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CONVERGENCE OF THE EXPLICIT ITERATION
METHOD FOR STRICTLY ASYMPTOTICALLY
PSEUDOCONTRACTIVE MAPPINGS IN THE

INTERMEDIATE SENSE

G. S. Saluja1

Abstract. In this paper, we establish a weak convergence theorem and
some strong convergence theorems of an explicit iteration process for a
finite family of strictly asymptotically pseudo-contractive mappings in
the intermediate sense and also establish a strong convergence theorem
by a new hybrid method for above said iteration scheme and mappings
in the setting of Hilbert spaces.
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1. Introduction and Preliminaries

Throughout this paper, letH be a real Hilbert space with the scalar product
and norm denoted by the symbols ⟨., .⟩ and ∥ . ∥ respectively. Let C be a closed
convex subset of H, we denote by PC(.) the metric projection from H onto C.
It is known that z = PC(x) is equivalent to ⟨z − y, x− z⟩ ≥ 0 for every y ∈ C.
A point x ∈ C is a fixed point of T provided that Tx = x. Denote by F (T )
the set of fixed point of T , that is, F (T ) = {x ∈ C : Tx = x}. It is known that
F (T ) is closed and convex. Let T be a (possibly) nonlinear mapping from C
into C. We now consider the following classes:

T is contractive, i.e., there exists a constant k < 1 such that

∥Tx− Ty∥ ≤ k∥x− y∥,(1.1)

for all x, y ∈ C.
T is nonexpansive, i.e.,

∥Tx− Ty∥ ≤ ∥x− y∥,(1.2)

for all x, y ∈ C.
T is uniformly L-Lipschitzian, i.e., if there exists a constant L > 0 such

that

∥Tnx− Tny∥ ≤ L∥x− y∥,(1.3)
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for all x, y ∈ C and n ∈ N.
T is pseudo-contractive, i.e.,

⟨Tx− Ty, j(x− y)⟩ ≤ ∥x− y∥2,(1.4)

for all x, y ∈ C.
T is asymptotically nonexpansive [6], i.e., if there exists a sequence {kn} ⊂

[1,∞) with limn→∞ kn = 1 such that

∥Tnx− Tny∥ ≤ kn∥x− y∥,(1.5)

for all x, y ∈ C and n ≥ 1.
The class of asymptotically nonexpansive mappings was introduced by

Goebel and Kirk [6] as a generalization of the class of nonexpansive mappings.
T is said to be asymptotically nonexpansive in the intermediate sense if it is
continuous and the following inequality holds:

lim sup
n→∞

sup
x,y∈C

(
∥Tnx− Tny∥ − ∥x− y∥

)
≤ 0.(1.6)

Observe that if we define

Gn = max
{
0, sup

x,y∈C

(
∥Tnx− Tny∥ − ∥x− y∥

)}
,(1.7)

then Gn → 0 as n → ∞. It follows that (1.7) is reduced to

∥Tnx− Tny∥ ≤ ∥x− y∥+Gn,(1.8)

for all x, y ∈ C and n ≥ 1.
The class of mappings which are asymptotically nonexpansive in the inter-

mediate sense was introduced by Bruck et al. [3]. It is known [8] that if C is a
nonempty closed convex bounded subset of a uniformly convex Banach space
E and T is asymptotically nonexpansive in the intermediate sense, then T has
a fixed point. It is worth mentioning that the class of mappings which are
asymptotically nonexpansive in the intermediate sense contains properly the
class of asymptotically nonexpansive mappings.

Recall that T is said to be a k-strictly pseudocontraction if there exists a
constant k ∈ [0, 1) such that

∥Tx− Ty∥2 ≤ ∥x− y∥2 + k∥(I − T )x− (I − T )y∥2,(1.9)

for all x, y ∈ C.
T is said to an asymptotically k-strictly pseudocontraction with sequence

{rn} if there exists a sequence {rn} ⊂ [0,∞) with limn→∞ rn = 0 such that

∥Tnx− Tny∥2 ≤ (1 + rn)∥x− y∥2

+k∥(x− Tnx)− (y − Tny)∥2,(1.10)

for some k ∈ [0, 1) for all x, y ∈ C and n ≥ 1.
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Remark 1.1. (see [13]) If T is k-strictly asymptotically pseudo-contractive map-
ping, then it is uniformly L-Lipschitzian with L = supn≥1{(an+

√
k)/(1+

√
k) :

n ∈ N} where {an} is a sequence in [1,∞) with an → 1 as n → ∞, but the
converse does not hold.

