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A GENERAL FIXED POINT THEOREM FOR PAIRS
OF NON WEAKLY COMPATIBLE MAPPINGS IN
G - METRIC SPACES

Valeriu Popa®” and Alina-Mihaela Patriciu®

Abstract. In this paper a general fixed point theorem for pairs of non
weakly compatible pairs of mappings in G - metric spaces is proved. In
the case of a single mapping some results from [2], [8], [T, [I3], 7], [30]
are obtained.
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1. Introduction

In [@] and [5] Dhage introduced a new class of generalized metric spaces,
named D - metric spaces. Mustafa and Sims [[4], [T5] proved that most of
the claims concerning the fundamental structures on D - metric spaces are
incorrect and introduced an appropriate notion of D - metric space, named G
- metric spaces. In fact, Mustafa, Sims and other authors studied many fixed
point results for self mappings in G - metric spaces under certain conditions
[m], [2], [18], 7], [29] and other papers.

In [T9], [20] and other papers, the first author initiated the study of fixed
points for mappings satisfying implicit relations. Actually, the method is used
in the study of fixed points in metric spaces, symmetric spaces, quasi - metric
spaces, Tychonoff spaces, probabilistic metric spaces, convex metric spaces,
in two and three metric spaces, for single valued mappings, hybrid pair of
mappings and set valued mappings. Quite recently, the method is used in the
study of fixed points for mappings satisfying contractive conditions of integral
type, in fuzzy metric spaces and intuitionistic metric spaces. There exists a
vast literature in this topic which cannot be completely cited here. The method
unified different types of contractive and extensive conditions, some proofs of
fixed points theorems are more simple. Also, the method allows the study of
local and global properties of fixed point structures.

Quite recently, the present authors initiated the study of fixed points in G
- metric spaces using implicit relations in [, [23], [4], [25]. In [24] a general
fixed point theorem for pairs of weakly compatible mappings in G - metric
spaces is proved.

In this paper, a general fixed point theorem for pairs of non weakly com-
patible mappings in G - metric space is proved. In the case of a single mapping
some results from [2], [3], [I1], [T3], [I7] and [30] are obtained.
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2. Preliminaries

Definition 2.1 ([15]). Let X be a nonempty set and G : X® — R, be a
function satisfying the following properties:

(Gy) : G(z,y,2) =0ifz =y =z,

(G2) : 0 < G(z,x,y) for all z,y € X with  # y,

(G3) : G(z,z,y) < G(z,y, 2) for all z,y € X with z # y,

(Gs) : G(z,y,2) = G(y,z,2) = G(z,x,y) = ... (symmetry in all three
variables),

(Gs) : G(z,y,2) < G(x,a,a) + G(a,y,z) for all z,y,2z,a € X (rectangle
inequality).

The function G is called a G - metric and the pair (X, G) is called a G -
metric space.

Note that if G(z,y,2) = 0 then = y = z [IH].

Definition 2.2 ([15]). Let (X,G) be a G - metric space. A sequence (z,,) in
X is said to be:

a) G - convergent if for € > 0, there exist an € X and k € N such that for
m,n >k mnéeN, G, z,,xn,) <e.

b) G - Cauchy if for each ¢ > 0, there exist k¥ € N such that for all m,n,p € N
with m,n,p > k, G(zp, Tm, xp) < €, that is G(zy, Tm, zp) = 0 as n,m,p — oo.

A @ - metric space is said to be G - complete if every G - Cauchy sequence
is G - convergent.

Lemma 2.3 ([15]). Let (X,G) be a G - metric space. Then the following
properties are equivalent:

1) (zy,) is G - convergent to x,

2) G(x,xn,xn) — 0 as n — o0,

3) G(z,x,x,) = 0 as n — o0,

4) G(Tpn, Tm,x) = 0 as n,m — 00.

Lemma 2.4 ([15]). Let (X,G) be a G - metric space. Then the following
properties are equivalent:

1) The sequence (x,,) is G - Cauchy;
2) For every e > 0, there exist k € N such that for all m,n € N, m,n >
k, G(Tpn, T, Tm) < E.

Lemma 2.5 ([15]). Let (X,G) be a G - metric space. Then the function
G(z,y, z) is jointly continuous in all three of its variables.

