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HOLOMORPH OF GENERALIZED BOL LOOPS

John Olusola Adéniran”, Témitépé Gbéldhan Jaiyéold? and
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On the 50" Anniversary of Obafemi Awolowo University

Abstract.  The notions of the holomorph of a generalized Bol loop
and generalized flexible-Bol loop are characterized. With the aid of two
self-mappings on the holomorph of a loop, it is shown that: the loop
is a generalized Bol loop if and only if its holomorph is a generalized
Bol loop; the loop is a generalized flexible-Bol loop if and only if its
holomorph is a generalized flexible-Bol loop. Furthermore, elements of
the Bryant Schneider group of a generalized Bol loop are characterized in
terms of pseudo-automorphism, and the automorphisms gotten are used
to build the holomorph of the generalized Bol loop.
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1. Introduction

The birth of Bol loops can be traced back to Gerrit Bol [d] in 1937 when he
established the relationship between Bol loops and Moufang loops, the latter of
which was discovered by Ruth Moufang [26]. Thereafter, a theory of Bol loops
evolved through the Ph.D. thesis of Robinson [30] in 1964 where he studied the
algebraic properties of Bol loops, Moufang loops and Bruck loops, isotopy of
Bol loop and some other notions on Bol loops. Some later results on Bol loops
and Bruck loops can be found in [@, B], [R-I1), [I3], [33, 34] and [BY]

In the 1980s, the study and construction of finite Bol loops caught the at-
tention of many researchers among whom are Burn [[3-13], Solarin and Sharma
[39-41] and others like Chein and Goodaire [[7-19], Foguel at. al. [27], Kinyon
and Phillips [24, 5] in the present millennium. One of the most important
results in the theory of Bol loops is the solution of the open problem on the
existence of a simple Bol loop which was finally laid to rest by Nagy [27-24].

In 1978, Sharma and Sabinin [85, B6] introduced and studied the algebraic
properties of the notion of half-Bol loops(left B-loops). Thereafter, Adeniran
[2], Adeniran and Akinleye [d], Adeniran and Solarin [6] studied the algebraic
properties of generalized Bol loops. Also, Ajmal [7] introduced and studied
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the algebraic properties of generalized Bol loops and their relationship with
M-loops (cf. identity (279)).

Interestingly, the papers [3], [00], [2], [21], [23], [B0, B1] are devoted to
study the holomorphs of Bol loops, conjugacy closed loops, inverse property
loops, A-loops, extra loops, weak inverse property loops and Bruck loops.

The Bryant-Schneider group of a loop was introduced by Robinson [82],
based on the motivation of [I6]. Since the advent of the Bryant-Schneider
group, some studies by Adeniran [I] and Chiboka [20] have been done on it
relative to CC-loops and extra loops.

The objectives of this present work are to study the structure of the holo-
morph of a generalized Bol loop and generalized flexible Bol loop, and also to
characterize elements of the Bryant-Schneider group of a generalized Bol loop
(generalized flexible Bol loop) and use these elements to build the holomorph
of a generalized Bol loop (generalized flexible Bol loop).

2. Preliminaries

Let L be a non-empty set. Define a binary operation (-) on L : If z -y € L
for all z,y € L, (L,-) is called a groupoid. If for all a,b € L, the equations:

a-r=>b and y-a="hb

have unique solutions for « and y respectively, then (L, -) is called a quasigroup.
For each x € L, the elements ¥ = xJ, € L and z* = zJ) € L such that
zz? = e and x*r = e are called the right and left inverse elements of z
respectively. Here, e? € L and e* € L satisfy the relations ze? = x and e’z = z
for all x € L and are respectively called the right and left identity elements.
Now, if e/ = e* = e € L, then e is called the identity element and (L,-) is
called a loop. In case 2* = x”, then, we simply write 2* = 2# = 2~! = 2.J and
refer to 7! as the inverse of z.