The class of asymptotically k-strictly pseudocontraction was introduced by
Qihou [9] in 1996. Kim and Xu [7] studied weak and strong convergence the-
orems for this class of mappings. It is important to note that every asymp-
totically k-strictly pseudocontraction with sequence {rn} is a uniformly L-
Lipschitzian mapping with L = supn≥1{(k+

√
1 + (1− k)rn)/(1+k) : n ∈ N}.

Recently, Sahu et al. [19] introduced a class of new mappings: asymptoti-
cally k-strictly pseudocontractive mappings in the intermediate sense. Recall
that T is said to be an asymptotically k-strictly pseudocontraction in the in-
termediate sense with sequence {rn} if there exists a sequence {rn} ⊂ [0,∞)
with limn→∞ rn = 0 and a constant k ∈ [0, 1) such that

lim sup
n→∞

sup
x,y∈C

(
∥Tnx− Tny∥2 − (1 + rn)∥x− y∥2

−k∥(I − Tn)x− (I − Tn)y∥2
)

≤ 0.(1.11)

Throughout this paper, we assume that

sn = max
{
0, sup

x,y∈C

(
∥Tnx− Tny∥2 − (1 + rn)∥x− y∥2

−k∥(I − Tn)x− (I − Tn)y∥2
)}

.(1.12)

It follows that sn → 0 as n → ∞ and (1.11) is reduced to the relation

∥Tnx− Tny∥2 ≤ (1 + rn)∥x− y∥2

+k∥(I − Tn)x− (I − Tn)y∥2 + sn,(1.13)

for all x, y ∈ C and n ≥ 1.

Remark 1.2. (see [19]) (1) T is not necessarily uniformly L-Lipschitzian (see
Lemma 2.6 of [19]).

(2) When sn = 0 for all n ∈ N in (1.13) then T is an asymptotically k-
strictly pseudocontractive mapping with sequence {rn}.
Remark 1.3. When sn = 0 for all n ∈ N and k = 0 in (1.13), then T is an
asymptotically nonexpansive mapping with sequence {rn} ⊂ [0,∞) such that
limn→∞ rn = 0, a concept introduced by Goebel and Kirk [6] in 1972.

They obtained a weak convergence theorem of modified Mann iterative pro-
cesses for the class of mappings which is not necessarily Lipschitzian. Moreover,
a strong convergence theorem was also established in a real Hilbert space by
hybrid projection method; see [19] for more details.

In 2001, Xu and Ori [22] have introduced the following implicit iteration
process for common fixed points of a finite family of nonexpansive mappings
{Ti}Ni=1 in Hilbert spaces:

xn = tnxn−1 + (1− tn)Tnxn, n ≥ 1(1.14)
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where Tn = Tn mod N . (Here the mod N function takes values in {1, 2, . . . , N}).
And they proved the weak convergence of the process (1.14).

In 2003, Sun [20] modified the implicit iteration process of Xu and Ori [22]
and applied the modified averaging iteration process for the approximation of
fixed points of asymptotically quasi-nonexpansive mappings. Sun introduced
the following implicit iteration process for common fixed points of a finite family
of asymptotically quasi-nonexpansive mappings {Ti}Ni=1 in Banach spaces:

xn = αnxn−1 + (1− αn)T
k
i xn, n ≥ 1(1.15)

where n = (k − 1)N + i, i ∈ I = {1, 2, . . . , N}.
Assuming that the implicit iteration process is defined in C where C is a

nonempty closed convex subset of a Banach space E, Sun proved the strong
convergence theorem for said class of mappings in uniformly convex Banach
spaces.

We note that it is the same as Mann’s iterations [10] that have only weak
convergence theorems with implicit iteration scheme (1.14) and (1.15) (also, see
[1, 4, 5]). In this paper, we introduce the following explicit iteration scheme
and modify it by hybrid method, so strong convergence theorems are obtained:

Let C be a closed convex subset of a Hilbert space H and let {Ti}Ni=1 be
N asymptotically k-strictly pseudocontraction in the intermediate sense on C
such that F =

∩N
i=1 F (Ti) ̸= ∅. Let x0 ∈ C and let {αn} be a sequence

in (0, 1). The explicit iteration scheme generates a sequence {xn}∞n=1 in the
following way:

xn+1 = αnxn + (1− αn)T
k
i xn,(1.16)

where n = (k − 1)N + i, i ∈ I = {1, 2, . . . , N}.
The goal of this paper is to establish a weak convergence theorem and

some strong convergence theorems of an explicit iteration scheme (1.16) to
approximating a common fixed point for a finite family of strictly asymptoti-
cally pseudo-contractive mappings in the intermediate sense in Hilbert spaces.
The results presented in the paper extend and improve some recent results of
[2, 7, 9, 12, 14, 15, 17, 18, 22].