Lemma 2.6 ([15]). Let (X,G) be a G - metric space. Then G(z,z,y) <
2G(z,y,y).
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3. Implicit relations

Definition 3.1. Let §¢ be the set of all real continuous functions F(t1, ..., ts) :
Rﬁ_ — R such that

(Fy) : F is non - increasing in variable g,

(Fy) : There exists h € [0, 1) such that for all u,v > 0, F(u,v,u,v,0,u+v) <
0 implies u < hw.

(F3) : There exists g € [0,1) such that for all ¢,¢' > 0, F(¢,¢,0,0,t',t) <0
implies t < gt'.

Example 3.2. F(t1,...,t5) = t1 — kmax{ta, t3,t4,t5,t6}, where k € [O, %)
(F1) : Obviously.
(Fy) : Let u,v > 0 and F(u,v,u,v,0,u+v) =u— kmaxu,v,u+ v =
h — k(u+v) < 0. Hence u < hv, where 0 < h = {£- < 1.
(F3) : Let t,t' > 0 and F(¢,¢,0,0,¢',t) = t — kmax{t,t'} < 0. If ¢t > t/,
then ¢(1 — k) < 0, a contradiction. Hence, ¢t < ¢’ which implies ¢t < gt’, where
0<g=k<Ll

Example 3.3. F(t1,...,t5) = t1 —ate—bty—cmax{2ts, t5+1s}, where a,b,c > 0
and 0 <a+b+2c<1.

(Fy) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,ut+v) = u—av—bv—cmax{2u, u+v} <
0. If u > v, then u(l — (a + b+ 2¢)) < 0, a contradiction. Hence u < v, which
implies u < hv, where 0 < h=a+ b+ 2c < 1.

(F5) : Let t,¢' > 0 and F(t,¢,0,0,t',t) =t —at — c(t +t') < 0 which implies

t < gt', where 0 < g = aic 1.

Example 3.4. F(t1,...,tg) = t1 — kmax {ts + tg,ts + t5} — ate, where 0 <
a+3k < 1.

(F1) : Obviously.

(Fy) : Let w,v > 0 and F(u,v,u,v,0,u+v) =u—av—k(2u+v) < 0 which
implies u < hv, where 0 < h = 1“_+2kk <1.

(F5) : Let t,¢' > 0 and F(,t,0,0,¢',t) =t —at — kmax {¢,t'} <0. If t > ¢/,
then ¢(1 — (a + k)) < 0, a contradiction. Hence ¢ < ' which implies ¢ < gt/
Where0§92ﬁ<1.

t3+ts5 ts +16
2 72

Example 3.5. F(ty,...,tg) = t; — kmax {tg,tg,t4,

ke[0,1).

(F1) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,u+v) =u— kmax{mu%, “JQFU}
< 0. If u > v, then u(l — k) <0, a contradiction. Hence u < v, which implies
u < hv, where 0 < h =k < 1.

(F3): Let t,¢' > 0 and F(t,1,0,0,#,t) = t — kmax{t, L, 5} < 0. Ift > ¢/,
then ¢(1 — k) < 0, a contradiction. Hence t < ¢/, which implies ¢ < gt’, where

0<g=k<1.

} , where

ts + 2tg 2t3 4+ t4
3 7 3

Example 3.6. F(t1,...,t5) = t1 — kmax{tg,tg,t47
kelo,3).

} , where
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(F1) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,u+v) = u—kmax{u,v, w, 2“%}
<0. Ifu>wv, thenu (1 — %) < 0, a contradiction. Hence v < v, which implies
ughv,whereogh:%<1.

(F3): Let t,t' > 0 and F(t,1,0,0,¢',t) = t — kmax{t,, 2} <0. If t > ¢/,
then t(1 — k) < 0, a contradiction. Hence ¢ < ¢, which implies ¢t < gt’, where
0<g=k<1.

Example 3.7. F(t1,...,t) = t1 —aty — (b+d)ts — ct4 — e max{ts, t5, s}, where
a,b,c,d,e>0and a+b+c+d+2e<1.

(F1) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,u+v) = u—av—(b+d)u—cv—e(u+v) <
0 which implies u < hv, where 0 < h = % < 1.

—b—d—e

(F3) : Let t,¢ > 0 and F(t,t,0,0,t',t) =t —at — emax{¢t, '} <0. If t > ¢/

then t(1 — (a + e)) < 0, a contradiction. Hence ¢ < ¢’ which implies ¢ < gt/,

Where()gg:li<1.

