo in LY(R). This will imply that (ux*e;, ¢) — (u*e;p) as n — oo in
Co(R) (since the Fourier transform " : L!(R) — Cp(R) is continuous) and hence

(uxet, @) (y) = (uxed)(y) uniformly on R as n — oo.
Finally, from a result in [T2, p.166], we have
(ux e, @) (yn) = (u*ed)(y) as n — oo,
whenever y,, — y as n — oo in R. If we take y,, = t,, then the right-hand side

of (B) tends to 0 as n — oo, proving the result.

Let k be any non-negative integer and let ;(y) = e¥¢(y). Using mean
value theorem and Leibniz formula, we have



Integrable distributions and ¢-Fourier transform 29
[D*[e"vo(y) — e o(y)|
D[ (y) — o (y)]|
=D e (y) (/-0 ~ 1))
=D g (y) (e~ — 1)]]

) D) (60 1)

Sl st on )
= ‘CO,kD( )1/%: (y ‘ ‘(e’(t”_t)y — 1)‘
+ zk: Con e | D=y ()| | D) (et — 1)
m=1
< |Cos D®uw)] 11—ty |6

k
+ 3 Conse [ DE )] [t — )1 i)
m=1

SMﬂtn - t| + MQk |tn - t|m7

where s, = M, + (1 — A\t for some A € [0,1] depending on n,
M, = sup|D(k)t/Jt(y)| ly| and My =  ax, (supC’mk |D (B=m) by (y )|> (Note
yeR

that here we used the fact that ¢ € Z(R)). Thew above arguments imply that
llet, & — erdll < My|t, —t| + Mok |t,, —t|™ — 0 as n — oo.
Thus e;, ¢ — e;p as n — oo in Z(R) and hence our claim. O

Proposition 3.4. If f € LY(R), then f(t) = [Fs(f)](t), for all t € R.

Proof. Let f € L'(R). Then for t € R, we have

Fs(DN(0) = ((Je—ef) (@), dlx)) = / (coof * 6)(x) du

Since e_;f € L*(R), we have

F010 = ([ e-nas) ([ oras) = [eninas= .

Proposition 3.5. If f € £'(R), then f(t) = [F4(f)](t), for all t € R.
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Proof. Let f € 5'(R). Then for any ¢t € R, we have e_;f € SI(R) and supp
e_¢f =supp f. Also we have

Fs (D) = ((Jeef)(@), dlx)) = / (c—ef * ) (x) du

- /R<e_tf*¢ @)1y — ) de = ((e—of ) * 1)(y) (Vy € R)

(

= (eftf*(ﬂﬂ*l))(y): ((e—tf)(s), (% 1)(y — 9))
((e—ef)(s), Jply — s — v)1(v) dv) = (e~ f)(s), [gb(v) dv)

= ((e=ef)(s),1(8)) = (f(s),e7") = f(1).

This completes the proof. O

Remark 3.6. Note that the above result is also true for every t € C.

Theorem 3.7. Let u € E;. Then for any a € R and ¢ € Z(R), we have
(i) [Fo(raw)](t) = e " [Fy(u)](t).
(i1) [Fy(equ)](t) = [Fy(u)](t — a).
(1) [Fy(u = )](t) = [Fs (w]() [Py ()](E).
(iv) [Fo(u')] = (it)[Fy(u )]( )-

Proof. For any t € R, we have
(i)
[Fy(raw)](t) = Jgle tTau @) (s)ds = [p((e—sTat)(y), d(s — y)) ds
f]R< 7—a _Ztyd)( )> ds
f]R ( —zt(y+a)¢(8 +a— y)> ds_
e_z_m fR(e_tu *¢)(s+a)ds = e [ (e_yux ¢)(s)ds
e " [Fy(u)](t).

(ii)

[Foleaw)](t) = [ple—requx @)(s)ds = [o(uly),e”""=(s —y)) ds
= Jplea—tu*@)(s)ds = [Fy(u)](t — a).

(iii)

[Fy(u* 1)) (t) Jele—i(ux ) x 9)(x) dx = [p e (ux 4 x e,9) () d
Jo e (wr e x ) () da = (ux ) () P(2)
(Jpe ™ (u* erg)(x) dz) W(t)

Jalecux ¢) (@) da () = [Fy(w)](t) [F ()](0).

(iv)
[Fo(u)](t) = Jzle—ru' x )(w)dw = [p e (0 e1¢) () dx
= JpeT " (ux e0) (x) dr = [(ux ) (x)] (¢) 0

(z) da =
(it)[(u * ex) ()] (£). = (it)[Fy(w)](2).

Proposition 3.8. Let A= {u € E;/u € C(R)}, where G denotes the original
distributional Fourier transform of u. Then, [Fy(u)|(t) = u(t) for all t € R.
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Proof. Let u € A, and let ¢ € R. Now for ¥ € Z(R), we have

(uxed), 1) = (u*ep, ) = < % (ft¢)>

¢(€t¢)c>

Since both (u * e;@)” and (e )t are continuous functions we must have

(ux*ed)(s) = (erd)(s) i(s) for any s € R.