Let  be an arbitrarily fixed element in a loop (G,-). For any y € G, the
left and right translation maps of x € G, L, and R, are respectively defined
by

yL, =2y and yR, =y -z

A loop (L,-) is called a (right) Bol loop if it satisfies the identity
(2.1) (zy - 2)y = 2(yz - y)

A loop (L,-) is called a left Bol loop if it satisfies the identity
(2.2) y(z-yx) = (y - zy)z

A loop (L, ) is called a Moufang loop if it satisfies the identity
(2.3) (zy) - (z2) = (x - yz)z

A loop (L,-) is called a right inverse property loop (RIPL) if (L,-) satisfies
right inverse property (RIP)

(2.4) (yz)a’ =y
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A loop (L,-) is called a left inverse property loop (LIPL) if (L, ) satisfies left
inverse property (LIP)

(2.5) aMzy) =y

A loop (L,-) is called an automorphic inverse property loop (AIPL) if (L,-)
satisfies automorphic inverse property (AIP)

(2.6) (ay) =27y

A loop (L,-) in which the mapping x +— z? is a permutation, is called

a Bruck loop if it is both a Bol loop and either AIPL or obeys the identity
xy? -z = (yr)?. (Robinson [30])

Let (L,-) be a loop with a single valued self-map o : ¢ — o(z):

(L,-) is called a generalized (right) Bol loop or right B-loop if it satisfies
the identity

(2.7) (zy - 2)o(y) = z(yz - o(y))

(L,-) is called a generalized left Bol loop or left B-loop if it satisfies the identity

(2.8) o(y)(z - yx) = (o(y) - zy)x
(L,-) is called an M-loop if it satisfies the identity
(2.9) (zy) - (z0(2)) = (z-yz)o(z)

Let (G,-) be a groupoid (quasigroup, loop) and let A, B and C be three
bijective mappings, that map G onto G. The triple a« = (A, B, C) is called an
autotopism of (G, ) if and only if

2A-yB=(x-y)CVx,yeq.

Such triples form a group AUT(G,-) called the autotopism group of (G,-).

If A= B = C, then A is called an automorphism of the groupoid (quasi-
group, loop) (G,-). Such bijections form a group AUM (G, ) called the auto-
morphism group of (G,-).

The right nucleus of (L,-) is defined by N,(L,) = {& € L | zy -z =
z-yxrVy,z € L}

Definition 2.1. Let (Q,-) be a loop and A(Q) < AUM(Q,-) be a group of
automorphisms of the loop (Q,-). Let H = A(Q) x Q. Define o on H as

(a,2) o (B,y) = (aB,zp - y) for all (o, 2),(B,y) € H.
(H,o0) is a loop and is called the A-holomorph of (Q,-).

The left and right translations maps of an element («,x) € H are respec-
tively denoted by L(q,z) and R4 4).
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Remark 2.2. (H,o) has a subloop {I} x @ that is isomorphic to (Q,-). As ob-
served in Lemma 6.1 of Robinson [31], given a loop (Q, -) with an A-holomorph
(H,o), (H,o) is a Bol loop if and only if (Q, ) is a 6-generalized Bol loop for
all 6 € A(Q). Also in Theorem 6.1 of Robinson [B0], it was shown that (H, o)
is a Bol loop if and only if (@Q,) is a Bol loop and 271 - 20 € N,(Q,-) for all
0 € A(Q).

Definition 2.3. Let (Q,-) be a loop with a single valued self-map o and let
(H,o) be the A-holomorph of (Q,-) with single valued self-map o’. (Q,-) is
called a o-flexible loop (o-flexible) if

xy - o(xd) = x - yo(xd) for all z,y € Q and some § € A(Q).
(H, o) is called a o’-flexible loop (¢’-flexible) if

(a,2)(B,y) oo’ (a,x) = (o, ) o (B, y)o' (v, ) for all (o, ), (B,y) € H.

If a loop is both a o-generalized Bol loop and a o-flexible loop, then it is called
a o-generalized flexible-Bol loop.

If in this triple (A, B,C) € AUT(G, ), B = C = AR,, then A is called
a pseudo-automorphism of a quasigroup (G, -) with companion ¢ € G. Such
bijections form a group PS(G,-) called the pseudo-automorphism group of

(G,").

Definition 2.4. [Robinson [82]]
Let (G,-) be a loop with symmetric group SYM(G). A mapping 6 €
SY M(G) is called a special map for G if there exist f,g € G so that
(0R,*,0L;",0) € AUT(G, ).

Theorem 2.5. [Robinson [33]]
Let (G,-) be a loop with symmetric group SY M(G). The set of all special
maps in (G,-) i.e.