Example 3.8. F(tl, ey t6) = t; — kmax {tz, ts,tq4,ts5,16,t1 +13,t3 + 16, 2t5},
where k € [0, 1).

(Fy) : Obviously.

(Fy) : Let u,v > 0 and F(u, v, u,v,0,u+v) = u—kmax{u, v,u + v,2u, 2u+
v} < 0. If u > v then u(l — 3k) > 0, a contradiction. Hence v < v which
implies u < hv, where 0 < h = 3k < 1.

(Fy) : Let t,#/ > 0 and F(¢,£,0,0,¢,t) =t — kmax {t,t/ 2t'} < 0. If t > ¢/,
then t(1 — 2k) < 0, a contradiction. Hence, ¢t < ¢’ which implies ¢ < gt’, where
0<g=2k< 1.

Example 3.9. F(t1,...,tg) = t1 — aty — kmax{ts + t5 + tg, 2t3 + t4}, where
a,k>0and a+ 3k < 1.

(F1) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,u+v) =u—av—k(2u+v) < 0 which
a+k 1
T—2k =
(F3) : Let t,t' > 0 and F(¢,¢,0,0,t',t) =t —at — k(t+t') < 0 which implies

_ _k
t < gt', where 0 < g = —=— < L.

implies u < hv, where 0 < h =

Example 3.10. F(tl, ...,tg) = tl—atg—bt4—k max {tl + tg + t5 + tﬁ, 2t3 + tG},
where a,b,k > 0 and a + b+ 4c < 1.

(F1) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,u+v) =u—av—bv—k(3u+v) <0
which implies u < hv, where 0 < h = % <1.

(F3) : Let t,t’ > 0and F(t,t,0,0,t',t) = t—at—k(2t+¢') < 0 which implies
tggt’,whereogg:ﬁ<l.

Example 3.11. F(tq,...,tg) = t? —at3 — 1_&’;%:13, where a,b > 0 and a+b < 1.
(F1) : Obviously.
(Fp) : Let u,v > 0 and F(u,v,u,v,0,u+v) = u? — av? < 0, which implies
u < hv, where 0 < h = +/a < 1.
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(F3) : Let t,t' > 0 and F(t,t,0,0,t,t) =t — at®> — bt't < 0, which implies
b
t< gt where 0 < g=— < 1.
1—a

Example 3.12. F(ty,...,tg) = t1—ata—bmax{ts, t4 } —c max{ts, t5 } —d max{ta,
t3, t4, t3'§"‘5} — etg, where a,b,c,d,e >0and 0<a-+b+c+d+2e < 1.

(F1) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,u+v) =u— av — bmax{u,v} — cu —
dmax{v,u, 5} —e(u+v) <0. If u>wv, thenu(l —a—b—c—d—2¢) <0, a
contradiction. Hence v < v which implies v < hv, where 0 < h = % < 1.

(F3) : Let t,# > 0 and F(t,t,0,0,t',t) = t — at — ct’ — dmax{t, 5 } — et < 0.
If t >t then t[1 — (a+ ¢+ d + e)] <0, a contradiction. Hence ¢ < ¢/ which
implies t < gt’ where 0 < g=a+c+d+e<1.

Example 3.13. F(t1,...,ts) = t1 — kmax{ts, t3+ts,t5+ts}, where k € [0, 3).

(Fy) : Obviously.

(Fy) : Let u,v > 0 and F(u,v,u,v,0,u +v) = u — k(u +v) < 0, which
implies u < hv, where 0 < h =k < 1.

(F5) : Let t,t' > 0 and F(¢,¢,0,0,t',t) = t — k(t +t') < 0 which implies
t§gt’whereO§g=ﬁ<l.

Example 3.14. F(t1,...,ts) = t1 — ata — kmax{ts, t4,t5,t6}, where a,k > 0
and a + 2k < 1.

(F1) : Obviously.

(Fy) : Let w,v > 0 and F(u,v,u,v,0,u +v) = u — k(u +v) < 0, which
implies u < hv, where 0 < h = % < 1.

(F3) : Let t,t’ > 0 and F(t,t,0,0,t',t) =t —at — kmax{¢,t'} <0. If t > t/,
then ¢(1 — (a + k)) < 0, a contradiction. Hence, ¢t < ¢’ which implies t < gt/,
whereOSg:ﬁ<1.