In order to prove our main results, we need the following lemma:

Lemma 1.4. Let H be a real Hilbert space, C be a nonempty closed convex
subset of H and let Ti : C → C be asymptotically ki-strictly pseudocontractive
mappings in the intermediate sense for i = 1, 2, . . . , N with a sequence {rni} ⊂
[0,∞) such that

∑∞
n=1 rni < ∞ and for some 0 ≤ ki < 1. Then there exists a

constant k ∈ [0, 1) and sequences {rn}, {sn} ⊂ [0,∞) with limn→∞ rn = 0 and
limn→∞ sn = 0 such that for any x, y ∈ C and for each i = 1, 2, . . . , N and
each n ≥ 1, the following holds:

∥Tn
i x− Tn

i y∥ ≤ (1 + rn)∥x− y∥2

+k∥(I − Tn
i )x− (I − Tn

i )y∥2 + sn.(1.17)
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Proof. Since for each i = 1, 2, . . . , N , Ti is asymptotically ki-strictly pseudocon-
tractive in the intermediate sense mapping, where ki ∈ [0, 1) and {rni}, {sni} ⊂
[0,∞) with limn→∞ rni = 0 and limn→∞ sni = 0. Taking rn = max{rni , i =
1, 2, . . . , N}, sn = max{sni , i = 1, 2, . . . , N} and k = max{ki, i = 1, 2, . . . , N},
hence, for each i = 1, 2, . . . , N , we have from (1.13)

∥Tn
i x− Tn

i y∥ ≤ (1 + rni)∥x− y∥2

+ki∥(x− Tn
i x)− (y − Tn

i y)∥2 + sni ,

≤ (1 + rn)∥x− y∥2

+k∥(x− Tn
i x)− (y − Tn

i y)∥2 + sn.(1.18)

The conclusion (1.17) is proved. This completes the proof of Lemma 1.4.

It is the purpose of this paper to modify iteration process (1.16) by hybrid
method as follows: chosen arbitrary x0 ∈ C and

(1.19)



yn = αnxn + (1− αn)T
k
i xn,

Cn =
{
z ∈ C : ∥yn − z∥2 ≤ ∥xn − z∥2

+ (1− αn)(k − αn)∥xn − T k
i xn∥2 + θn

}
,

Qn =
{
z ∈ C : ⟨xn − z, x0 − xn⟩ ≥ 0

}
,

xn+1 = PCn∩Qn(x0),

where n = (k − 1)N + i, i ∈ I = {1, 2, . . . , N}, θn = rn∆
2
n + (1 − αn)sn →

0 (n → ∞) and

∆n = sup

{
∥xn − z∥ : z ∈ F =

N∩
i=1

F (Ti)

}
.

The purpose of this paper is to establish strong convergence theorem of
newly proposed (CQ) algorithm (1.19) for a finite family of asymptotically
k-strictly pseudo-contractive mappings in the intermediate sense in Hilbert
spaces. Our result extends the corresponding result of Thakur [21] and many
others.

In the sequel, we will need the following lemmas.

Lemma 1.5. (see [21]) Let H be a real Hilbert space. The following identities
hold:

(i) ∥x− y∥2 = ∥x∥2 − ∥y∥2 − 2⟨x− y, y⟩ ∀ x, y ∈ H.
(ii) ∥tx+ (1− t)y∥2 = t∥x∥2 + (1− t)∥y∥2 − t(1− t)∥x− y∥2,
∀ t ∈ [0, 1], ∀ x, y ∈ H.
(iii) If {xn} is a sequence in H weakly converges to z, then

lim sup
n→∞

∥xn − y∥2 = lim sup
n→∞

∥xn − z∥2 + ∥z − y∥2 ∀ y ∈ H.
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Lemma 1.6. (see [12]) Let H be a real Hilbert space. Let C ⊂ H be a closed
convex subset, x, y, z ∈ H points and a ∈ R a real number. The set{

v ∈ C : ∥y − v∥2 ≤ ∥x− v∥2 + ⟨z, v⟩+ a
}

is convex (and closed).

Lemma 1.7. (see [12]) Let K be a closed convex subset of a real Hilbert space
H. For given x ∈ H and y ∈ K, we have that z = PKx if and only if there
holds the relation

⟨x− z, y − z⟩ ≤ 0 ∀y ∈ K,

where PK is the nearest point projection from H onto K, that is, PKx is the
unique point in K with the property

∥x− PKx∥ ≤ ∥x− y∥ ∀x ∈ K.

We will use the following notations:
1. ⇀ for weak convergence and → for strong convergence.
2. ωw(xn) = {x : ∃ xnj ⇀ x} denotes the weak ω-limit set of {xn}.