BS(G,-)={0e SYM(G,") : 3 f,ge G (R, ', 0L;",0) € AUT(G,)}

is a subgroup of SY M (G) and is called the Bryant-Schneider group of the loop
(Ga )

Some existing results on generalized Bol loops and generalized Moufang
loops are highlighted below.

Theorem 2.6. [Adeniran and Akinleye [4]]
If (L,-) is a generalized Bol loop, then:

1. (L,-) is a RIPL.
2. 2N =zP forallz € L.
3. Ry.o(y) = RyRo(y) for ally € L.

4. [zy-o(x)] = (o(x)) ly=t -2~ for all z,y € L.
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. (Ry—17LyRa(y), Ra(y)), (R;l, LyRo(y), Rg(y)) € AUT(L, ) for ally € L.

Theorem 2.7. [Sharma and Sabinin [FH]]
If (L,-) is a half Bol loop, then:

. (L,) is a LIPL.

~

2 =zP for all x € L.
. L(x)L(o(x)) = L(a(x)aﬁ) for all x € L.
(o(x) -yz) L =271 -y Y o(x))™! for allz,y € L.

- (R Lio@), L@)-1s Lo@)): (Ro@) L)1, Lo@), Lw)-1) € AUT(L,)
forallx € L.

Theorem 2.8. [Ajmal [1]]
Let (L,-) be a loop. The following statements are equivalent:

1. (L,-) is a M-loop;

2. (L,-) is both a left B-loop and a right B-loop;
3. (L,-) is a right B-loop and satisfies the LIP;
4. (L,-) is a left B-loop and satisfies the RIP.

Theorem 2.9. [Ajmal [i]]
FEvery isotope of a right B-loop with the LIP is a right B-loop.

G e e

Example 2.10. Let R be a ring of all 2 x 2 matrices taken over the field of three
elements and let G = R x R. For all (u, f), (v,g9) € G, define (u, f) - (v,9) =
(u+v, f+ g+ uv®). Then (G,-) is a loop which is not a right Bol loop but
which is a o-generalized Bol loop with o : 2 — 2?2 .

We introduce the notions defined below for the first time.

Definition 2.11. [Twin Special Mappings]

Let (G,-) be a loop and let o, 8 € SYM(G) such that o = ¢YR,, 8 = YR,
for some z,y € G and v € SYM(G). Then « and § are called twin special
maps (twins). « (or ) is called a twin map (twin) of 5 (or «) or simply a twin
map.

Let (Q,-) be a loop. Define

TBS1(Q,)={a € SYM(Q) |  is any twin map},

T (Q, ) =T (Q)={y € SYM(Q) | « =R, € TBS1(Q,-), T€ Q, ¥ :ers e},
TBS(Q,)={a € BS(Q,") | « € TBS(Q, )},
T5(Q,)=To(Q)={Y € SYM(Q) | @« =R, € TBS»(Q,-), € Q, ¢:e—e}
and

T3(Q, ) =T5(Q)={v € T2(Q) | a~t~p7! for any twin maps a, 3 € SYM(Q)}.

Define a relation ~ on SYM(Q) as a ~ ( if there exists z € @ such that
-1 _ -1
a ' =R,
The following results will be of judicious use to prove our main results.
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Lemma 2.12. [Bruck [I0]]
(H,o) is a RIPL if and only if (Q,-) is a RIPL.

Lemma 2.13. [Adeniran [2]]
(Q,-) is a o-generalized Bol loop if and only if (R;I,LmRa(w),Ra(x)) €
AUT(Q,-) for all z € Q.

Lemma 2.14. [Bruck [11]]
Let (Q,-) be a RIPL. If (U, V,W) € AUT(Q,-), then
(W, JVJ,U) € AUT(Q,-).

3. Main results

Theorem 3.1. Let (Q,-) be a loop with a self-map o and let (H,o) be the
A-holomorph of (Q,-) with a self-map ¢’ such that o' : (o, x) — (e, 0(x)) for
all (a,x) € H. The A-holomorph (H,o) of (Q,-) is a o’'-generalized Bol loop
if and only if (R;l, LIR[(,(M_l)]a_l,R[g(m_l)]a_l) € AUT(Q,") for allz € Q
and all o,y € A(Q).

