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LOCAL CLOSURE FUNCTIONS IN IDEAL
TOPOLOGICAL SPACES

Ahmad Al-Omari®? and Takashi Noiri?

Abstract. In this paper, (X, 7,Z) denotes an ideal topological space.
Analogously to the local function [?], we define an operator I'(A)(Z, 7)
called the local closure function of A with respect to Z and 7 as fol-
lows: T(A)(Z,7) ={z € X : ANCI(U) ¢ T for every U € 7(x)}. We
investigate properties of I'(A)(Z, 7). Moreover, by using I'(4)(Z, 1), we
introduce an operator ¥r : P(X) — 7 satisfying Ur(4) = X —T'(X — A)
for each A € P(X). Weset c ={AC X : AC ¥r(A)} and oo = {A C
X : AC Int(Cl(¥r(A)))} and show that 79 C o C oo.
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1. Introduction and preliminaries

Let (X, 7) be a topological space with no separation properties assumed. For
a subset A of a topological space (X, 1), Cl(A) and Int(A) denote the closure
and the interior of A in (X, 7), respectively. An ideal Z on a topological space
(X, 7) is a non-empty collection of subsets of X which satisfies the following
properties:

1. AeZ and B C A implies that B € 7.
2. AeZ and B € 7 implies AUB € 7.

An ideal topological space is a topological space (X, 7) with an ideal Z on X
and is denoted by (X, 7,Z). Forasubset AC X, A*(Z,7)={z € X: ANU ¢ T
for every open set U containing z} is called the local function of A with respect
to Z and 7 (see [, [2]). We simply write A* instead of A*(Z, 7) in case there is
no chance for confusion. For every ideal topological space (X, 7,Z), there exists
a topology 7*(Z), finer than 7, generating by the base 3(Z,7) ={U—-J:U €T
and J € Z}. Tt is known in Example 3.6 of [2] that 5(Z,7) is not always a
topology. When there is no ambiguity, 7*(Z) is denoted by 7*. Recall that A is
said to be *-dense in itself (resp. 7*-closed, *-perfect) if A C A* (resp. A* C A,
A = A*). For a subset A C X, Ci*(A) and Int*(A) will denote the closure
and the interior of A in (X, 7*), respectively. In 1968, Velicko [G] introduced
the class of f-open sets. A set A is said to be f-open [f] if every point of A
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has an open neighborhood whose closure is contained in A. The 6-interior [f]
of A in X is the union of all -open subsets of A and is denoted by Ints(A).
Naturally, the complement of a #-open set is said to be 6-closed. Equivalently,
Clg(A)={z e X : Cl(U)N A # ¢ for every U € 7(z)} and a set A is O-closed
if and only if A = Cly(A). Note that all -open sets form a topology on X
which is coarser than 7, and is denoted by 79 and that a space (X, 7) is regular
if and only if 7 = 79. Note also that the #-closure of a given set need not be a
0-closed set.

In this paper, analogously to the local function A*(Z, 1), we define an op-
erator I'(A)(Z, ) called the local closure function of A with respect to Z and
7 as follows: T(A)(Z,7) = {z € X : ANCI{U) ¢ T for every U € 7(x)}.
We investigate properties of I'(A)(Z, 7). Moreover, we introduce an operator
Ur : P(X) — 7 satisfying Ur(A4) = X —T'(X — A) for each A € P(X). We
set c={ACX:ACUp(A)}andog ={AC X : AC Int(Cl(¥r(A4)))} and
show that 79 C o C oy.

2. Local closure functions

Definition 2.1. Let (X,7,Z) be an ideal topological space. For a subset A of
X, we define the following operator: I'(A)(Z,7) ={z € X : ANCI({U) ¢ T for
every U € 7(x)}, where 7(x) = {U € 7 : & € U}. In case there is no confusion
I'(A)(Z,7) is briefly denoted by T'(A) and is called the local closure function of
A with respect to Z and 7.

Lemma 2.2. Let (X,7,7) be an ideal topological space. Then A*(Z,7) C
T(A)(Z,7) for every subset A of X.

Proof. Let x € A*(Z,7). Then, ANU ¢ Z for every open set U containing .
Since ANU C ANCIU), we have ANCI(U) ¢ Z and hence z € T'(A)(Z, 7).
U

Example 2.3. Let X = {a,b,¢,d}, 7 = {¢, X, {a,c},{d},{a,c,d}}, and T =
{#,{c}}. Let A={b,c,d}. Then I'(A) = {a,b,c,d} and A* = {b,d}.