Example 3.15. F(t1,...,t5) = t] — k%, where k € (0,1).

(F1) : Obviously.

(Fp) : Let u,v > 0 and F(u,v,u,v,0,u + v) = u? —k‘ﬁ’j <0. Ifu>0,

then u2 < kl’fv < kv?. Hence v < hv, where 0 < h = VE<1. Iftu= 0, then
u < hv.

(Fs) : Let t,#' > 0 and F(t,1,0,0,¢',t) = t* — k'=t" < 0, which implies

2 < kf—_ft < kt'2. Hence, t < gt’, where 0 < g = Vk < 1.

4. Main results

Theorem 4.1. Let (X,G) be a G - complete metric space and let S, T : X —
X be two functions satisfying the following inequalities for all x,y € X:

01 (G(Tx, Tz, Sy), G(x,z,y),G(x, Tz, Tx),
G(y, Sy, Sy),G(z, Sy, Sy), G(y, Tz, Tx)) <0
¢2(G(Sz, Sz, Ty),G(z,x,y), G(x, Sz, Sz),
Gy, Ty, Ty),G(z, Ty, Ty), G(y, Sz, Sx)) <0

(4.1)

where ¢1, ¢ € Fa. Then S and T have a unique common fized point.
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Proof. Let xy € X be an arbitrary point and xg, 11 = STan, Tonto = Txoni1
for n=10,1,2,... . By (¢1) we have successively:

&1 (G(Txon+1, TTon+1, STan), G(Ton+1, Tant1, Ton), G(Tant1, Toont1, TTont1),
G($2n, Sxop, SxQn)v G($2n+17 Stop, Siﬂzn), G(xzn, Tron41, Tiﬂ2n+1)) <0,

ot (G($2n+27 Tan+42, $2n+1), G($2n+1, Tan+1, $2n), G($2n+1, Tan+2, $2n+2),
G(xan, Tan+1, Tant1), 0, G(T2n, Tont2, Tant2)) < 0.

By (G5) we have
G(an, Tant2, Tant2) < G(T2n, Tant1, Tant1) + G(T2n41, Tant2, Tant2)-

By (F1) and (G4) we obtain

01 (G($2n+2, Tan+42, 502n+1), G($2n+1, Tan+1, Sﬂzn), G($2n+2, Tan+42, $2n+1),
G(Zon+1, Ton+t1, T2n), 0, G(Zant1, Lant1, Lon) + G(Z2n+2, Tont2, Tont1)) < 0

which implies by (F») that

G(on+2, Tan+2, Tont1) < MG (Zant1, Tant1, Ton),

where h = max{hy, ho}. Similarly, by (¢2) we have successively

¢2 (G(SI2n+2, S$2n+2, T-T2n+1)7 G(I2n+2, Ton+2, 172n+1),
G(22n+2, STant2, STont2), G(Tont1, TTont1, TTont1),
G(xant2, TTon41, Txon41), G(Tont1, STont2, STont2)) <0,

02(G(z2n+3, Tont3, Tant2), G(Zant2, Tant2, Tant1), G(Tont2, Tants, Tants)s
G(%an+1, Tont2, Tant2), 0, G(T2nt1, T2n43, Tant3)) < 0.

By (G5) we have
G(Zan41; Ton+t3, Tant3) < G(Tant1, Tont2, Tant2) + G(T2nt2, Toant3, Tants)-

By (F1) and (G4) we obtain

b2 (G($2n+3, T2n+3, $2n+2)7 G($2n+2, Tan+2, $2n+1)7
G(x2n+37 $2n+37 x2n+2); (x2n+2; m2’1’7,4»27 x2n+1);
0, G(22n42, Tont2: Tont1) + G(T2n43, Tang3, Tang2)) < 0

which implies by (F») that

G(@2n43, Ton+3, Tant2) < hG(Tont2, Toant2, Tont1)s

where h = max{hy, ha}.
Hence

G(xn+1a1'n+17xn) § hG(xnal'n,xnfl) for n = 132, (A

which implies
G(anrla Tn+1, mn) S hnG<$1, X1, 330).
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Then, for m,n € N, m > n, by repeating use of (G5) we have