Lemma 1.8. (see [11]) Let K be a closed convex subset of H. Let {xn} be a
sequence in H and u ∈ H. Let q = PKu. If {xn} is such that ωw(xn) ⊂ K and
satisfies the condition

∥xn − u∥ ≤ ∥u− q∥, ∀n.(1.20)

Then xn → q.

Lemma 1.9. (see [16]) Let {an}∞n=1, {βn}∞n=1 and {rn}∞n=1 be sequences of
nonnegative real numbers satisfying the inequality

an+1 ≤ (1 + rn)an + βn, n ≥ 1.

If
∑∞

n=1 rn < ∞ and
∑∞

n=1 βn < ∞, then limn→∞ an exists. If in addition
{an}∞n=1 has a subsequence which converges strongly to zero, then limn→∞ an =
0.

2. Main Results

Theorem 2.1. Let C be a closed convex subset of a Hilbert space H. Let
N ≥ 1 be an integer. Let for each 1 ≤ i ≤ N , Ti : C → C be N uniformly
Li-Lipschitzian and asymptotically ki-strictly pseudo-contraction in the inter-
mediate sense mappings for some 0 ≤ ki < 1 and I − Tn is demiclosed at zero.
Let k = max{ki : 1 ≤ i ≤ N} and L = max{Li : 1 ≤ i ≤ N}. Assume

that F =
∩N

i=1 F (Ti) ̸= ∅. Given x0 ∈ C, let {xn}∞n=1 be the sequence gener-
ated by an explicit iteration scheme (1.16). Assume that the control sequence
{αn} is chosen so that k + ϵ < αn < 1 − ϵ for all n and for some ϵ ∈ (0, 1),∑∞

n=1 rn < ∞ and
∑∞

n=1 sn < ∞ where rn = max{rni : 1 ≤ i ≤ N} and
sn = max{sni : 1 ≤ i ≤ N}. Then {xn} converges weakly to a common fixed
point of the family {Ti}Ni=1.
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Proof. Let p ∈ F =
∩N

i=1 F (Ti). It follows from (1.16) and Lemma 1.5(ii) that

∥xn+1 − p∥2 = ∥αnxn + (1− αn)T
k
i xn − p∥2

= ∥αn(xn − p) + (1− αn)(T
k
i xn − p)∥2

= αn∥xn − p∥2 + (1− αn)∥T k
i xn − p∥2

−αn(1− αn)∥xn − T k
i xn∥2

≤ αn∥xn − p∥2 + (1− αn)
[
(1 + rn)∥xn − p∥2

+k∥xn − T k
i xn∥2 + sn

]
− αn(1− αn)∥xn − T k

i xn∥2

≤
[
αn(1 + rn) + (1− αn)(1 + rn)

]
∥xn − p∥2 + (1− αn)sn

−(αn − k)(1− αn)∥xn − T k
i xn∥2

= (1 + rn)∥xn − p∥2 − (αn − k)(1− αn)∥xn − T k
i xn∥2

+(1− αn)sn(2.1)

Since k + ϵ < αn < 1− ϵ for all n and for some ϵ ∈ (0, 1), from (2.1) we have

∥xn+1 − p∥2 ≤ (1 + rn)∥xn − p∥2 − ϵ2∥xn − T k
i xn∥2

+(1− k − ε)sn.(2.2)

Now (2.2) implies that

∥xn+1 − p∥2 ≤ (1 + rn)∥xn − p∥2 + (1− k − ε)sn.(2.3)

Since
∑∞

n=1 rn < ∞ and
∑∞

n=1 sn < ∞, it follows from Lemma 1.9, that
limn→∞ ∥xn − p∥ exists and so {xn} is bounded. Consider (2.2) again yields
that

∥xn − T k
i xn∥2 ≤ 1

ϵ2
[
∥xn − p∥2 − ∥xn+1 − p∥2

]
+
rn
ϵ2

∥xn − p∥2 +
(1− k − ε

ε2

)
sn.(2.4)

Since {xn} is bounded, rn → 0 and sn → 0 as n → ∞. So, we get

∥xn − T k
i xn∥ → 0 as n → ∞.(2.5)

From the definition of {xn}, we have

∥xn+1 − xn∥ = (1− αn)∥xn − T k
i xn∥ → 0, as n → ∞.(2.6)

Thus,

∥xn − xn+l∥ → 0 as n → ∞(2.7)

and for all l < N . Now for n ≥ N , and since T is uniformly Lipschitzian with
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Lipschitz constant L > 0, so we have

∥xn − Tnxn∥ ≤ ∥xn − T k
nxn∥+ ∥T k

nxn − Tnxn∥
≤ ∥xn − T k

nxn∥+ L∥T k−1
n xn − xn∥

≤ ∥xn − T k
nxn∥+ L

[
∥T k−1

n xn − T k−1
n−Nxn−N∥

+∥T k−1
n−Nxn−N − x(n−N)∥

+∥x(n−N) − xn∥
]
.(2.8)