Example 2.4. Let (X, 7) be the real numbers with the left-ray topology, i.e.
T = {(—00,a) : a € X} U{X,¢}. Let Z; be the ideal of all finite subsets of
X. Let A =1[0,1]. Then T'(A) = {z € X : ANCI(U) = A ¢ Iy for every
Uer(x)} =X and —1 ¢ A* which shows A* C T'(4) .

Lemma 2.5. Let (X,7) be a topological space and A be a subset of X. Then
1. If A is open, then CI(A) = Clp(A).
2. If A is closed, then Int(A) = Intg(A).

Theorem 2.6. Let (X, 1) be a topological space, T and J be two ideals on X,
and let A and B be subsets of X. Then the following properties hold:

1. If AC B, then T(A) CT(B).
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2. IfTC J, then T(A)(Z) 2 T(A)(J).

3. T(A) = CI(T'(A)) C Cly(A) and T(A) is closed.

4. If AC T(A) and T(A) is open, then T'(A) = Clg(A).
5. If A€ T, then T(A) = 0.

Proof. (1) Suppose that z ¢ I'(B). Then there exists U € 7(z) such that
BNCI(U) € Z. Since ANCI(U) C BNCI(U), ANCI(U) € Z. Hence x ¢ I'(A4).
Thus X \T'(B) C X \T'(A4) or T'(4) CT'(B).

(2) Suppose that = ¢ T'(A)(Z). There exists U € 7(z) such that ANCI(U) € T.
SinceZ C J, ANCL(U) € J and x ¢ T'(A)(J). Therefore, I'(A)(J) CT(A)(Z).
(3) We have I'(A) C CI(I'(A)) in general. Let x € CI(I'(A)). Then I'(A)NU # 0
for every U € 7(x). Therefore, there exists some y € I'(A) NU and U € 7(y).
Since y € T'(A), ANCI(U) ¢ Z and hence x € T'(A). Hence we have CI(T'(A)) C
I'(A) and hence T'(A) = CU(T'(A)). Again, let 2 € CI(T'(A)) = T'(A), then
ANCIU) ¢ T for every U € 7(z). This implies AN CI(U) # () for every U €
7(z). Therefore, x € Clg(A). This shows that I'(A)(Z) = CI(T'(A)) C Cly(A).
(4) For any subset A of X, by (3) we have I'(4A) = CII'(A)) C Cly(A).
Since A C T'(A) and T'(A4) is open, by Lemma B3, Cly(A) C Cly(T'(4)) =
CI(T'(A)) =T(A) C Cly(A) and hence T'(A) = Cly(A).

(5) Suppose that x € I'(A). Then for any U € 7(x), ANCI(U) ¢ . But since
AeZ ANCIUU) € T for every U € 7(x). This is a contradiction. Hence
I'(4) = 0. O

Lemma 2.7. Let (X,7,Z) be an ideal topological space. If U € 19, then
UNT(A)=UNT(UNA) CT(UNA) for any subset A of X.

Proof. Suppose that U € 79 and z € UNT(A). Then z € U and = € I'(A4).
Since U € 7y, then there exists W € 7 such that x € W C CI(W) C U. Let
V be any open set containing z. Then VN W € 7(x) and CI(VNW)NA¢ T
and hence CI(V)N (U N A) ¢ Z. This shows that z € I'(U N A) and hence we
obtain U NT(A) C T(U N A). Moreover, U NT(A) CUNT({U N A) and by
Theorem EBT(UNA) CT(A) and UNT(UNA) C UNT(A). Therefore,
UNT(A) = UNDUN A). 0

Theorem 2.8. Let (X, 7,Z) be an ideal topological space and A, B any subsets
of X. Then the following properties hold:

1. T(0) = 0.
2. D(A)UT(B) = (AU B).

Proof. (1) The proof is obvious.