Proof. Defineo’ : H— H as o'(a, z) = (a, 0(x)). Let (o, x), (8,y), (v, 2) € H,
then by Lemma 212 and Lemma E7T3, (H, o) is a o’-generalized Bol loop if and
only if (Ra,2)-1; L(a,2)Ro(a,2)s Ro/(a,2)) € AUT(H, 0) for all (o, z) € H if and
only if (R(CWC)—17I[J(Ot’gc)R(,LU(I))7 R(aﬁ(z))) S AUT(H, O) —

(31) (67 )R(a z)—1 0 (7a )L(Q,E)R(a,a(x)) = [(573}) © (’Yaz)]R(a,a(I))

& [(B,y) o (a,2) o [((a,2) 0 (,2)) 0 (@, 0(2))] = [(B,y) © (7, 2)] © (e, ()
Let (8,y) o (o, )™t = (7,t). Since (o, x)"t = (a1, (za™1)71), then

(3.3) (r,t) = (Ba™, (ya~Ha™t)

From (B33),

(34)  (nt)ollam ey -2) o (@a(@))] = (Bryv - 2) o (@ 0(x))

(3.5) & (Towoz, (taya) ((z7 - 2)a - a(x))> = (Bya, (yy - 2)a-o(z))

Putting (B3) into (BH), we have

Ba~lava, (ya~)a " aya) (27 - 2)a - () ) = (Bva, (v - 2)a - o(2))

(3.7) & (ﬁ’ya, (ya:_l)'yoz [(z7-2)a-o(x ) (Bya, (yy - 2)a - o(x))
(3.8) & (yr~ e [(zy- Z)Oé o(z)] = (yy-2z)a-o(z)

(3.9) & [(ya™ )y - [y 2) - (o(@)a™]]a=[(yy-2) - (o(z)a™)]a
(3.10) & (yya ey - 2)- ( (@)a™H] = (yy-2)(o(z)a™)
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Let § =y, then (B0) becomes

(3.11) (727l 2)(o(@)a)] = (7 2)(o(z)a™")
(3.12) (Rw,Y s Ly R[U(x)a—l], R[U(x)a—l]) € AUT(Q, )
(3.13)

and replacing zy by z, (R;l,LxR[U(m_l)]a_l,R[U(m_l)]a_l) € AUT(Q, ).

O

Corollary 3.2. Let (Q,-) be a loop with a self-map o and let (H,o) be the
A-holomorph of (Q,-) with a self map o' such that ¢’ : (a,z) — (a,0(x ))
for all (a,x) € H. (H,o) is a o’-generalized Bol loop if and only if (Q,-) is
a~toy~t-generalized Bol loop for any o,y € A(Q).

Proof. From Theorem B, (H, o) is a o’-generalized Bol loop if and only if

(R;l, LxR[U(I,Y—l)]a—l , R[U(I,y—l)}a—l) e AUT(Q,") &

(R;l,Lng”(I),RU” z)) € AUT(Q,")

where 0" = a~loy™!, for all x € Q and all a,y € A(Q). It is equivalent to the
fact that (Q,-) is a o'’-generalized Bol loop. O

Theorem 3.3. Let (Q,-) be a loop with a self-map o and let (H,o) be the
holomorph of (Q,-) with a self-map o’ such that o' : (a,x) — (o, aoy(x)) for
all (a,x) € H. Then (Q,-) is a o-generalized Bol loop if and only if (H,o) is
a o’ -generalized Bol loop.

Proof. The proof of this follows from the proof of Theorem Bl. O

Theorem 3.4. Let (Q,-) be a loop with a self-map o and let (H,o) be the
holomorph of (Q,-) with a self-map o’ such that o' : (a,z) — (o, c(x)) for all
(a,x) € H. Then for any v € A(Q), (Q,") is a cay~t-generalized flexible-Bol
loop if and only if (H,o) is a o’'-generalized flexible-Bol loop.

Proof.