Thus we have

(3-2) [Fo()(t) = (u i) (t) = a(t)(ecd)(t) = @(t)$(0) = a(t).

This completes the proof. O

Remark 3.9. In the previous proposition, the continuity of G is used to obtain
(B2) for all t € R. But (B2) holds true for almost all t € R if we assume 4 as
a regular distribution instead 4 € C(R).

Theorem 3.10. Let u € E; N (R). Then ([Fy(u)](t),¥(t)) = (a(t),¥(t)) for
all 4 € D(R).

Proof: Let u € E; N./(R) and let ¢ € 2(R) with suppp = K. Consider
(3.3)

(sl w0} = [ veirsald = [ oo ([ euxo i)

Put H(z,t) = ¥(t)(e_ux* ¢)(z) = ¥(t)e ¥ (u* e;¢)(z). Then H : R x R — C
is continuous and hence it is Borel measurable (since (i) (z,t) — ¢t — ¥(t) is
continuous, (ii) (x,t) — —itz — e %% is continuous and (iii) (x,t) — €Y p(x —
y) — (u(y), e é(x — y)) is continuous).

Next we claim that one of the iterated integrals, namely

(3.4 L ([ e e aowia) a

is finite. Define G(x,t) = |¢(t)||(e—tu * &) (z)| = |¥(¢)]|(u * e;d)(2)|. Then for
each real xz, G(z,t) as a function of ¢ is continuous on R (Note that t — [1)(1)]
is continuous and the mapping 7 +— w * 7 is continuous from Z into C*(R)).
Thus there exists to € K such that G(z,t) < G(x,to) for all t € K. i.e.,

[P @O |(u* ed) ()] < |9 (to)|[(u+ ety @) (), Vi€ K.
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Using this fact in (B3), we get that

[ ([ s asowia)

< /(/ 1 (to) u*etoqﬁ)(a:ndt)dx
< M/\ Wk ey ) ()] da with M = ¢ (to) | m(K)
<

M [ (emgyuné)(a)|do
R
< 400, since u € Ej.

Thus, we can change the order of the integration in (B33) to get

([Fp(w)](2), ()

_ /R ( /K w(t) (e_tu*qi))(a:)dt) da

/ </ (u(y), v(t)e™ "o (z —y)) dt) dx (using Pettis integral)

/ /w “it(z — y) dt) da

(35) = / (u(y), D)o — p)) d.

Now we claim that [, (u(y), ¥ (y)p(x — y)) dx y), f 0 —y)dz) =

(u(y), (y)), since Jg O(x)dx = 1. A A A
Choose a sequence 1, € . such that ¢, € 2 and v, — 1 as n — oo in
7. Using Pettis integral for each n we get,

/<U(y), bn(y)d(a —y)) do = <U(y),/ Un(y)p(x — y) dz) = (u(y), ¥n(y)).
R R

(Note that for each fixed y € R, supp @En(y)d)(x —y) is compact, and hence the
above Pettis integral exists). Taking limit as n — oo and using the fact that
u €. we get that

(3.6)  lim [ (u(y),dn(y)d(z —y))dz = lim (u(y),vn(y)) = (u(y),v(y)).

n—oo R n—oo

Next we clalm that .
T fo{u(y), G ()6 — y) de = f; T (u(y), Sy — ) dr.

To prove thls claim we have to verify the hypothesis of Lebesgue Dominated
Convergence Theorem for the sequence {{u(y),¥n(y)d(x — y))}. Now

(u(y), vn()d(z — 1)) = (Puu)(y), (x — y)) = (hnu * ¢)(z)

implies that as a function of x, (u(y), ¢, (y)¢(z—y)) is continuous and hence it is
measurable for each n. Also, for each fixed 2 € R, the sequence {1, (y)d(x—y)}
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converges to 1[)(y)¢(x y) in . (Note that Un — ¥ asn — oo in . and o(x—y)
as a function of y is in 2 and hence ¢(z — y)tn(y) — d(x — y)ih(y) as n — oo
in ). Hence (u(y), 6(z — 1)du(y)) — (u(y), 6@ — y)(y)) as n — oc. Thus
we have established the fact that a point-wise limit exists. Next we shall show
that this sequence of L!-functions is dominated by some L!-function. For this
we shall first show that

(3.7) (14 2?)[(u(y), ¢x — y)bn(y)) — (u(y), d(x — y)¥(y))| = 0 as n — oc.

If this is done, then we have a stage N such that for all n > N, we have

[(u(y), o(z = y)Pu(y))] = Kuly), oz — y)¢(y))| )

< [u(y), ¢(x = y)ibn(y)) — (u(y), ¢(z — y)(y))|
< 1722 € L'(R).