(2) It follows from Theorem EMA that I'(AU B) 2 I'(A) UT'(B). To prove the
reverse inclusion, let © ¢ I'(4) UT'(B). Then z belongs neither to I'(A) nor
to I'(B). Therefore there exist U,, V,, € 7(x) such that Cl(U,) N A € T and
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Cl(Vy)NB € I. Since 7 is additive, (Cl(U;)NA)U(CI(V,)NB) € Z. Moreover,
since Z is hereditary and

(ClUU) N A) U (CU(Vz) N B) = [(Cl(Uz) N A) UCL(Vz)] N [(CL(U;) N A) U B
= (CUUL)UCI(Vy)) N (AUCUV,)) N (ClL(U,) UB)N (AU B)
2 Cl(U,NV,) N (AU B),

ClU, NnV,)N(AUB) € Z. Since U, NV, € 7(z), = ¢ (AU B). Hence
(X\T(A)N(X\T'(B)C X\T(AUB) or T(AUB) CT(A)UT(B). Hence we
obtain I'(4) UT(B) =T'(AU B). O

Lemma 2.9. Let (X,7,7) be an ideal topological space and A, B be subsets of
X. ThenT(A) —T(B)=T(A - B) —T'(B).

Proof. We have by Theorem PR I'(A) =T[(A—-B)U(ANB)|=T(A—-B)U
I'(ANB) C (A — B)UT(B). Thus I'(4) — I'(B) C I'(A — B) — I'(B). By
Theorem P@, I'(A — B) CT'(A) and hence I'(A — B) —I'(B) C T'(A) — I'(B).
Hence I'(4) - I'(B) =T'(A — B) — I'(B). O

Corollary 2.10. Let (X, 7,Z) be an ideal topological space and A, B be subsets
of X with B€Z. ThenT(AUB)=T(A)=T(A- B).

Proof. Since B € I, by Theorem P@ I'(B) = (. By Lemma P39, I'(A)
I'(A — B) and by Theorem PR T(AUB) =T(4)UT(B) =T(A)

O

3. Closure compatibility of topological spaces

Definition 3.1. [d] Let (X, 7,Z) be an ideal topological space. We say the
is compatible with the ideal Z, denoted 7 ~ Z, if the following holds for every
A C X, if for every x € A there exists U € 7(z) such that U N A € Z, then
Ael.

Definition 3.2. Let (X, 7,7) be an ideal topological space. We say the 7 is
closure compatible with the ideal Z, denoted 7 ~r Z, if the following holds for
every A C X, if for every x € A there exists U € 7(x) such that CI(U)NA € Z,
then A € 7.

Remark 3.3. If 7 is compatible with Z, then 7 is closure compatible with Z.

Theorem 3.4. Let (X, 7,Z) be an ideal topological space, the following prop-
erties are equivalent:

1. T~ Z;

2. If a subset A of X has a cover of open sets each of whose closure inter-
section with A is in I, then A € Z;

3. For every A C X, ANT(A) = 0 implies that A € I;
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4. For every AC X, A-T(A) e Z;

5. For every A C X, if A contains no nonempty subset B with B C T'(B),
then A € T.

Proof. (1) = (2): The proof is obvious.
(2) = (3): Let AC X and x € A. Then = ¢ T'(A) and there exists V,, € 7(x)
such that Cl(V,)NA € Z. Therefore, we have A C U{V, : z € A} and V,, € 7(x)
and by (2) A€ .
(3) = (4): Forany AC X, A—T(A) C Aand (A—T(A)NT(A-T(A)) C
(A—T(A)NT(A) =0. By (3), A—T(4) € L.
(4) = (5): By (4), for every A C X, A—-T(A) € Z. Let A-T(A) =J €
Z, then A = JU(ANT(A)) and by Theorem PR(2) and Theorem PA(5),
I'A) =T(J)UT(ANT(A)) =T (ANT(A)). Therefore, we have ANT(A) =
ANT(ANT(A) C T(ANT(A) and ANT(A) C A. By the assumption
ANT(A) =0 and hence A=A —-T(A) € Z.
(5) = (1): Let A C X and assume that for every x € A, there exists U € 7(x)
such that CI(U)NA € Z. Then ANT(A) = 0. Suppose that A contains B such
that B C I'(B). Then B = BNI(B) C ANT(A) = (). Therefore, A contains
no nonempty subset B with B C TI'(B). Hence A € 7.