G(Tm, Tm,Tn) < G(Tnt1,Tnt1,Tn) + G(Tni2, Tntoy Tnt1) +
+.. + G(Tm, Ty 1)
(R 4+ A" L A YG (2, 21, 20)

h'I’L
1—h

IA

<

G(x17x17x0)~

This implies that (z,) is a G - Cauchy sequence. Since (X,G) is G -
complete, there exists u € X such that (x,) is G - convergent to u. We prove
that v is a common fixed point for S and T

By (¢1) we have successively

01 (G(Tw, Tu, Sway), G(u, u, x2p), G(u, Tu, Tu),
G(zon, Stan, Stapn), G(u, Stopn, Sxon), G(xan, Tu,Tu)) < 0,

&1(G(Tu, Tu, xant1), G(u, u, x2y,), G(u, Tu, Tu),
G (T2n, Tant1, T2n+1)s G(U, Tant1, Tang1), G(@2n, Tu, Tu)) < 0.

Letting n tend to infinity and by (G4) we obtain
01 (G(Tu, Tu,u),0,G(Tu, Tu,u),0,0, G(Tu, Tu,u)) < 0.

By (F») we obtain G(Tw, Tu,u) = 0 which implies u = Tu.
Similarly, by (¢2) we have successively

¢2(G(SU, Su) Tx?n"rl)? G(uv u, m?n-‘rl)v
G(u, SU, Su), G(I2n+1, Tl‘gn+1, T$2n+1),
G(u,Tront1, Txon+1), G(Tan+1, Su, Su)) <0,

¢2(G(SU, Suv $2n+2)a G(u, u, x2n+1)7
G(% Su, SU)» G($2n+17 Ton+2, 132n+2),
G(u, ant2, Tant2), G(T2n41, Su, Su)) < 0.

Letting n tend to infinity and (G4) we obtain
d2(G(Su, Su,u),0, G(Su, Su,u),0,0, G(Su, Su,u)) < 0.

By (Fz) we obtain G(Su, Su,u) = 0 which implies u = Su.
Hence v = Su = Tw and u is a common fixed point of S and T'.
We prove that u is the unique common fixed point of S and T
Let v = Sv = Tw be another common fixed point of S and T.
Then, by (¢1) and (G4) we have successively

&1(G(Tu, Tu, Sv), G(u, u,v), G(u, Tu, Tu),
G(v, Sv, Sv), G(u, Sv, Sv), G(v, Tu, Tu)) <0

o1 (G(u,u,v), G(u,u,v),0,0, G(u,v,v), G(u,u,v)) <0
which implies by (F») that

G(u,u,v) < h1G(v,v,u).
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Similarly,
G(v,v,u) < hiG(u, u,v).
Hence
G(’LL, U,U)(l - h%) < Oa
which implies G(u, u,v) =0, i.e. u=v. O

Remark 4.2. By Theorem El, using examples B2 - B3 we obtain new partic-
ular results.

Theorem 4.3. Let (X,G) be a G - complete metric space and let T : X — X
be a function satisfying the following inequality for all x,y € X:

&(G(Tz, Tz, Ty),G(z,2,y),G(x, Tx, Tx),

(42) G(y, Ty, Ty),G(x, Ty, Ty),G(y, Tz, Tx)) <0

where ¢ € Fg. Then T has a unique fized point.

Corollary 4.4 (Theorem 2.1 [17]). Let (X,G) be a G - complete metric space
and let T : X — X be a function satisfying the following inequality for all
z,y,z € X:

(4:3) Gly. T2, T=), Gz, Ty, Ty), Gly, T=.T2), G(2, T, Tx))

where k € [0, %) Then T has a unique fixed point.

Proof. For z = x we obtain by (E33) that

G(Tx,Tx,Ty) < kmax{G(z,z,y),G(z,Tz,Tx),G(y, Ty, Ty),
G(z, Ty, Ty),G(y, Tx,Tx)) < 0.

By Theorem E=Z3 and Example B2, T" has a unique fixed point. O

Corollary 4.5 (Theorem 3.1 [17]). Let (X,G) be a G - complete metric space
and let T : X — X be a function satisfying the following inequality for all
r,y,z € X:

G(Tzx,Ty,Tz) < kmax{G(z,Ty,Ty) + Gy, Tz, Tx),

44 Gy, T2 T2) + G(» Ty, Ty), G(z, T+, T2) + G(z, T, Tx))

where k € [O, %) Then T has a unique fixed point.
Proof. For z = x we obtain by (E4) that
G(Tz,Tx,Ty) < kmax{G(x, Ty, Ty) + G(y, Tz, Tz),2G(x, Tz, Tx)) .

