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MEROMORPHIC FUNCTIONS AND THEIR
kth DERIVATIVE SHARE ONLY ONE
SMALL FUNCTION CM

Amer H. H. Al-Khaladi®

Abstract. It is shown that if a non-constant meromorphic function f
and its derivative f*) share one meromorphic small function % 0,00
CM (counting multiplicities), then either T'(r, f*)) = O(N(r, ﬁ)) or
f-=0- ”T_l)(f(k) — ), where px_1 is a polynomial of degree at
most £k —1and 1 — ka” # 0. This result answers Briick’s question and
improves Al-Khaladi’s result.
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1. Introduction and main results

In this paper, by meromorphic function we always mean a function which is
meromorphic in the whole complex plane. We use the notation of the Nevan-
linna theory of meromorphic functions (see [5], [§]). By S(r, f) we denote any
quantity satisfying S(r, f) = o(T'(r, f)) as r — oo, possibly outside a set of r
with finite linear measure. Then the meromorphic function 5 is called a small
function of f if T(r,8) = S(r, f). We say that two non-constant meromorphic
functions f and g share a small function § CM (counting multiplicities) if f— g
and g — B have the same zeros with the same multiplicities. Let k be a positive
integer, and let b be a small function of f or oo, we denote by Ny (r, ﬁ) the
counting function of b-points of f with multiplicity < k and by N(j41(r, ﬁ)
the counting function of b-points of f with multiplicity > k. In the same way we
define Nk)(r, ﬁ) and N(k+1(r, ﬁ) where in counting the b-points of f we ig-
nore the multiplicities (see [R]). Finally we denote by No(r, ﬁ) the counting

function of the zeros of f**1) that are not zeros of f(*), where these zeros are
counted according to their multiplicity while No(r, ﬁ) counts these zeros
only once.

Now we move to the problems of uniqueness of an entire function and its
derivative that share some values. Rubel-Yang (see [6]) proved that if the entire
function f and f’ share two distinct finite values CM then f = f’. In general,
this result is false if f and f’ share only one value. This may be seen in the
examples given in [d]. Now the following question may be raised (see [@]). What
conclusion can be made, if f and f’ share only one value? In 1998, Zhang [9]
answered this question and proved the following:
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Theorem A. Let f be a non-constant meromorphic function. If f and f' share
the value 1 CM, then either f —1 = ¢(f' — 1), where ¢ is a nonzero constant,
or

T(r.f) < 2N (1. 5) + 2N )+ S(r. ).
In 2010 Al-Khaladi [?] improved and generalized this result and proved the
following:

Theorem B. Let f be a non-constant meromorphic function and let 5 # 0, 00
be a meromorphic small function of f. If f and f*) share B CM, then either

_a_ Pk—1 (k) _
(L1) f-p=(1-"5)® - p),
where pp_1 s a polynomial of degree at most k —1 and 1 — Z% Z£0, or

(12) T fY) < G+ )N (r (k+ )N (r, f) + S(r, f).

7+

The aim of this paper is to show that the term involving N(r, f) in (I2)
can be dropped completely if one allows a large factor of N(r,1/f®*)). Note
that in general situation one can omit N(r, f) be adding eT'(r, f) ([@]). In fact,
we shall prove the following theorem:

Theorem 1.1. Let f be a non-constant meromorphic function and let 5 % 0, 0o
be a meromorphic small function of f. If f and f*) share B CM, then either
(M) holds, or

(1.3)
GtV 42) Ny 1/ £R)) 4 S(r, f ) if k> 2

T(r, f*) < 12801/ 1) + S(r, f) ifk=1and B #0

36N (r,1/f") + S(r, f') ifk=1and 3 =0
From Theorem [, we immediately deduce the following corollary:
Corollary 1.2. Let f be a non-constant meromorphic function and let  #
0,00 be a meromorphic small function of f. If f and f*) share 8 CM, and if
N(r,1/f®)) = S(r, f), then (IT) holds.
2. Some lemmas
For the proof of our theorem we need the following lemmas:

Lemma 2.1. Let f' be a non-constant meromorphic function and let

(2.1) W= (f—”) (J;/,/) .

f/
(2.2) T(r,W) < 2N (r, f,) + 2N (r, f) + S(r, f).
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Proof. From Nevanlinna’s fundamental estimate of the logarithmic derivative
we obtain
f//

m(r, W) < 3m(r 7) —i—S(

f//

f,)+0() S(r, f') + 5 (rff)

Since

7(r ,;/) - N(r {;’j)m(r J}’,’) N s+ (%) + 5. f)
< 2T(r, f)) +S(r, 1),

this means that
(2.3) m(r, W) = S(r, f").

If 2o is a simple pole of f, then by an elementary calculation, we deduce
from (W) that W is holomorphic at z... We can also conclude from (E7)
that the poles of f with multiplicity p > 2 are poles of W with multiplicity
2 at most. And the zeros of f’ with multiplicity s > 1 are poles of W with
multiplicity 2. Thus

N(r,W) < 2N ( f,)+2N(2( ).

Together with (E33) we find (22). O
Our next lemma give extension of Lemma 2.5 in [].

Lemma 2.2. Let f' be a non-constant meromorphic function, and let 8 be a
small function of [’ such that B # 0,00. Then
(2.4)

TG f) < 2N(r, f,)+N1 (v f/l_B)HN (v Fo B>—|—2N (r, f)+S(r, ).

Proof. We set F = f’/3. Then it is clear that
() = () +25 (%) + (5)

(EY =)+ G =5-(&)+ (&)

Substituting these two equations into (E) gives

and

(2.5) W+2(g) (%) 1;(35—2%%%)
We distinguish the following two cases:

Case 1. If
(2.6) W+2(§) (g)on.
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Then (273) becomes
Fl F// B/
N EA Y
3 7 T + 3 0

By integration once,
(2.7) F332 = cF"?,

where ¢ is a nonzero constant. From (222) we obtain

3m(r,F) < m(r,F’>)+ S(r, ') < 2m(r, F') + S(r, f')
< 2m(r, %) +2m(r, F) + S(r, f') = 2m(r, F) + S(r, '),
so that
(2.8) m(r, ') = S(r, [).

We can also conclude from (270) that
BN(r, F) = 2N (1, F') + S(r, f') = 2(N(r, F) + N(r, F) ) + S(r, /).

That is,
N(r,F)=2N(r,F)+ S(r, f').

This implies that
N(r, f') =2N(r, f') + S(r, ).

Hence B B
N(r,f) + N(r, f) = 2N(r, f') + S(r, '),

which, in view of N(r, f) = N(r, f'), leads to Ne(r, f) = S(r, f). Combining
this with (Z8) we have

(2.9) T(r, f') = 2Ny (r, f) + S(r, f).

Now suppose z« is a simple pole of f and 5(zs) # 0, 0o (otherwise the counting
function of those simple poles of f which are the zeros or poles of 5 equal to
S(r, f)). Therefore the Laurent expansion of f about z. is

(2.10) F(2) =a_1(z — 200) "1 + O(1),

where a_; be the residue of f at zo,. It is easy to see from (EI0) and (E77)
that

!
de+a1f+ 4c%(z — 200) + O(2 — 200)* = 0,
from which it follows that 5’'(zo,) = 0. From this, if 8’ # 0, then from (29) we
find that
1
T(r, f') = 2Ny (r, f) + S(r, f') < 2N(r, E) +S(r, f') =8, f).
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This is impossible. Therefore, we get 3’ = 0. This and (238) imply that W = 0.
It follows from this and (E70) that

N VN
o N2 2
I I!
By integrating twice we obtain f’(z) = A/(z + B)?, where A # 0 and B are
constants. From this we see that

N(r, f,)+N @ f,il_ﬁ)ﬂ\‘f@(r,f):o

and 1
T(Tv f/) = Nl) (T7 W) + S(Tv f/)
In particular, (24) holds.
Case 2. If 5 52
w2y (5) o0

Then (E33) may now be put in the form
98

/ 3E ok |
Fl—l - (FF—l_F)(V[H_Q(%’})7 (%ﬁ) )

It follows from the fundamental estimate that
1

F11>§m(r’ B (B2
- W+2(3) - (F)

(2.11) m(r, ) + S(r, ).