O

Theorem 3.5. Let (X,7,Z) be an ideal topological space. If T is closure
compatible with I, then the following equivalent properties hold:

1. For every AC X, ANT(A) =0 implies that T'(A) = 0;
2. For every AC X, T(A—-T(A)) =0;
3. For every AC X, T(ANT(A)) =T(A).
Proof. First, we show that (1) holds if 7 is closure compatible with Z. Let A be
any subset of X and ANT(A) = 0. By Theorem B3, A € Z and by Theorem
Za (5) I'(4) = 0.
(1) = (2): Assume that for every A C X, ANT(A) = () implies that ['(4) = 0.
Let B= A —T(A), then
BAT(B) = (A—T(A)) NT(A - T(4))
= (ANX -T(A)nTAN(X - F( )
ClANX =T(A)N[IA) N(TX -T(A)))]
By (1), we have I'(B) = (). Hence I'(A — F( )) = 0.
(2) = (3): Assume for every A C X, I'(A —T(A)) = 0.
A=(A- F( ))U(ANT(A))
I'(A) =T[(A-T(A) U(ANT(A4))]
(A= T(4) UT(ANT(A)
=T(ANT(A)).
(3) = (1): Assume for every A C X, ANT(A) =0 and T(ANT(A)) =T(A).
This implies that () = I'(0) = I'(A). O

0.
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Theorem 3.6. Let (X,7,7) be an ideal topological space, then the following
properties are equivalent:

1. Cl(T)NZT =0, where Cl(t) ={CI(V) : V € 7};
2. If 1 € Z, then Into(I) = 0;

3. For every clopen G, G CT'(G);

4. X =T(X).

Proof. (1) = (2): Let Cl(tr)NZ = () and I € Z. Suppose that x € Inty(I).
Then there exists U € 7 such that « € U C CI(U) C I. Since I € Z and hence
0 # {z} C CIU) € Cl(t)NZ. This is contrary to Cl(7) NZ = @. Therefore,
Intg([) = @
(2)= (3): Let z € G. Assume z ¢ I'(G), then there exists U, € 7(z) such that
GNCl(U,) € T and hence GNU, € Z. Since G is clopen, by (2) and Lemma
P38, 2 € GNU, = Int(GNU,) C Int(GNCUUy,)) = Inty(GN CILU,)) = 0.
This is a contradiction. Hence z € I'(G) and G C T'(G).
(3)= (4): Since X is clopen, then X =T'(X).
D= 1) X=TX)={zec X :Cl(U)NX =CI(U) ¢ T for each open set U
containing z}. Hence Cl(T)NZ = 0.

O

Theorem 3.7. Let (X, 7,7) be an ideal topological space, T be closure compat-
ible with Z. Then for every G € 19 and any subset A of X, CI(T'(GN A)) =
INGNA)CT(GNT(A)) CCly(GNT(A)).

Proof. By Theorem B3H(3) and Theorem PA, we have I'(GNA) = I'((G N
A)NT(GNA)) CT(GNT(A)). Moreover, by Theorem BB, CI(T'(GN A)) =
[(GNA)CT(GNT(A)) C Clg(GNT(A)). O
4. VUr-operator

Definition 4.1. Let (X, 7,7) be an ideal topological space. An operator Ur :
P(X) — 7is defined as follows: for every A € X, Up(A) = {x € X : there exists
U € 7(x) such that CI(U) — A € T} and observe that Up(A) = X —T'(X — A).

Several basic facts concerning the behavior of the operator Ur are included
in the following theorem.

Theorem 4.2. Let (X,7,Z) be an ideal topological space. Then the following
properties hold:

1. If AC X, then ¥r(A) is open.
2. If AC B, then Up(A) C Ur(B).
3. If A,B € P(X), then (AN B) = Up(A) N ¥ (B).

4. If AC X, then Up(A) = Up(Ur(A)) if and only if
[(X — A)=T(I'(X — A)).
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5. If A€ T, then Up(A) = X — I'(X).

6. IfAC X, I€T, then Up(A—1I) = TUp(A).

7. IfAC X, I €T, then Up(AUT) = Up(A).

8. If (A= B)U (B — A) € T, then Up(A) = Up(B).

Proof. (1) This follows from Theorem P& (3).
(2) This follows from Theorem B8 (1).

3)
\IJ(AmB) I'X - (AN B))
F[(X A) U (X - B)]
- (X —-A4) UF(X B)]
[ MY =A)N[X -T(X - B)

—\IIF(A) N (B).
(4) This follows from the facts:
1. Up(A) = X —T(X — A).
2. Up(Pr(A)) =X -TX - (X-T(X-4)]=X-TT(X - A4).