By Theorem B=3 and Example B33, T has a unique fixed point. O
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Corollary 4.6 (Theorem 2.8 [17]). Let (X,G) be a G - complete metric space
and let T : X — X be a function satisfying the following inequality for all
x,y,z2 € X:

G(Txz,Ty,Tz) < kmax{G(z,Tz,Tz) + G(y, Tz, Tx),

(45) Gy, T=.T=) + G, Tz, T2), Gle, Ty. Ty) + Gy, Ty, Ty))

where k € [0, %) Then T has a unique fized point.

Proof. For z = x we obtain by (E3) that

GTz, Tz, Ty) < kmax{G(z,Tx,Tx) + G(y, Tz, Tx),
Gz, Ty, Ty) + G(y, Ty, Ty))

By Theorem B=3 and Example B4, T" has a unique fixed point. O

Corollary 4.7 (Theorem 2.1 [3]). Let (X,G) be a G - complete metric space
and let T : X — X be a function satisfying the following inequality for all
r,y,z € X:
(4.6)
G(Tz,Ty,Tz) < kmax{G(z,y, 2),G(z, Tz, Tx),G(y, Ty, Ty),G (2, Tz,Tz),
G(z, Ty, Ty) + G(2, Tz, Tz) G(z,Ty,Ty)+ Gy, Tz, Tx)

)

}

2 2
Gy, Tz,Tz)+ G(z, Ty, Ty) G(x,T2,Tz)+ G(z,Txz,Tx)
2 ’ 2

where k € [0,1). Then T has a unique fized point.
Proof. For z = x we obtain by (E) that

G(Tz,Tx,Ty) < kmax{G(x,z,y),G(z, Tz, Tx),G(y, Ty, Ty),
G(z, Ty, Ty) + G(z,Tx,Tz) G(z,Ty,Ty)+ Gy, Tz, Tm)}

2 ’ 2

By Theorem B=3 and Example B3, T has a unique fixed point. O

Corollary 4.8. Let (X, Q) be a G - complete metric space and let T : X — X
be a function satisfying the following inequality for all x,y,z € X:
(4.7)
G(Tz,Ty,Tz) < kmax{G(z,y, 2),G(z, Tz, Tx),G(y, Ty, Ty),G(2,Tz,Tz),
Gy, Tz,Tx) + G(2,Ty,Ty) + G(y, T2, T2)

)

3
Gz, Tz, Tx) + G(y, Ty, Ty) + G(z,Tz,Tz)}

3

where k € [0, %) Then T has a unique fized point.

Proof. For z = x we obtain by (E=7) that
G(Tz,Tx,Ty) < kmax{G(x,z,y),G(z, Tz, Tx),G(y, Ty, Ty),
2G(y, Tz, Tx) + G(z, Ty, Ty) 2G(z,Tx,Tx) + Gy, Ty, Ty) }

3 ’ 3

By Theorem B=3 and Example BH, T has a unique fixed point. O
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Remark 4.9. This Corollary is a generalization of Theorem 2.6 [2], where h €
[0:3):

Corollary 4.10 (Theorem 3.1 [13]). Let (X,G) be a G - complete metric
space and let T : X — X be a mapping such that:

G(Tz,Ty,Tz) < aG(z,y,z) + bG(x, Tx,Tx)
+cG(y, Ty, Ty) + dG(2,Tz,Tz)
+emax{G(x, Ty, Ty),G(y, Tz, Tx),G(y, Tz, Tz),
G(z,Ty,Ty),G(z,Tx,Tx),G(x,Tz,Tz)}

(4.8)

for all z,y,z € X, where a,b,c,dje >0 anda+b+c+d+2e <1. ThenT
has a unique fized point.

Proof. For z = x by (28) we obtain

G(Tz,Tx,Ty) < aG(z,x,y) + bG(x, Tz, Tx)
+cG(y, Ty, Ty) + dG(z, Tz, Tx)
+emax{G(z,Ty,Ty),G(y, Tz, Tx),G(z, Tz, Tx)}.