(3.14) (B LyRoa), Rogw) ™" = (Rus L7 'Ry L) RS L)
(3'15> < LglR;(lw) = (La:Ra(:r))_l < Ra(:r) T = LmRa(x)
(3.16) s ay-o(z) =1z yo(z)

Let (o, ), (B,y),(v,2) € H, then by Lemma T2 and Lemma P13, (H,o)
is a o’-generalized Bol loop if and only if (R(q,z)-1,L(a,2)Ro’(a,2): Ro'(a,2)) €
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AUT(H, o) for all (o, x) € H. Thus, following (B14) to (B1M3),

(3.17) (R( 1z) Lia.o)Ro(a.0), Ro '(Oux))il = (R(a,x)’l‘( 5 )]R 1(a z)’R;/l(oz,m))
(3.18) & Lia,o)Ro(a,2) = Rov(a,0)Li(a,2)

(3.19) & (@,2)(B,9) 0 0'(@,2) = (a,2) o (B,)0" (0, 2)

(3.20) & (,2)(B,y) o (a,00) = (a, x) o (B,y)(a, o)

(3.21) & (afa, (2B - y)a-o(z)) = (afa,zfa- (ya - o(z)))

(3.22) & (zfa-ya)o(z) = zfa - (ya - o(x))

(3.23) & (zy rapfa- y)o(xv_la) =2y tafa- (y J(x7 la))
(3.24) & (zy aBa-y)oay Hz) = ey tafa - (y - cay H(z))
(3.25) & (zy)oay  ((z(aBa) y) =2 (y - ooy ((z(aBa) 'y)
(3.26) & (zy)oay Hxd) =z - (y - ocay ™ (xd)

where § = (afa) !y € A(Q). So, by (BIY) to (B28), (H,o) is o'-flexible if
and only if (Q, ) is cay~!-flexible.
Now, following (B14), (H,o) is a o’-generalized Bol loop if and only if

(3.27) (Rea, x),]L(alz)RUl(a 0 Rolam) € AUT(Q, )
(3.28) & (B, 9)R(aw) © (1 2L )R (.0 = [(Br1) 0 (7, 2) IR oy
Let (7, 2)Lg ) Ry (o) = (1) in (B28), then (v, 2) = (apa, spa(ua-o(z))) =

v = apa and z = zpa(ua - o(x)). Consequently,
(3.29)

p=aha! and =21 oo™ = [(Ga )\ () o™
Also, if [(B,y) o (7, 2)]R_, 1

am) =
(3:30) (r.0) = (81071 (7)o" (o) )a™)
Substituting (8729) and (B230) into (B2R), we get

(ﬂf%y’y Z)R(a,a(z))*l = (Ta ”U) in () then

(3:31)  [(B.y)o (o)) o () = (7,0) & (Bap, (ya - 2)p-u) = (7,0)
(3832) e (B 1,<y pa a7 ([wa )\(o(@) ! )a )
(3.33) = (Bra rr-2)a a7 (@) 7))

(3.34)

& {(ya-2)a (m INe@) ) fa = [y 2)o@) o
(835) e a2ty ([wa \o@) ") = (17 2)(o(@) !
(836) e (yy-za7y)- (I@a”\:(0(@) ") = (yy - 2)(o ()™
(3.37) © GRz - 2L Ry 10y = (02) Rz 1a)

(3.38) @(RE,L;R[;} U a)])eAUT(Q,-)
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where § = yy and Z = xa~!v. Based on (B228) and the reverse of the procedure
from (BI4) to (BIH), (B338) is true if and only if (Q,-) is a cay~-generalized
Bol loop.

- (Q,-) is a cay~l-generalized flexible-Bol loop if and only if (H,o) is a
o'-generalized flexible-Bol loop. O

Theorem 3.5. Let (Q,:) be a loop with a self-map o and let (H,o) be the
holomorph of (Q,-) with a self-map o' such that o' : (a,r) — (a,0va1(x))
forall (a,z) € H. Then for any v € A(Q), (Q, ") is a o-generalized flexible-Bol
loop if and only if (H,o) is a o’-generalized flexible-Bol loop.

Proof. The proof of this follows in the sense of Theorem B4. O

Theorem 3.6. Let (Q, ) be a generalized Bol loop. If a mapping o € BS(Q,-)
such that a = Y R,, where ¢ : e — e, then 1 is a unique pseudo-automorphism
with companion xg~! - o(x) for some g € Q and for all x € Q.

