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HARMONIC MAPS BETWEEN TWO
HOLOMORPHIC JETS BUNDLE

Violeta Zalutchi®”

Abstract. In the geometry of the holomorphic jets bundle of order two
J2Z9 0\ we have studied a special linear connection, named the Chern-
Lagrange connection and, with respect to this, the geodesic curves are
characterized in [20, 21, 22].

In the present paper, we consider a holomorphic function f : M — N
between two complex manifolds, which carries the curves from J 20 pp
into curves on J<2’O)N7 and we find when this mapping is harmonic. We
prove that if a curve on J®9 M is a geodesic and f defines a harmonic
map between J®OM and J®DN, then the f-image of this curve on
JZON is a geodesic too.
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1. Introduction

The geometry of harmonic maps is vast and it knows numerous and various
applications. Many results are obtained for Riemannian manifolds and their
submanifolds (for general references, see [B, 8, 4] etc.).

A harmonic map between Riemannian manifolds is a smooth map such
that, the divergence of its differential vanishes. More exactly, if f : M — N
is a smooth map, with (M, g) a compact Riemannian manifold and N with a
Riemannian metric h, first of all we define the energy functional

1 1 g aof« off
E(f)= 5 /M |df [Pdp = 5 /M 9" (@) hap(f(x)) 813; %du

and its extrema, via the Euler-Lagrange variation, which leads to the tension
field of f,

7(f) = div(df) = g (Vdf)s;.

Thus, f is a harmonic map iff the tension 7(f) vanishes and, if Vdf = 0 then
f is said to be totally geodesic. As we know, if f is totally geodesic then
it linearly maps the parameterized geodesic curves of M into parameterized
geodesic curves of N. Obviously, any totally geodesic mapping is harmonic.
The notion of harmonic maps has been extended in last decade to the
real and complex Finsler manifolds, see [, I3, [7]. Mainly, the geometry
of harmonic maps of Finsler manifolds encounters a difficulty in the fact that
the energy is defined on the non-compact domain T'M. Thus, the integral of
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the energy is considered on the indicatrix bundle, or on the projective sphere
bundle.

In this note, we shall extend the theory of the harmonic maps on the param-
eterized curves of two holomorphic (2,0) - jets bundle, avoiding the difficulty
related to the problem of compactness.

In the geometry of the real k - jets bundle, significant results have been
obtained by R. Miron’ s school and his collaborators, [, 3, B] etc. The geometry
of holomorphic (k,0) - jets bundle has many similarities with this geometry,
but also differences.

In previous papers [20, 21, we studied some aspects concerning the geom-
etry of holomorphic (2,0) - jets bundles J*OM. In [22], we extended the
approach made in [0, to the geodesic parameterized curves on (2,0) - jet bun-
dles.

Here, considering a mapping f : J9M — JZ0ON, we obtain a curve
on JEON, from a geodesic curve on JZ9 M. The necessary and sufficient
conditions that f should be a harmonic map are established, (Theorem ETT).
Taking into account the Corollary ET, we prove that f is a harmonic map if
we obtain a geodesic curve using f.

1.1. Geometry of JZ9 M

We further summarize some basic notions on the geometry of J(2% M bun-
dle.

Let M be a complex manifold, dimcM = n, (z%) be complex coordinates
in a local chart. The complexified tangent bundle TcM admits the classical
decomposition TcM = T'M @& T" M, where T'M is the holomorphic vector
bundle over M (also denoted by 7% M) and its conjugate T M is the anti-
holomorphic tangent bundle.

The holomorphic bundle of k-th order jets differential was introduced by
Green and Griffiths in [7, 1G], as the classes of sheaves of germs of holomorphic
curves {f : A, = M, f € H,,, f(0) = 20}, depending on a complex parameter
0, whose partial derivatives up to order k coincide. A detailed construction of
7(k:0) . JEOY AT — M fibre bundle structure, was discussed in [20]. J*9 M has
a structure of complex differentiable manifold, whose geometry will be briefly
recalled bellow for k = 2.