Since for each n ≥ N , n ≡ (n−N) (mod N). Thus Tn = Tn−N , therefore
from (2.8), we have

∥xn − Tnxn∥ ≤ ∥xn − T k
nxn∥+ L2∥xn − xn−N∥

+L∥T k−1
n−Nxn−N − x(n−N)∥

+L∥x(n−N) − xn∥.(2.9)

From(2.5), (2.7) and (2.9), we obtain

∥xn − Tnxn∥ → 0 as n → ∞.(2.10)

Consequently, for any l ∈ I = {1, 2, . . . , N},

∥xn − Tn+lxn∥ ≤ ∥xn − xn+l∥+ ∥xn+l − Tn+lxn+l∥
+∥Tn+lxn+l − Tn+lxn∥

≤ (1 + L)∥xn − xn+l∥+ ∥xn+l − Tn+lxn+l∥
→ 0 as n → ∞.(2.11)

This implies that

lim
n→∞

∥xn − Tlxn∥ = 0, ∀ l ∈ I = {1, 2, . . . , N}.(2.12)

Since I −Tn is demiclosed at zero, (2.10) imply that xn ⇀ x where x is a weak

limit of {xn} and hence ωw(xn) ⊂ F =
∩N

i=1 F (Ti). Now we show that {xn} is
weakly convergent. Let p1, p2 ∈ ωw(xn) and {xni} and {xmj} be subsequences
of {xn} which converge weakly to some p1 and p2 respectively.

Since limn→∞ ∥xn− z∥ exists for every z ∈ F and since p1, p2 ∈ F , we have

lim
n→∞

∥xn − p1∥2 = lim
j→∞

∥xmj − p1∥2

= lim
j→∞

∥xmj − p2∥2 + ∥p2 − p1∥2

= lim
i→∞

∥xni − p1∥2 + 2∥p2 − p1∥2

= lim
n→∞

∥xn − p1∥2 + 2∥p2 − p1∥2.

Hence p1 = p2. Thus {xn} converges weakly to a common fixed point of the
family {Ti}Ni=1. This completes the proof.
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Theorem 2.2. Let C be a closed convex compact subset of a Hilbert space
H. Let N ≥ 1 be an integer. Let for each 1 ≤ i ≤ N , Ti : C → C be N
uniformly Li-Lipschitzian and asymptotically ki-strictly pseudo-contraction in
the intermediate sense mappings for some 0 ≤ ki < 1. Let k = max{ki : 1 ≤
i ≤ N} and L = max{Li : 1 ≤ i ≤ N}. Assume that F =

∩N
i=1 F (Ti) ̸= ∅.

Given x0 ∈ C, let {xn}∞n=1 be the sequence generated by an explicit iteration
scheme (1.16). Assume that the control sequence {αn} is chosen so that k+ϵ <
αn < 1− ϵ for all n and for some ϵ ∈ (0, 1),

∑∞
n=1 rn < ∞ and

∑∞
n=1 sn < ∞

where rn = max{rni : 1 ≤ i ≤ N} and sn = max{sni : 1 ≤ i ≤ N}. Then {xn}
converges strongly to a common fixed point of the family {Ti}Ni=1.

Proof. We only prove the difference between this theorem and Theorem 2.1. By
compactness of C this immediately implies that there is a subsequence {xnj} of
{xn} which converges to a common fixed point of {Ti}Ni=1, say, p. Combining
(2.3) with Lemma 1.9, we have limn→∞ ∥xn − p∥ = 0. This completes the
proof.

For our next result, we shall need the following definition:

Definition 2.3. A mapping T : C → C is said to be semi-compact, if for any
bounded sequence {xn} in C such that limn→∞ ∥xn − Txn∥ = 0 there exists a
subsequence {xni} ⊂ {xn} such that limi→∞ xni = x ∈ C.

Theorem 2.4. Let C be a closed convex subset of a Hilbert space H. Let
N ≥ 1 be an integer. Let for each 1 ≤ i ≤ N , Ti : C → C be N uniformly
Li-Lipschitzian and asymptotically ki-strictly pseudo-contraction in the inter-
mediate sense mappings for some 0 ≤ ki < 1. Let k = max{ki : 1 ≤ i ≤ N} and

L = max{Li : 1 ≤ i ≤ N}. Suppose that F =
∩N

i=1 F (Ti) ̸= ∅. Given x0 ∈ C,
let {xn}∞n=1 be the sequence generated by an explicit iteration scheme (1.16).
Assume that the control sequence {αn} is chosen so that k + ϵ < αn < 1 − ϵ
for all n and for some ϵ ∈ (0, 1),

∑∞
n=1 rn < ∞ and

∑∞
n=1 sn < ∞ where

rn = max{rni : 1 ≤ i ≤ N} and sn = max{sni : 1 ≤ i ≤ N}. Assume that one
member of the family {Ti}Ni=1 is semi-compact. Then {xn} converges strongly
to a common fixed point of the family {Ti}Ni=1.