Proof. f a € BS(Q,-), then (aRg_l,aLJ?l,a) € AUT(Q,-) for some f,g € Q.
So, applying Lemma P14, (c, JozLJIlJ, aRy-1) € AUT(Q,) for some f,g € Q.
Since, (Ry-1, Ly Ry (2), Ro(z)) € AUT(Q, ) for all x € @, then

(3.39) (o, JaL;'J,aRy-1)(R, ", La Ro(a), Ro(a)) =
(3.40) (@Ry—1,JaLy; ' J Ly Ry(r), aRy-1 Ro(a)) € AUT(Q, )
Let 0 = JaL;lJL:,;RU(x). Then (82M) becomes

(3.41) uaR, 1 -v8 = (u-v)aR,-1 Ry ()

for all u,v € Q. If o = YR,, then aR;* = ¢. Thus, 0 = JwRILflJLIRU(w)
and (BZ) becomes

(3.42) u) - vl = (u- V)Y R Ry-1 Ry (a)
Let u = e in (B21), then we have ey - v0 = (e - V)Y Ry Rg—1 Ro(z) =
(343) 0= TZ)Rng*lRU(x)

So by (B22) and (BZ), (820) becomes
(waevang_lRa'(m)) = <'(/}7wRIRg_lRa(m)7waRg_lRa(m)) € AUT(Q? )

for all z € @ and some g € Q. Since (Q, -) is a generalized Bol loop,
Ra;Rg—le(z) = Rxg—l,a(x). Hence,

(3'44> ("/}7 "/}Rxg*Lo(x)a wag*La(x)) € AUT(Q, )

for all x € @ and some g € Q). Thus, ¢ is a pseudo-automorphism with a
companion xg~lo(z).

Let 1 Ry, = Y2 R, where 11,19 : e — e and x1, 22 € ). Then Rle;j =
¢f1¢2. So, eRle;; = 6’1,[}1_11/}2, thus, :z:lxgl = e. Hence z1 = x3, 80 ¥ = 5.
And this implies that for all z € @, there exists a unique @ such that « = ¢y R,,.
Therefore, @ = ¥R, if and only if 1 € PS(Q,-) with companion zg~' - o(x)
for some g €  and all x € Q. O
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Corollary 3.7. Let (Q,-) be a o-generalized Bol loop with o : x+ (xzg~!)™1
for all x € Q and some g € Q. If a mapping o € BS(Q,-) is such that
a =YR,, where ) : e e, then p € AUM(Q, ) is unique.

Proof. Using (B24),

(77/}7 szgfl-o(w% wagfl-a(w)) = (7/13 q/}ngfl(acg*l)*l 5 wagfl-(zgfl)*l) =
(v, ,¢) € AUT(Q,-). Thus, ¥ is an automorphism of Q. O

Theorem 3.8. Let (Q,-) be a o-generalized Bol loop in which J(x’l)

(o(z))~t and zy-o(x) = x-yo(z) for all z,y € Q. If a mapping o € BS(Q, ) is
such that = YR, where ) : e > e, then 1 is a unique pseudo-automorphism
with companion x=1g=1 - (a(x))~t for some g € Q and for all x € Q.

Proof. By Lemma P12 and Lemma 213, (Q, -) is a generalized Bol loop if and

only if (R,-1, Ly Ry(q), Ro(z)) € AUT(Q,-) for all 2 € Q. Since zy - o(x) =

x - ya(x)7 then (R,-1, Lng(z), Rg(z))_l = (R,, L;IR(U(z))—l , R(U(x))—l) S
AUT(Q,-). a € BS(Q,-) < (aR;l,aLle,a) € AUT(Q,) = (a, JaLy-1J,aR;") €
AUT(Q,-) for some g, f € Q by Lemma 4. Now, the product

(345) (Ol7 JOZL;lJ, Cka;l)(Rx, L;lR(U($))—1 N R(o(w))—l) =
(3.46) (aRy, JaL; ' JL; ' Rio(a))-1, @Ry ' Rig(ay)-1) € AUT(Q, -)

for all €  and some g, f € Q. Substituting o = 1R, ! into (BZB), we have
(347) (wa JwR;ILilJL;IR(J(x))*l ) sz_le_lR(o(x))’l) € AUT(Q7 )

for all x € () and some g € Q. Now, for all y,z € @

(3.48) y - 2JYR; LT L Rig(ayy -1 = (y2)Y R, Ry Rio(a)) -1
Putting y = e in (B2H), we have

(3.49) JnglLJTlJL;IR(J(I)),l = ¢R;1R;1R(U(I))f1

for all z € Q and some ¢g € Q. Thus, using (829) in (BZX),

(3.50) (¥, ¥R 'Ry Rig(a))-1, VR, "Ry Ry -1) € AUT(Q, -)

for all x € @ and some g € Q.
Since (Q, -) is a generalized Bol loop,

waleflR(o-(ﬂ))fl == Rxflgfl,(o-(x))fl.
Hence,
(351) ('I/J, wRI—lg—l.(U(z))—l,/(bRI—lg—l‘(o.(m))—l) S AUT(Q, )