By Theorem E=3 and Example BZ4, T" has a unique fixed point. O

Corollary 4.11 (Theorem 3.7 [13]). Let (X,G) be a G - complete metric
space and let T : X — X be a mapping such that:

G(Tz, Ty, Tz) < kmax{G(x,Tz,Tx),G(y, Ty, Ty),G(2,Tz,Tz),
Gz, Ty, Ty),G(y,T2,Tz2),G(z, Tz, Tx),G(x, Tz, Tz),
Gy, Tz, Tz),G(z, Ty, Ty),G(z, Ty, Ty),G(y, Tz, Tx),
G(z,Tx,Ty),G(z,y,Tz),G(y, z,Tx),G(z,2,Ty), G(x,y,2)},

(4.9)

1

for all x,y,z € X, where k € [07 3) Then T has a unique fixed point.

Proof. For z = z by (E9) we obtain

G(Tz,Tz,Ty) < kmax{G(z,Tz,Tx),G(y, Ty, Ty),G(x, Ty, Ty),
Gy, Tx,Tx),G(x, Ty, Tx),G(x,y, Tx),G(x, 2, Ty), G(x,2,y)}.

By (G5) and Lemma P78 we obtain

G(Tz,Tz,Ty) < kmax{G(z, Tz, Tz),G(y, Ty, Ty), G(z, Ty, Ty),
Gy, Tz, Tz),G(x, Tz, Tx) + G(Tx, Tz, Ty),
Gz, Tz, Tx) + Gy, Tz, Tx), 2G(x, Ty, Ty), G(x, x,y)}.

By Theorem B=3 and Example BR, T has a unique fixed point. O

Corollary 4.12. Let (X,G) be a G - complete metric space and letT : X — X
be a mapping such that for all x,y,z € X:
(4.10)
G(Tz,Ty,Tz) < aG(x,y,2) + kmax{G(z, Ty, Ty) + G(y, Tz, Tx)+
+G(2,T2,T2),G(y,T2,T2) + G(2, Ty, Ty) + G(z, Tz, Tx),
G(2, T, Tx) + G(x, T2, T=) + Gy, Ty, Ty)},

where a,k > 0 and a + 3k < 1. Then T has a unique fized point.
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Proof. For z = x by (10) we obtain

GTz,Tx,Ty) < aG(z,x,y)
+kmax{G(z,Ty,Ty) + G(y, Tz, Tx) + G(z, Tz, Tx),
2G(z, Tz, Tx) + G(y, Ty, Ty)},

By Theorem E=3 and Example B9, T has a unique fixed point. O
Remark 4.13. If a = 0, by Corollary B-T2 we obtain Theorem [I3].

Corollary 4.14. Let (X,G) be a G - complete metric space and letT : X — X
be a mapping such that for all x,y,z € X:

G(Tz,Ty,Tz) < aG(z,y,z) + bG(y, Ty, Ty)
+kmax{G(z, Ty, Ty) + G(y, Tz, Tx) + G(z, Tz, Ty),
Gy, Tz,Tz)+ G(2, Ty, Ty) + G(z, Ty, Tz),
G(z,Tx,Tz) + G(x,Tz,Tz) + G(y, Tz, Tx)},

(4.11)

where a,b,k >0 and a + b+ 4k < 1. Then T has a unique fixed point.

Proof. For z = x and (G5) we obtain

G(Tx, Tz, Ty) < aG(z,x,y) + bG(y, Ty, Ty)
+kmax{G(z, Ty, Ty) + G(y, Tz, Tx) + G(z, Tz, Ty),
2G(z, Tz, Tx) + G(y, Tz, Tx)}
<aG(z,2,y) +bG(y, Ty, Ty)
+kmax{G(z, Ty, Ty) + Gy, Tz, Txz)+
Gz, Tz, Tz) + G(Tz, Tz, Ty),
2G(z, Tz, Tx) + Gy, Tz, Tx)}.

By Theorem B3 and Example B0, 7" has a unique fixed point. O
Remark 4.15. If a = b = 0, by Corollary B14 we obtain Theorem 3.11 [I3].