If zp is a zero of F'—1 with multiplicity ¢ > 3 and 5(z9) € CU{co}, then zy
is a simple pole of % at most, zg is a zero of % with multiplicity ¢ — 1 and zg is
a zero of %N with multiplicity ¢—2. Hence 2y is a zero of 3(1%/)2 72%” +2%(%’)
with multiplicity at least ¢ — 2. It is implied from (E3) that 2o is a zero of
W + 2(%)’ — (%)2 with multiplicity ¢ — 2 at least. Thus,

1 — 1 1
N(g(’ﬂi) —2]\/'(3(7‘,7) < N(r, ; ; )
F-1 F-1 W+2(%)’—(%)2

Combining this, (ZZ10) and Lemma P yields

1 1
m T’F—1>+N(3<T’F—1)

< gy

+ o (r s ) + 50 )

< T, W)+ 2 (r, s ) + S(r, )
< 2N (r, f/)+2N(2(r f)

(2.12) + 2N (r, ﬁ) +S(r, ).
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Since

T(r, F)

I
3
—
=
o
\
—
~—
+
=
—
=
o
\
=
+
o)
=

and

_ 1
2N(,7)
e\"F 1

1 _ 1
Ny (r =) + 28 (r )
o\npog) THenE

where N_s(r, 75) (N=2(r, 7-7)) denotes the counting function (reduced count-
ing function) of zeros of F'—1 with multiplicity = 2, it follows from (E12) readily
that

+

- 1 — 1 _
< /
T(r, F) < 2N( f,) + Ny ( 1) +2N(2(r, — 1) + 2Ny (r, f)+S(r, )
From this and F' = f'/3 we arrive at the conclusion (E3). O

Lemma 2.3 ([Ml]). Let k be a positive integer, and let f be a non-constant
meromorphic function. Then either

—(k+ 1)k
ck!z 4+ c1(k + 1)]

(2.13) f(z) = + pr—1(2),

where ¢ # 0, ¢1 are constants and px_1 is a polynomial of degree at most k —1,
or

(2.14) ENyy(r, f) < J\_f(g(r, )+ ]\7(7“, %) + Ny (T, ﬁ) + S(r, f).

Lemma 2.4. Let k > 2 be a positive integer, and let f be a non-constant
meromorphic function. Then either (E13) holds, or

@15 Ny()) € Nl )+ =V () + S00)
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Proof. It is clear that

Salr ) < N(n ) < T(r,f;’j;“) o)
= N(n, ffk(:)) +m(r, f;k(;l)) +0(1)
_ N(r, f;k(:) +S(r, f)
< N(r, ﬁ) + N(r, f)+ S(r, f)
= N ) + Mol 5)+ Nalr. ) +50.1)
Combining this with (23) we obtain (Z-I5). O

Lemma 2.5. Let k > 2 be a positive integer, let f be a mnon-constant mero-
morphic function and let B # 0,00 be a meromorphic small function of f. If f
and f*) share § CM, then only (ZI3) holds.

Proof. Assume that (213) is not true. Then from Lemma 2.4 we have (2713).
It follows that

T(r, f*) = (k+1)T(r, 2) + O(1) = (k 4 1)logr + O(1),

from which we deduce § is a constant. Thus from (ZZI3) we find f — 8 has at
most k of zeros, while f(*) — 8 has exactly k + 1 of zeros. So f and f*) can
not share § CM which contradicts the condition of Lemma 273. O

Lemma 2.6. Let k be a positive integer, let f be a non-constant meromorphic
function and let § % 0,00 be a meromorphic small function of f. If f and f*)
share 8 CM, then only (234) holds.