The above argument also shows that as a function of z, (u(y), d(z —y)(y))
is in LY(R) since zﬁnu is in Ej, as it is a compactly supported distribution for
each n.

To prove (B7), this it is enough to show that (1 + z2)¢(z — y)in(y) —
(14 22)é(x — y)Y(y) as n — oo in 7 (consider them as functions of y). Now

(1+2*)(L+ [y) VD [dny) — D(W)]o(x — )|
< (+lz—y+yP YA+ DY Y caslD* Plbaly) — Pl [DPé(x — y)]

B<La
< M+ [z =y + P Y ol DO P n(y) — W) Doz — y)]
BLla
= Mi(L+ )Y capl D P[dny) — bW A+ |z — y[) Dz —y)|
B<la
< ML+ [yP)N TS egca s D Pl (y) — Y ()|
BLla

where c5 = sup |¢(? (2)|(1 + |2]?)
z€R
= MY cpcap(l+ [y )N THD Pl (y) — d(y)]]
B
< MlMaﬁHi[)n(y) — z/AJ(y)HNH — 0 as n — oo.
Thus (1 + 22)¢(z — y)hn(y) = (1 + 22)d(z — y)ib(y) as n — oo in .7. Hence

(B). Thus all requirement for changing the limit under the integral sign has
been established and hence we have proved that

@8)m [ (u(y), du(y)d@ —y))dz = / lim (u(y), B (9)d(x — 1)) da

n—oo R n—oo

- / (ul(y), D(y)o(x — y)) d.

Using (8B) and (BM) in (BH), we get that
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([Fs(w](t),(t)) = [zlu(y), %/AJ(y)Qﬁ(l“ -y
= lim fR<U(y)Ml)n(y)¢
= (u(y), d(y)) = (aly), ¥(y))-

Hence our result is proved.

Theorem 3.11. If F lies in the range of the ¢-Fourier transform then there
exists a sequence {fn} in C such that f, = F asn — oo in 2 (R).

Proof. Let F(t) = [Fy(u)](t) for some u € E;. Define

n

gn(z) = /n ( — |t|> F(t)e'™® dt, (z €R).

—-n

Then it is clear that g,(Lk) (x) € Op(R) for all k =0,1,2,... (since for each k,
g,(zk) is the Fourier transform of some compactly supported distribution). For
each n choose f, € . (R) such that f, = g,. Hence f,, € C for n € N. Now,

for any ¢ € 2(R), we have the following equality

(fn(2), 9(2)) (G (), (@) = (gn(2), () = / gn () () da

R

Changing the order of integration we get

utor vt | (1) e ([ dtarer e ) - / (-1 i

Since supp ) is compact we have

lim (£ (1), ()= lim (1 - '“) P00(6) di= | FOu(0) di=(F(0).6(0).

n—00 n—>00 n R
—n

This proves that f, — F as n — oo in 2 (R). O
Theorem 3.12. Suppose u € E; such that

(1+22) (gou* ¢)(z) = (14 2%) (gu * ¢)(x) as n — oo,
uniformly on R, whenever g%k) (z) — g®¥)(x) as n — oo uniformly on R for
every k = 0,1,2,.... Then f, = u as n — oo in 2 (R), where f,(x) =

[ [Fsul(t)eits dt.

—n



Integrable distributions and ¢-Fourier transform 35
Proof. Let v € P(R) with suppyp = K. Using Fubini’s theorem, wherever

required we have

n

(fa(x),9(x)) = [ falz)p(z)de = f¢(x) (_f [Fyu](t)e™ dt | da
S [Fsul(t ([[1/1 gite dx) dt = f [Fyu] (£)0(t) dt
(1) (fyle—vu * 0) () ) dt

3
3

= |z } 12(75) (e_tu* ¢)(x) dt) dx

3

= ) f“(eityi/j(t)aﬁ(x—y))dt) dz.

Now using the Pettis integral, we get
(fn(x), ¥(x)) = D{u <¢>(fr -y) _}L D(t)e ity dt) dx

= (6~ only)) v, where guly) = [ D) de
ggnu((ﬁ(x —y))dz = f]R(gnu * ¢)(z) dx

Es

It is clear that g () (m) (x) as n — oo uniformly on R for every
k = 0,1,2,... where g(z fR e dt = i(x). Thus (1 + 22) (gou *
®)(z) = (1 + 22) (gu * ¢)( ) as n —> oo uniformly on R. This will imply that
gnt x ¢ € LY(R) for all sufficiently large n and the hypothesis of Lebesgue
dominated convergence theorem is also satisfied. Hence we have

nhﬂngo<fn (x),¥(z)) = nhﬁngoﬂggnu(qs(x —y))dz = fR(gnu * ¢)(x) do
= Jp Jim (gnuxo)(@)dz = [y(gu¢)(w)de
= Jp(Wu=*¢)(z)dx = Jpu@(y)o(z —y))dx
= (u(x),¥(x)), (using Pettis integral).
This completes the proof. O
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