Corollary 4.16. Let (X,G) be a G - complete metric space and let T : X — X
be a mapping such that for all x,y,z € X:

G(Tz,Ty,Tz) < aG(x,y,z) + bmax{G(z, Tz, Tx),G(y, Ty, Ty)}
+emax{G(z,Tz,Tz),G(z, Ty, Ty)}
+dmax{G(z,y, 2), G(z, Tz, Tx),G(y, Ty, Ty),
G(z,Ty,Ty);,—G(m,Tz,Tz) } + 6G(y7 Tz, Tl‘),

(4.12)

where a,b,c,d,e > 0 and a+b+c+d+2e < 1. Then T has a unique fized
point.

Proof. For z = x by (E12) we obtain

G(Tz,Tx,Ty) < aG(z,x,y) + bmax{G(z, Tz, Tx),G(y, Ty, Ty)}
+cmax{G(z, Tz, Tx),G(x, Ty, Ty)}
+d maX{G(x7 :I:’ y)7 G(z7 Ta?? Tx)’ G(y’ Ty7 Ty)7
G(LTy,Ty)JQrG(x,Ta:,Tm) } + eG(y, Ty, Ty)

By Theorem B=3 and Example BT2, T" has a unique fixed point. O
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Remark 4.17. Corollary B18 is a generalization of Theorem 3.2 [[1] because in
this theorem a +b+2c+2d <1 and e = 0.

Corollary 4.18 (Corollary 5 [11]). Let (X,G) be a G - complete metric space
and let T : X — X be a mapping such that for all z,y,z € X:

(4.13) G(Tz, Ty, Tz) < kmax{G(z,y, 2), G(z, Tz, Tx) + G(y, Ty, Ty),
' Gz, Ty, Ty) + G(y, Tw,Tx)},

where k € [0, %) Then T has a unique fixed point.

Proof. For z = x by (B13) we obtain

G(Tz, Tz, Ty) < kmax{G(z,z,y),G(z, Tz, Tz) + G(y, Ty, Ty),
Gz, Ty, Ty) + G(y, Tz, Tx)}.

By Theorem B=3 and Example B3, T has a unique fixed point. O

Corollary 4.19. Let (X,G) be a G - complete metric space and letT : X — X
be a mapping such that for all x,y,z € X:

G(Tz,Ty,Tz) < aG(x,y,z) + kmax{G(x, Tz, Tx), G(z, Ty, Ty),
(4.14) G(z,T2,Tz2),G(y, Ty, Ty),G(y, Tz, Tx),
Gy, T2,Tz),G(2,Tz,Tz),G(z,Tx,Tx),G(2, Ty, Ty)},

where z,y,z € X, where a,k >0 and 0 < a+ 2k < 1. Then T has an unique
fixed point.

Proof. For z =z by (€14) we obtain

G(Tz, Tz, Ty) < aG(z,x,y) + kmax{G(z, Tz, Tz),
Gy, Ty,Ty),G(x, Ty, Ty),G(y, Tx,Tx)},

and the proof it follows by Theorem B and Example BT4. O

Remark 4.20. If a = 0 we obtain Theorem 1 [B0].

Note. 1) The notions of quasi - metric spaces are introduced in [3T].
Some fixed point theorems for mappings in quasi - metric spaces are proved in
[B], [@], [®], [T2], [26], [Z7] and other papers.

Let (X, Q) be a quasi - metric space, where g(z
X. In the proofs of Theorem 1 [26] and Theorem 1
max{q(z,y),q(y,z)} is a metric on X.

Let (X,G) be a G - metric space. It is proved in Theorem 2.1 [d], Lemma
5.1 [22], Lemma 2.4 [25] that G(z, z,y) is a quasi - metric ¢(z,y) on X, hence
D(z,y) = max{G(z,z,y),G(y,y,x)} is a metric on X.

Using this fact, the study of (9], Theorem 3.1) and ([28], Theorems 17, 19,
21) is reduced to the study of fixed points in metric spaces.

2) Let F(t1,...,t6) < 0 be a contractive condition in G - metric spaces.
To use a technique as in [d], [28] it is necessary that F(t1,...,ts) to be non -
increasing in variables %o, ..., tg.

,y) is a quasi - metric on
[27] is used that d(z,y) =
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In the present paper, F' is non - increasing only in variable tg. In Example
B0 F is non - decreasing in variables ¢3 and ¢4 and in Example B3, F' is non
- decreasing in variable to. Hence, Theorems BT and B=3 cannot be derived as
the results from [0], [2R].

3) In [00] there exists a function F' non - increasing in variables to, t3, ...
which is not derived as the results from [8], [2¥].
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