Proof. By using the same methods as those in proof of Lemma P8, we obtain
only (Z714). O

3. Proof of Theorem 1

Since f and f’ share 8 CM, every S(r, f) is also S(r, f') and vice versa.
Suppose that () is not true. In view of

T(r, f*) = m(r, f%) + N(r, f®) = m(r, f*) + N(r, f) + kN (r, f),

from this and Theorem B we obtain that
m(r, f) + Noo(r, ) = No(r, f) < (k+ DN(r, f(k)) +S(r, f).
Hence

(3.1) Ne(rf) < (k+1)N (r, f(k))+5< .



28 Amer H. H. Al-Khaladi

We discuss the following three cases:
Case I. k > 2. Then from Lemma P73 and (B) we obtain

2(k+2)
(k—1)

It follows from this, (I2) and (BT) that

Ny(r, f) <

N(r, f(lk)) +8(r, f).

T(r, )

IN

(4 [N (v 5555) + N 1) + N )] + S(0. )

(k+2)(k+1)% 1 %)
< - .
< o N(r, f(k))—l—S(r,f )
This is (T3) when k > 2.
Case II. k=1 and 8/ # 0. Suppose 21 is a zero of f — 8. Then

(3.2) F(2)=B()=an(z—2)"+..., an#0.
Since f and f’ share 3 CM,

(3.3) F(2) = B(2) =bu(z—21)" + ..., by #0.
Differentiating (B2) once we obtain

(3.4) fl(2) = B'(2) =nan(z —z)" 1 +....
Eliminating f'(z) between (83) and (B4) leads to

(3.5) B'(2) = B(2) = —nan(z — 2)" "+ ...

If ' = B, then from (B3H) we find a,, = 0, a contradiction. Therefore we must
have 8’ # (3. Further,

(36)  No(r, ﬁ) = Ne(r, ﬁ) <2N(r, ﬁ) = 5(r, ).
We set
_Bys=8 _ =87 (/B (f/B)
6D =t = a1 )
Then it is clear that
(3.8) m(r, H) < m(r, f) + S(r, f).

From (B22) we see that if 2., is a pole of f with multiplicity p > 1 and S(z00) #
0,00 (otherwise the counting function of those poles of f which are the zeros
or poles of 8 is equal to S(r, f)),

(3.9) H(za) = — (1%1).
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It follows from (872), (B3) and (8A) that if z; is a simple zero of f — £ and
B(z1) # 0,00 (otherwise the counting function of those simple zero of f —
which are the zeros or poles of 5 is equal to S(r, f)), then

B-=p
32
Thus the pole of H can only occur at zeros of f’. However, the zeros of f’

with multiplicity s > 1 are poles of H with multiplicity 1. Therefore from this,
(B3), (B), (B10) and (BH) we get

(3.10) H@g:( )my

BA1) Tl H) S mlrf)+ NG < N (n ) +mlrf) + S0.6)
We consider the following two subcases:

Case II.1. H = 652’6/. From this and (BM) (when p = 1) we know that if
Zoo 18 a simple pole of f and (zo0) # 0,00 (otherwise the counting function of
those simple poles of f which are the zeros or poles of 8 equal to S(r, f)), then

(B4 8 (20) = 0. If p+ 5" # 0,

(3.12) Nyy(r, ) < N (r )+ S 1) = S, ).

N
Bt
Therefore (I72), (B12) and (B) give that

T(r, ) < 68 (1. ) + 5.1

In particular, (I=3) holds when k£ =1 and 8’ # 0.