Proof. Without loss of generality, we can assume that T1 is semi-compact. It
follows from (2.12) that

lim
n→∞

∥xn − T1xn∥ = 0.(2.13)

By the semi-compactness of T1, there exists a subsequence {xnk
} of {xn} such

that xnk
→ u ∈ C strongly. Since C is closed, u ∈ C, and furthermore,

lim
nk→∞

∥xnk
− Tlxnk

∥ = ∥u− Tlu∥ = 0,(2.14)

for all l ∈ I = {1, 2, . . . , N}. Thus u ∈ F . Since {xnk
} converges strongly to

u and limn→∞ ∥xn − u∥ exists, it follows from Lemma 1.9 that {xn} converges
strongly to u. This completes the proof.
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We now prove strong convergence of k-strictly asymptotically pseudo-con-
tractive mappings in the intermediate sense using iteration scheme (1.19).

Theorem 2.5. Let C be a closed convex subset of a Hilbert space H. Let
N ≥ 1 be an integer. Let for each 1 ≤ i ≤ N , Ti : C → C be N uniformly
Li-Lipschitzian and asymptotically ki-strictly pseudo-contraction in the inter-
mediate sense mappings for some 0 ≤ ki < 1 and I − Tn is demiclosed at zero.
Let k = max{ki : 1 ≤ i ≤ N} and L = max{Li : 1 ≤ i ≤ N}. Assume that

F =
∩N

i=1 F (Ti) ̸= ∅. Given x0 ∈ C, let {xn}∞n=1 be the sequence generated by

an explicit iterative process (1.19). Assume that F =
∩N

i=1 F (Ti) ̸= ∅. Assume
that the sequence {αn} is chosen so that lim supn→∞ αn < 1,

∑∞
n=1 rn < ∞

and
∑∞

n=1 sn < ∞ where rn = max{rni : 1 ≤ i ≤ N} and sn = max{sni : 1 ≤
i ≤ N}. Then {xn} converges strongly to PF (x0).

Proof. By Lemma 1.6, we observe that Cn is convex.
Now, for all p ∈ F , using Lemma 1.5(ii), we have

∥yn − p∥2 = ∥αnxn + (1− αn)T
k
i xn − p∥2

= ∥αn(xn − p) + (1− αn)(T
k
i xn − p)∥2

= αn∥xn − p∥2 + (1− αn)∥T k
i xn − p∥2

−αn(1− αn)∥xn − T k
i xn∥2

≤ αn∥xn − p∥2 + (1− αn)
[
(1 + rn)∥xn − p∥2

+k∥xn − T k
i xn∥2 + sn

]
− αn(1− αn)∥xn − T k

i xn∥2

≤
[
αn(1 + rn) + (1− αn)(1 + rn)

]
∥xn − p∥2 + (1− αn)sn

−(αn − k)(1− αn)∥xn − T k
i xn∥2

= (1 + rn)∥xn − p|2 − (αn − k)(1− αn)∥xn − T k
i xn∥2

+(1− αn)sn

= (1 + rn)∥xn − p∥2 + (k − αn)(1− αn)∥xn − T k
i xn∥2

+(1− αn)sn

≤ ∥xn − p∥2 + (k − αn)(1− αn)∥xn − T k
i xn∥2 + θn(2.15)

so p ∈ Cn for all n. Thus F ⊂ Cn for all n.
Next we show that F ⊂ Qn for all n ≥ 0, for this we use induction.
For n = 0, we have F ⊂ C = Q0. Assume that F ⊂ Qn.
Since xn+1 is the projection of x0 onto Cn ∩Qn, by Lemma 1.6, we have

⟨xn+1 − z, x0 − xn+1⟩ ≥ 0 ∀z ∈ Cn ∩Qn.

As F ⊂ Cn ∩ Qn by the induction assumption, the last inequality holds,
in particular, for all z ∈ F . This together with the definition of Qn+1 implies
that F ⊂ Qn+1. Hence F ⊂ Qn for all n ≥ 0.