The proof the uniqueness of 1) is similar to that in Theorem B@. Therefore, 1) is
a unique pseudo-automorphism of (Q, -) with companion =g~ (o(x))~t. O
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Corollary 3.9. Let (Q,-) be a o-generalized Bol loop and an AIPL in which
o(z7) = (o(z))! and zy - o(x) = - yo(z) for all z,y € Q where o : z +
(xg)~t for all x € Q and some g € Q. If a mapping o € BS(Q, ) is such that
a=vYR;Y, where ) : e e, then p € AUM(Q,-) is unique.

T

Proof. Using (B21),

(77[}’7/}szlg*1-(cr(:r))*17waL’*19*1‘(0(1))71) =
(Y Ra1g-1.((g)-)1s Y Re-1g-1((2g) 1) 1) = (:0,9) € AUT(Q, ).

Thus, v is an automorphism of Q. O
Lemma 3.10. Let (Q,-) be a o-generalized Bol loop. Then
1. ~ is an equivalence relation over SY M(Q).

2. For any o, 8 € SYM(Q), a ~ B if and only if o, 8 € TBS1(Q, ).

3. TBS Q)= |J [

[@]eSY M(Q)/~

Proof. 1. Let a, B,y € SYM(Q). With x =e, a=! = Rea™! and so a ~ a.
Thus, ~ is reflexive. Let o ~ [, then there exists x € (@ such that
al'=R, ' = B '=R,-1a7! = B ~ a. Thus, ~ is symmetric.
Let a ~ 3 and 8 ~ 7, then there exist x,y € @ such that o~ ! = R,37!
and 37! = Ryy"! = o' = R,R,y'. Choose y = o(z), so that
T RIRU(I)'y_l = Rm(m)v_l = a ~ 7. .. ~ is an equivalence
relation over SY M(Q).

2. Let o, 8 € SYM(Q). Let o ~ §, then there exists y € @ such that

a =R, 57! Takey = zo(z), then ™! = Ryp(0) 87 = ReRo) 87 =
aR; = BRyy-1. Say, aRy = BR,)-1 = 1, then a = YR, and
8= wRU(z). So, a, B € TBSl(Q, )
Let a, 8 € TBS1(Q,+). Then there exist z,y € Q, ¥ € SYM(Q) such
that @ = ¥R, and 8 = R,. This implies ¢y = aR;' = BR;l =
ot =R,-1R,B7!. Take y = o(z™!), then a™! = R,-1Ry(p-1y 71 =
Rz—lg(z—l),@_l = a~f.

3. Use 1. and 2.

Lemma 3.11. Let (Q,) be a loop. Then

1. TBS1(Q,-) < SYM(Q) if and only if a=* ~ B~ for any twin maps
a,f € SYM(Q). Hence, T1(Q,-) < SYM(Q).

2. TBS»(Q, ) < BS(Q,-) if and only if o=t ~ B~ for any twin maps
avﬂ € SYM(Q) Hence, T2(Qv) < PS(Q;)

Proof.
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1. TBS1(Q,-) # 0 because I = IR, and I"' = I"'R, and so, I,I7! €
TBS1(Q,). Let a1, a0 € TBS1(Q,) and let ¢1,¢2 € SYM(Q). Then
there exist x1,y1,Z2,y2 € Q, V1,12 € SYM(Q) and b1, 52 € SYM(Q)
such that oy = Y1 Ry, 1 = 1Ry, and as = YoR,,, B2 = YaR,,. So
alagl = 1/11R$1R;211/J2_1. Now, a1a2_1 € TBS(Q,) & oqoz2_1 = YR,
and 5152 = YR, for some a: ,Yy € @ and ¢ € SYM(Q). Taking Y =
wle and x = xo, then a1a2 = P19y 'R, & 1Ry, R, 1/)2

= Y19y 'Ry & YRy, = RytoR., & YaR, = Ryao & YR, =
Ryas with 21 = yp & fa = Ryas & ay' ~ By . Thus, TBS;(Q,-) <
SY M(Q) if and only if ay ' ~ 851

Assuming that TBS1(Q, ) < SYM(Q), then T1(Q, ) # 0 because I €
T1(Q,-). As earlier shown, alagl = wlwglRw for any 11,19 € T1(Q,-)
and a1, a2 € TBS1(Q, ). So, T1(Q, ) < SYM(Q).