(5) By Corollary P10 we obtain that I'(X — A) =T'(X) if A€ Z.

(6) This follows from Corollary ZI0 and Up(A—-1) =X -T[X —(A—-1)] =
X-T[(X-Aull=X-T(X - A)=Up(4).

(7) This follows from Corollary 0 and Ur(AUI) =X —T[X — (AUI)] =
X-T[(X-A)-I=X-T(X—-A)=Tp(4).

(8) Assume (A—B)U(B—-A)eZ. Let A—B=1Iand B— A=J. Observe
that I, J € Z by heredity. Also observe that B = (A —I)UJ. Thus ¥p(A) =
Ur(A-I)=T[(A-1)UJ]=Tr(B) by (6) and (7). O

Corollary 4.3. Let (X,7,7) be an ideal topological space. Then U C ¥r(U)
for every 0-open set U C X.

Proof. We know that ¥p(U) = X -T'(X -U). NowI'(X-U) C C
X —U, since X —U is f-closed. Therefore, U = X —(X-U) C X — (X -U) =
Ur(U). O

Now we give an example of a set A which is not #-open but satisfies A C
Ur(A).

Example 4.4. Let X = {a,b,¢,d}, 7 = {¢, X, {a,c},{d},{a,c,d}}, and T =
{¢,{b},{c},{b,c}}. Let A = {a}. Then ¥r({a}) = X —T'(X — {a}) = X —
I'({b,c,d}) = X — {b,d} = {a,c}. Therefore, A C Up(A), but A is not #-open.

Example 4.5. Let (X, 7) be the real numbers with the left-ray topology, i.e.
T = {(—00,a) : a € X} U{X,¢}. Let Z; be the ideal of all finite subsets of
X. Let A =X —{0,1}. Then ¥p({4}) = X —T'({0,1}) = X. Therefore,
A C Ur(A), but A is not f-open.
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Theorem 4.6. Let (X,7,7) be an ideal topological space and A C X. Then
the following properties hold:

1. Up(A)=U{U er:Cl(U) - AeT}.
2. Up(A) DUW{U er: (Cl(U)-A)U(A-CLU)) eI}

Proof. (1) This follows immediately from the definition of ¥p-operator.
(2) Since 7 is heredity, it is obvious that U{U € 7 : (CI(U)—-A)U(A-CI(U)) €
I} CUWUer:Cl(U)—AeT} =Tp(A) for every A C X. O

Theorem 4.7. Let (X,7,Z) be an ideal topological space. If o = {A C X :
A CUr(A)}. Then o is a topology for X.

Proof. Let 0 = {A C X : A C Up(A)}. Since ¢ € Z, by Theorem BEB(5)
I'(¢)=¢and Up(X) =X —-T(X - X) =X —T(¢) = X. Moreover, Ur(¢) =
X -T(X —¢) = X — X = ¢. Therefore, we obtain that ¢ C Up(¢) and
X CUp(X) =X, and thus ¢ and X € 0. Now if A, B € o, then by Theorem
B2 ANB C Ur(A) N¥r(B) = Ur(AN B) which implies that AN B € o. If
{4, : a € A} C o, then A, C ¥r(A,) C Ur(UA,) for every a and hence
UA, C Up(UA,). This shows that o is a topology. O

Lemma 4.8. If either A € 7 or B € 7, then Int(Cl(AN B)) = Int(CI(A)) N
Int(Cl(B)).

Proof. This is an immediate consequence of Lemma 3.5 of [A]. O

Theorem 4.9. Letog = {A C X : A C Int(Cl(Vr(A)))}, then o is a topology
for X.

Proof. By Theorem BE3, for any subset A of X, ¥r(A) is open and o C oy.
Therefore, §, X € 09. Let A, B € 0g. Then by Lemma E= and Theorem
B2, we have AN B C Int(Cl(Tr(A))) N Int(ClL(Tr(B))) = Int(ClL(Tp(A4) N
Ur(B))) = Int(Cl(Yr(A N B))). Therefore, AN B € ogy. Let A, € oy for
each @ € A. By Theorem B3, for each o € A, A, C Int(Cl(Yr(4,))) C
Int(Cl(Yr(UA,))) and hence UA, C Int(Cl(¥r(UA,))). Hence UA, € oy.
This shows that oq is a topology for X. O

By Theorem BE=4 and Corollary E=3 the following relations holds:

f-open —— open

|

0-open —— op-open

Remark 4.10. 1. In Example B4, A is o-open but it is not open. Therefore,
every op-open set is not open.