Now, since xn = PQn(x0) (by the definition of Qn), and since F ⊂ Qn, we
have

∥xn − x0∥ ≤ ∥p− x0∥ ∀p ∈ F.
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In particular, {xn} is bounded and

∥xn − x0∥ ≤ ∥q − x0∥, where q = PF (x0).(2.16)

The fact xn+1 ∈ Qn asserts that ⟨xn+1 − xn, xn − x0⟩ ≥ 0. This together with
Lemma 1.5(i), implies that

∥xn+1 − xn∥2 = ∥(xn+1 − x0)− (xn − x0)∥2

= ∥xn+1 − x0∥2 − ∥xn − x0∥2 − 2⟨xn+1 − xn, xn − x0⟩
≤ ∥xn+1 − x0∥2 − ∥xn − x0∥2.(2.17)

This implies that the sequence {∥xn − x0∥} is increasing. Since it is also
bounded, we get that limn→∞ ∥xn − x0∥ exists. It turns out from (2.17) that

∥xn+1 − xn∥ → 0.(2.18)

By the fact xn+1 ∈ Cn, we get

∥xn+1 − yn∥2 ≤ ∥xn+1 − xn∥2

+(k − αn)(1− αn)∥xn − T k
i xn∥2 + θn.(2.19)

Moreover, since yn = αnxn + (1− αn)T
k
i xn, we deduce that

∥xn+1 − yn∥2 = αn∥xn+1 − xn∥2

+(1− αn)∥xn+1 − T k
i xn∥2

−αn(1− αn)∥xn − T k
i xn∥2.(2.20)

Substituting (2.20) into (2.19) to get

(1− αn)∥xn+1 − T k
i xn∥2 ≤ (1− αn)∥xn+1 − xn∥2

+k(1− αn)∥xn − T k
i xn∥2 + θn.

Since lim supn→∞ αn < 1, the last inequality becomes,

∥xn+1 − T k
i xn∥2 ≤ ∥xn+1 − xn∥2 + k∥xn − T k

i xn∥2

+
θn

1− τ
,(2.21)

for some positive number τ > 0, such that αn ≤ τ < 1.
But on the other hand, we compute

∥xn+1 − T k
i xn∥2 = ∥xn+1 − xn∥2 + 2⟨xn+1 − xn, xn − T k

i xn⟩
+∥xn − T k

i xn∥2.(2.22)

By (2.21) and (2.22), we get

(1− k)∥xn − T k
i xn∥2 ≤ θn

1− τ
− 2⟨xn+1 − xn, xn − T k

i xn⟩.(2.23)
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Therefore

∥xn − T k
i xn∥2 ≤ θn

(1− τ)(1− k)
− 2

1− k
⟨xn+1 − xn, xn − T k

i xn⟩

→ 0 as n → ∞.(2.24)

Now,

∥xn − Tnxn∥ ≤ ∥xn − T k
nxn∥+ ∥T k

nxn − Tnxn∥
≤ ∥xn − T k

nxn∥+ [(1 + r1)∥T k−1
n xn − xn∥+ s1]

→ 0 as n → ∞.(2.25)

Now, since I − Tn is demiclosed at zero, (2.25) imply that xn ⇀ x, where x is
a weak limit of {xn} and hence ωw(xn) ⊂ F (Ti) for any i = 1, 2, . . . , N . So,

ωw(xn) ⊂ F =
∩N

i=1 F (Ti). This fact, the inequality (2.16) and Lemma 1.8
imply that xn → q = PF (x0), that is, {xn} converges strongly to PF (x0). This
completes the proof.

Since asymptotically nonexpansive mappings are asymptotically 0-strict
pseudo-contractions in the intermediate sense (by remark 1.3), we have the
following consequence.

Corollary 2.6. Let C be a closed bounded convex subset of a Hilbert space
H. Let N ≥ 1 be an integer. Let for each 1 ≤ i ≤ N , Ti : C → C be
N uniformly Li-Lipschitzian and asymptotically nonexpansive mappings and
I − Tn is demiclosed at zero. Let L = max{Li : 1 ≤ i ≤ N}. Assume that

F =
∩N

i=1 F (Ti) ̸= ∅. Given x0 ∈ C, let {xn}∞n=1 be the sequence generated by
the following (CQ) algorithm:

yn = αnxn + (1− αn)T
k
i xn,

Cn =
{
z ∈ C : ∥yn − z∥2 ≤ ∥xn − z∥2

− αn(1− αn)∥xn − T k
i xn∥2 + θn

}
,

Qn =
{
z ∈ C : ⟨xn − z, x0 − xn⟩ ≥ 0

}
,

xn+1 = PCn∩Qn(x0),

where n = (k − 1)N + i, i ∈ I = {1, 2, . . . , N}, θn = rn∆
2 → 0 (n → ∞) and

∆ = diamC. Assume that F =
∩N

i=1 F (Ti) ̸= ∅. Assume that the sequence
{αn} is chosen so that lim supn→∞ αn < 1 and

∑∞
n=1 rn < ∞ where rn =

max{rni : 1 ≤ i ≤ N}. Then {xn} converges strongly to PF (x0).