If B4 ' =0, from this, H = 5" and (877) we find that

/62

oo =B
(3.13) 1= 2<f—ﬁ)'
From this and 3 + 8’ = 0 we see that

2(]” -8 —B’) [

[ T A
Integrating both sides we obtain
f/ B /8 2 _ /
(3.14) (f—ﬂ> =cBf,

where ¢ is a nonzero constant. Eliminating (f' —8)/(f — 8) between (B13) and
(B12) leads to

(3.15) (J;: + 1) — 4eBy".
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Differentiating both sides of (8BIH) with respect to z and then using 8+ 5" =0
we obtain

E ) 7+ 107 = a7+ wssr ()

and eliminating 4¢Sf’ between this and (BI3) gives
fl/ fl/ B f// f//
() () = (5 +) (1)
Since, by (B3), J}—/,l + 1 #£0, therefore
f// f// f// f// 2
(%) = (F+)(F-1)=(F) -+
From this and (2) we find that
f// 2 f// "
W:(?)‘”(f):
Together with (221) we have (f”/f")? — 2(f"/f')’ — 1 = 0, which may also be
written in the form
AV V0 D
=1 (") +1
By integrating once and then using § + 8’ = 0 we conclude T'(r, f') = S(r, f)
which is a contradiction.

ﬁgf,. Then by (B10) and (BI) we find that

%o 7=5)

IN

N(r,Hlﬁgf,> <T(r,H)+S(rf)

N(r.5) +mi )+ S(r. ).

IN

Combining this with (8H) we obtain

1
(3.16) N(rg=5) <N(n f,) +m(r, f) + S(r, ).
Since f and f’ share 3 CM, every small function of f is small function of f’ and

vice versa. Now applying Lemma P2 to 5’ and then using the first fundamental
theorem we deduce that

(3.17) (f, 5,)S2N( f,)+2N(( )+ S0, f).

Since, by Milloux theory [8], we find that

m(ﬂc:ﬁ) <m(r, f}:g/) +m(r, f,iﬂ,) <m(r, 7 15/) + S0, ).
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From this, (BI1), (818) and the first fundamental theorem we see that
_ 1 _
TG, f) < mir, )+ 3N (1.5 ) + 2Nl ) + 5 §).
This implies that
1
f
Thus we find from this, (I2) and (BI) that

Nyy(r, f) < 3N (7’, ) +5(r, f).

(1) < 12N(r, fi) +5(r, ).

This is (I33) when k =1 and 8’ # 0.

Case IIl. k = 1 and 8’ = 0. Without loss of generality, we suppose 3 = 1,
otherwise we make the transformation (1/5)f. As in [B] we set

/ 14 "
r_ry
f-1r =1 F
From the fundamental estimate of the logarithmic derivative, m(r, F') = S(r, f).
If 20 is a simple pole of f, then from (BI8) we see that F' can be continued

holomorphically at z.. Since f and f’ share 1 CM, we can also find from (BIX)
that F' can be continued holomorphically at the zeros of f —1 or f' — 1. Thus,

(3.18) F= 2(

(319)  T(r.F)=N(F) +m(r.F) < N(r, fi) - No(r f) + 5(r, ).

Let 25 be a zero of f” which is not a zero of f’. Since f and f’ share 1 CM,
Na(r, ﬁ) = Nea(r, ﬁ) = 0. Hence f/(22) # 1 and f(z2) # 1. From (BIR)
we see that

2/"(z2)
flz2) =1
Differentiating (B18) and then using f”(z2) = 0, we arrive at

F(z) =

(o) = o)+ ) + S

Combining these two equations we obtain

4f///(22) 2f///(22)

+ .
flz2) =1 f()
On the other hand, by () we find that

2.]““(2'2)
[(z2)

Substituting this into the last equation gives

—2F'(25) = F?(z)

W(z2) =~

(3.20)  f'(z) (F?(ZQ) FOF (25) — W(ZQ)) — F2(25) + 2F" (25) + W (2s).
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If F2(2q) + 2F'(22) — W(22) = 0, from (8220) we get W (z2) = 0. If W =0, we
may deduce from () that f and f’ can not share § CM which contradicts

the condition of Theorem Il. Therefore, we have W # 0. Consequently, from
(22) and (&),

No(r,%) < N( ,i) < T(r, W) +0(1)

< 2]\7(1", ?> + 2N (r, )+ S(r, f)
(3.21) < 61\7(

From Lemma P8, (B), (B220) and (I2) we obtain
_ 1 . 1
T(r, ) < 248 (1, 5;) + 80 ) < 368 (1, ;) + 80 ).
This is (T3) when £ =1 and 8’ = 0.