Local closure functions in ideal topological spaces 147

2. Let X = {aa b, C} with 7 = {(Z)v {a’}v {b}v {av b}v {av C}a X} and Z = {¢a {(L}}
be an ideal on X. We observe that {a} is open but it is not op-open sets,
since Ur({a}) = X —T({b,c}) = X — X = ¢. Also, {c} is not open but
it is o-open set, since Ur({c}) = X —T'({a,b}) = X — {b} = {a,c}.

3. Question: Is there an example which shows that o g oo 7.

Theorem 4.11. Let (X, 7,Z) be an ideal topological space. Then 7 ~r I if
and only if Yp(A) — A €T for every A C X.

Proof. Necessity. Assume 7 ~r Z and let A C X. Observe that z € Up(A4)— A
if and only if x ¢ A and = ¢ T'(X — A) if and only if 2 ¢ A and there exists
U, € 7(z) such that Cl(U,) — A € T if and only if there exists U, € 7(x)
such that © € Cl(U,) — A € Z. Now, for each z € Up(A) — A and U, € 7(z),
Cl(Uz)N(¥r(A)—A) € T by heredity and hence ¥r(A)— A € Z by assumption
that 7 ~p Z.

Sufficiency. Let A C X and assume that for each x € A there exists
U, € 7(x) such that CI(U,) N A € Z. Observe that Up(X — A) — (X — A) =
A —T(A) = {x : there exists U, € 7(x) such that x € Cl(U,) N A € Z}. Thus
we have A C ¥p(X — A) — (X — A) € Z and hence A € T by heredity of Z. O

Proposition 4.12. Let (X,7,Z) be an ideal topological space with 7 ~p I,
A C X. If N is a nonempty open subset of T'(A)NUr(A), then N— A €T and
CI(N)NA¢T.

Proof. f N CT(A)NWYr(A), then N — A C ¥p(A) — A € Z by Theorem ETI1
and hence N — A € 7 by heredity. Since N € 7 — {¢} and N C T'(A4), we have
CI(N)N A ¢ T by the definition of T'(A). O

In [B], Newcomb defines A = B [mod Z] if (A—B)U (B — A) € T and
observes that = [mod Z] is an equivalence relation. By Theorem B2 (8), we
have that if A = B [mod Z], then Ur(A4) = ¥r(B).

Definition 4.13. Let (X,7,Z) be an ideal topological space. A subset A of
X is called a Baire set with respect to 7 and Z, denoted A € B,.(X,7,7), if
there exists a #-open set U such that A = U [mod Z].

Lemma 4.14. Let (X, 7,Z) be an ideal topological space with 7 ~p Z. If U,
Vet and Up(U) = Up(V), then U =V [mod Z].

Proof. Since U € 1y, by Corollary B=3 we have U C Ur(U) and hence U -V C
Upr(U) =V = ¥p(V) =V € T by Theorem HETIN. Therefore, U — V € T.
Similarly, V—U € Z. Now, (U—-V)U(V —U) € T by additivity. Hence U =V
[mod Z]. O

Theorem 4.15. Let (X,7,7) be an ideal topological space with 7 ~p Z. If A,
B e B.(X,7,T), and Ur(A) = ¥p(B), then A= B [mod Z].
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Proof. Let U,V € 7y be such that A = U [mod Z] and B = V [mod Z]. Now
Ur(A) = ¥p(U) and ¥r(B) = (V) by Theorem BE2(8). Since ¥r(4) =
Ur(B) implies that r(U) = ¥r(V) and hence U = V [mod Z] by Lemma
BT4. Hence A = B [mod Z] by transitivity. O

Proposition 4.16. Let (X, 7,Z) be an ideal topological space.

1. If B € B.(X,7,T) — I, then there exists A € 19 — {¢} such that B = A
[mod Z].

2. Let Cl(1)NZT = ¢, then B € B.(X,7,Z) — I if and only if there exists
A €1y —{p} such that B= A [mod I].

Proof. (1) Assume B € B,.(X,7,7) —Z, then B € B,.(X,7,Z). Hence there
exists A € 7y such that B = A [mod Z]. If A = ¢, then we have B = ¢ [mod
7]. This implies that B € Z which is a contradiction.