2. TBS3(Q, ) # 0 because TBS1(Q,-) # 0 and BS(Q,-) # 0. For any

1,09 € TBS(Q,-), atay' € BS(Q,-). So, apay! € TBS»(Q,-) <
ara; ' € TBS1(Q,") & ay' ~ By ' . TBS(Q,") < BS(Q,") < ay' ~
By
Assuming that TBS>(Q,-) < BS(Q,-), then T»(Q,-) # 0 because I €
T5(Q, ). Let ¥ € To(Q, -), then there exists a € BS(Q, ),and @ = YR, €
TBS>(Q,-) for some z € Q. Recall that o € BS(Q, -) implies there exist
f,g9 € @ such that (aRg_l,aLJTI,a) € AUT(Q,-). Taking ¢ = x and
f=e (aR;' oLt o) = WR, R, YR, L; W R,) = (Y, ¥Ry, Y Ry) €
AUT(Q ) é a € PS(Q,-). Thus, T5(Q, ) C PS(Q, ).
Let 91,19 € T5(Q,-), then there exist a1, € TBS2(Q,-) such that
a1 = V1R, and as = YoR,,. In fact, a;,a0 € TBS1(Q,-) and so,
following 1., ajo; ' = @[leglRy € TBS1(Q,-) for some y € Q. This
implies that aloz;l = ¢1w51Ry € TBS3(Q,-) for some y € @ and so
vy € To(Q, ). Thus, T»(Q,-) < PS(Q, ).

O

In what follows, in a loop (@, ) with A-holomorph (H, o) where H = A(Q) x
@, we shall replace A(Q) by T5(Q) whenever T3(Q) < AUM(Q,-) and then
call (H, o) a Ts-holomorph of (@, ).

Corollary 3.12. Let (Q,-) be a loop with a self-map o : x> (xg=)~t for
all z € QQ and some g € Q and let (H o) be the T3 holomorph of (Q,-) with a
self-map o' such that o’ ( ) for all (,x) € H. Then
(H,o) is a o’-generalized Bol loop if (Q, ) is a o Yoy~ '-generalized Bol loop
for any o,y € Ts.

Proof. This is proved using Lemma BT, Corollary B2 and Corollary BZd. [

Corollary 3.13. Let (Q,") be a loop with a self-map o : x — (xg~ 1)~ for all
x € Q and some g € Q and let (H,o) be the Ts-holomorph of (Q,-) with a self-

map o’ such that o’ : (a,x) — (a, [a'y(x)(oz(g))_l]_l> for all (a,z) € H and
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any v € Ts. If (Q,-) is a o-generalized Bol loop, then (H, o) is a o’ -generalized
Bol loop.

Proof. This is proved using Lemma BT, Theorem B33 and Corollary BZ1. [

Corollary 3.14. Let (Q,-) be a loop with a self-map o : x + (xg~1)~1 for
all z € @ and some g € Q and let (H,o) be the Ts-holomorph of (Q,-) with
a self-map o’ such that o' : (o,z) — (a,(zg™')7') for all (a,z) € H. If
for any v € T3, (Q,-) is a cay~-generalized flexible-Bol loop, then (H,o) is a
o’ -generalized flexible-Bol loop.

Proof. This is proved using Lemma BT, Theorem B34 and Corollary B=a. [

Corollary 3.15. Let (Q,-) be a loop with a self-map o : x> (xg=1)~! for
all x € @Q and some g € Q and let (H, o) be the T3-holomorph of (Q, ) with a

self-map o' such that o' : (o, x) — (a, [('ya_l(ac))g_l}_l) for all (a,z) € H
and any v € Ts. If (Q,-) is a o-generalized flexible-Bol loop, then (H,o) is a
o' -generalized flexible-Bol loop.

Proof. This is proved using Lemma BT, Theorem B3 and Corollary BZ1. [
Remark 3.16. In Corollary B2, B3, BTd, BTH, the holomorph of a loop is
built on the group of automorphisms gotten via the group of twin mappings.
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