Remark 2.7. If the closed convex subset C in Theorem 2.5 is bounded, we can
replace the ∆n in the definition of θn in the algorithm (1.19) with the diameter
of C, i.e., ∆n = diam C for all n and thus θn = rn(diam C)2 + (1− αn)sn.

Remark 2.8. Theorem 2.1 extends and improves the corresponding result of
Reich [18] and Marino and Xu [12] from nonexpansive and strict pseudo-
contraction mapping to the more general class of finite family of asymptotically
k-strictly pseudo-contractive in the intermediate sense mappings and explicit
iteration process considered in this paper.
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Remark 2.9. Theorem 2.1 also extends and improves the corresponding result
of Acedo and Xu [2] from k-strictly pseudo-contraction mapping to the more
general class of asymptotically k-strictly pseudo-contractive in the intermediate
sense mappings and explicit iteration process considered in this paper.

Remark 2.10. Theorem 2.1 also extends and improves the corresponding re-
sult of Xu and Ori [22] from nonexpansive mapping to the more general class
of asymptotically k-strictly pseudo-contractive in the intermediate sense map-
pings and explicit iteration process considered in this paper.

Remark 2.11. Theorem 2.2 extends and improves the corresponding result of
Liu [9] in the following ways:

(i)A k-strictly asymptotically pseudo-contractive mapping is replaced by
finite family of asymptotically k-strictly pseudo-contractive in the intermediate
sense mappings.

(ii) The modified Mann iteration process is replaced by explicit iteration
process for a finite family of mappings.

Remark 2.12. Theorem 2.4 extends and improves the corresponding result of
Kim and Xu [7].

Remark 2.13. Theorem 2.4 also extends and improves Theorem 1.6 of Osi-
like and Akuchu [15] to the case of the more general class of asymptotically
pseudocontractive mappings and explicit iteration process considered in this
paper.

Remark 2.14. Theorem 2.5 extends Theorem 3.1 of Thakur [21] to the case of
finite family of asymptotically k-strictly pseudo-contractive in the intermediate
sense mappings and explicit iteration process considered in this paper.

Remark 2.15. Our results also extend the corresponding results of Sahu et al.
[19] to the case of explicit iteration process considered in this paper.

Example 2.16. ([19]) Let X = R be a normed linear space and C = [0, 1].
For each x ∈ C, we define

T (x) =

{
kx, if x ∈ [0, 1/2],
0, if x ∈ (1/2, 1],

where 0 < k < 1. Then T : C → C is discontinuous at x = 1/2 and hence T is
not Lipschitzian. Set C1 := [1, 1/2] and C2 := (1/2, 1]. Hence

|Tnx− Tny| = kn|x− y| ≤ |x− y|

for all x, y ∈ C1 and n ∈ N and

|Tnx− Tny| = 0 ≤ |x− y|

for all x, y ∈ C2 and n ∈ N.
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For x ∈ C1 and y ∈ C2, we have

|Tnx− Tny| = |knx− 0| = |kn(x− y) + kny|
≤ kn|x− y|+ kn|y|
≤ |x− y|+ kn, for all n ∈ N.

Thus,

|Tnx− Tny|2 ≤ (|x− y|+ kn)2

≤ |x− y|2 + k|x− Tnx− (y − Tny)|2 + knK,

for all x, y ∈ C, n ∈ N and for some K > 0. Therefore, T is an asymptotically
k-strictly pseudocontractive mapping in the intermediate sense.

Example 2.17. Let X = ℓ2 = {x̄ = {xi}∞i=1 : xi ∈ C,
∑∞

i=1 |xi|2 < ∞}, and
let B̄ = {x̄ ∈ ℓ2 : ∥x∥ ≤ 1}. Define T : B̄ → ℓ2 by

T x̄ = (0, x2
1, a2x2, a3x3, . . . )

where {aj}∞j=1 is a real sequence satisfying: a2 > 0, 0 < aj < 1, j ̸= 2, and∏∞
j=2 aj = 1/2. Then

∥Tnx̄− Tnȳ∥2

≤ 2
( n∏

j=2

aj

)
∥x̄− ȳ∥2

≤ 2
( n∏

j=2

aj

)
∥x̄− ȳ∥2 + k∥(I − Tn)x̄− (I − Tn)ȳ∥2 + knQ

for all k ∈ (0, 1), n ≥ 2, x̄, ȳ ∈ X and for some Q > 0. Since

lim
n→∞

2
( n∏

j=2

aj

)
= 1,

it follows that T is an asymptotically k-strictly pseudo-contractive mapping in
the intermediate sense.
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