(2) Assume there exists A € 19 — {¢} such that B = A [mod Z], hence by
Definition B3, B € B,(X,7,Z). Then A = (B — J)U I, where J = B —
Al =A—-BeZ If BeZ, then A € T by heredity and additivity. Since
A € 19— {¢}, A # ¢ and there exists U € 7 such that ¢ # U C CI(U) C A.
Since A € Z, Cl(U) € Z and hence Cl(U) € Cl(7) NZ. This contradicts that
Cl(r)NZ = ¢. O

Proposition 4.17. Let (X, 7,Z) be an ideal topological space with TNT = ¢.
If Be B.(X,7,Z) —Z, then Up(B) N Inty(T'(B)) # ¢.

Proof. Assume B € B,.(X,7,Z) — Z, then by Proposition ETH(1), there exists
A € 19 — {¢} such that B = A [mod Z]. By Theorem BE and Lemma [,
A=ANX = ANT(X) CT(ANX) =T(A). This implies that ¢ # A CT'(A) =
I'((B—J)JUI) =T(B), where J = B—A,I = A—B € T by Corollary E10. Since
Aemy, AC Inty(I'(B)). Also, ¢ # A C ¥p(A) = Up(B) by Corollary £3
and Theorem HBA(8). Consequently, we obtain A C Ur(B) N Inte(T'(B)). O

Given an ideal topological space (X, 7,Z), let U(X,7,Z) denote {4 C X :
there exists B € B,(X,7,Z) — Z such that B C A}.

Proposition 4.18. Let (X, 7,Z) be an ideal topological space with T NI = ¢.
If 7 = 19, then the following statements are equivalent:

1. AeuU(X,n,1);

Ur(A) N Intg(T(A)) # ¢;

Ur(A) NI(A) # ¢;

Ur(A4) # ¢;

Int.(4) # ¢;

There exists N € 7 — {¢} such that N— A€ T and NN A ¢ T.
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Proof. (1) = (2): Let B € B,(X,7,Z)—Z such that B C A. Then Inty(I'(B)) C
Inty(T'(A)) and Ur(B) C ¥r(A) and hence Inty(I'(B))NVr(B) C Inte(T'(A))N
Ur(A). By Proposition B4, we have Ur(A) N Inty(T'(A)) # .

(2) = (3): The proof is obvious.

(3) = (4): The proof is obvious.

(4) = (5): If ¥p(A) # ¢, then there exists U € 7 — {¢} such that U — A € .
Since U ¢ Zand U = (U—-A)U(UNA), we have UNA ¢ Z. By Theorem B3,
PFUNA) CIp(U)NA=Vp(U-AUUNA))NA=Ip(UNA)NAC
Ur(A)N A= Int.(A). Hence Int.(A) # ¢.

(5) = (6): If Int.(A) # ¢, then by Theorem 3.1 of [2] there exists N € 7—{¢}
and I € Zsuchthat g # N—1 C A. Wehave N—A€Z, N = (N-A)U(NNA)
and N ¢ Z. This implies that NN A ¢ 7.

(6) = (1): Les B=NNA¢Zwith N € 719—{¢} and N—A € Z. Then
BeB.(X,7,I)—ZIsince B¢Zand (B—N)U(N—-B)=N-A¢€T. O

Theorem 4.19. Let (X, 7,7) be an ideal topological space with T ~1 I, where
Cl(t)NZ = ¢. Then for AC X, Up(4) CT(A).

Proof. Suppose x € ¥r(A) and x ¢ T'(A). Then there exists a nonempty
neighborhood U, € 7(x) such that Cl(U,) N A € Z. Since x € Ur(A), by
Theorem BB x € U{U € 7 : Cl(U) — A € I} and there exists V € 7(x)
and Cl(V) — A € Z. Now we have U, NV € 7(z), CllU;, NV)NA eI
and Cl(U, NV) — A € T by heredity. Hence by finite additivity we have
Cl(U, NnV)NA)U(C(U,NV)=A) =Cl(U,NV) €. Since (U, NV) € 7(x),
this is contrary to Cl(7) NZ = ¢. Therefore, x € T'(A). This implies that
Ur(A) CT(A). O
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