In the following, we assume F?(z3) +2F"(z2) — W (22) # 0. We write (8220)
as

F2(22) =+ 2F,(22) =+ W(ZQ)

(3.22) f'(2) = F2(z) + 2F(22) — W(22)

Suppose z; is a zero of f —1. Since f and f’ share 1 CM, the Taylor expansion
of f about z; is

f(2)=1=(2—21)+as(z—21)* +az(z—21)> +...,a0 # 0.

It follows from (BIR) and (E0) that

F(z1) = dag — %‘23 and Wi(z) = 12(a§ —as).

That is,

21" (21) = F(2) " (22) = ["(22) =0 and 3" (z1) = 2f"(z1) =W (1) = 0,
and eliminating f”2 (1) from the last equations we obtain

(3.23) f"(z1) = 3F (1) f"(21) + 2W (1) = 0.

Now we consider the following function

B f/// _ 3Ff” + QWf/
; fr =1

If we now eliminate f”’ between (824) and (1) we obtain

(3.24) Q

(3.25) 20f7°(f — 1) = 3" +3Wf> —6Ff'f",



Meromorphic functions share only one small function CM

which, in view of (B722), leads to
49(22) = 3(F2(22) + 2F’(22) — W(ZQ))

If 40 % 3(F2 + 2F' — W), then
1 1
—) <
NO(“ f”) = N(“ 40— 3(F2 + 2F' — W))
T(r,4Q — 3(F? + 2F' —W)) + 0(1)
m(r, Q) + N (r,49 - 3(F2 4oF W)) +S(r, f)

IN

IN

1 _
By Lemma 22,

1 _
- < .
m(r 5 ) 29 (r ) + 2N ) + S, )
Combining this with (BZ8) we find that

No(r 57) < 48 (1 ) + 4Nl 1) + S0 ),

which together with Lemma P23, (8) and (I2) implies that

T(r, f') < 36N( ;) +S(r ).

This is the third part of (I=3).

If 40 = 3(F? 4+ 2F' — W), then from (B223) we have
(3.27) (F242F —W)f2(f = 1) =2f" + 2W > —aFf "
Differentiating this and then using f”(z2) = 0, (E0) and (B22) we get

() = (2

33

f%#i W+F then from (21, (B1R), (22) and ((B9)) we deduce
that
1
No((r f”) - N(T’M_M_F>
F242F'—W w
(F2 +2F' - W) W'
- _w_
= T(T’ F242F —W W F>+O(1)
(F2 +2F — W) W'
(’"’ F2+2F’—W W >+S(T’f)
_ 1
_ S
< ]\f’l’7 )+NTW>+N( F2+2F'7W)+S(r7f)
< 2T(r,W)+ N(r, F? + 2F' — W) + S(r, f)
1
< 4N(r,f>+4N(2( £)+8(r, f).
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Together with Lemma P8, (IT2) and (B) we get

— 1
TG, ) < 86N (1, 57) + S0 ).
This is (I=3) when k =1 and 8 = 0.
If % = WW/ + F, then by integrating once,

2 ’_ Y S =142
F? 4 2F W_cfw(f,_l),
from which it follows that N(r,1/f') = 0 and

o 73) (e ) e )

From this and Lemma P2 we see that

m(r 1) < 3N )+ S(r. ),

On the other hand, it is clear that the formulas from (83) into (818) remain
true if we replace 8 by 1. Thus, we have

1
N(r 5=1) < mlr.f) + 50 ).

Combining these two inequalities we obtain

T(r, f) < m(r, f) +3Np(r, f) + S(r, f).
We may conclude that

Nl)(rvf) < N(Q(T7f) + S(T7f>

Together with (I2) and (B) we see that
1
f
The proof is complete. O

T(r, f) < 10N(r, ) +S(r, ).
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