On the complex manifold JZ9 M, in a local chart, the coordinates are
denoted by Z = (2*,1*,¢¥), k = 1,n, and their changes are according to the
following rules

(1.1) = Y(2);
. o2t .
/1 — J.
. an/i ) 87}” )
2 J J
2¢ 9.7 0’ +2 o ¢’.

A local base in the holomorphic bundle 77(J(>%) M) is {%, 0?71' , 8% } The
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changes of the local base are made according to the following rules

9 82t 9 oyt o A d
(1.2) 97 T~ 0977 9o oyt T 827 90T

i _ 6,'7/1' o +8C/ii.

onJ ond on't  Ond oC'’

9 ac't

o e

By conjugation everywhere in (I2), we obtain the corresponding conjugate
base from T/ (J% M).

A complex nonlinear connection, (c.n.c.) in brief, is given by a distribution
H(JZ9M) at every point Z € JZ0 M which is supplementary to V1 (JZ0 M)

in T"(JZO M), where Vi z(J29 M) is spanned by {(’MJ ' 3T } in a local chart.
By V5 (J29 M) we denote the vertical bundle which is spanned in Z by {80 }

By conjugation, we obtain the decomposition for TC(J(2’0)M). A local base in
1) (2)
Hzy(J2OM)is -2 = 2 — N2 — Ni.2

and it is called the adapted base

55 = oo — o J ¢
of the (c.n.c.) iff 5Z7 = %Zz; 5o7- If Fis the natural almost tangent structure
{_ o 9 )
on JZOM, (given by F(5%) = a7 5 Flam) = a5 F(ao) = 0, which

sends H(JZOM) into Vi(JZ>9M) and this into Va(JZDM) = ker F), then
&)

6\ _. o6 _ 0 0

F(:%) = & = 527 — N

spans a local adapted base in V; z(J*% M). For

527 ond J 3(’
other details see [20]. Further on, we use for the adapted base {52, 5%“ 0%1}
the abbreviations {dg; := %,611 = %,5% = %} The adapted base on

T"(J29 M) is obtained by conjugation. Let {dz*,én', 6¢'},_ T be the dual of
the obtained adapted base.
A metric structure on J(>9 M is given in general form by

(1.3) G = g;;dz" @ dz7 + g;;0n' ® 61 + 9;56¢" ® 67

where g;; is the metric tensor of a complex Lagrangian function L : J(0OM —

2
R by g;j = 5605 »

Finally, we recall that in [20] a special derivative law on J(2% M was in-
troduced, namely the normal complex linear connection, N-(c.l.c.), which pre-
serves the distributions and has some special properties. A N - (c.l.c.) is well
given in an adapted frame by a set of coefficients D" = (L%, L%k, Fl, ij, C),
C;k), Locally, for a = 1,2,3 its coeflicients are given by: Ds,, 0q; = ijém,
D(Sok(saj = L%;c(sai; Délk(saj = F;k(sai; Délkéaj = F;kfgaﬂ Dézk(gaj = C;k;aai and
Ds,,. 6,5 = C;kéa;.

In a second order complex Lagrange space there exists a special complex
nonlinear connection named the Chern-Lagrange connection, [Z1] , where

see [2I].

(1)CL . 82 (Q)CL . 82L
(14) M; :gmi —m M; :gmz

J oo 0210¢™"
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and with respect to its adapted frame the following connection named the
Chern-Lagrange complex linear connection, given by

i _ omi0%m . i mi%9m. ~a _ miO95m
(1.5) = . Fi = . Ol =
52k J Snk J 5Ck
and L%k = Fj—?k = Cji'k =0, i.e. D is of (1,0) - type, is a normal complex linear
connection. Moreover, the Chern-Lagrange N - (c.l.c.) is one metrical, i.e.,
DG =0.

1.2. Curves on J&0 )

Let o : [a,b] — M, o(t) = (2*(t)), be a regular curve on M, which can be
extended to a curve on J>0M as a differentiable map c : [a,b] — JZOM
given by t — (2%(t),n*(t), ¢¥(t)), where n*(t) = % and CF(t) = %d‘;f;.

The tangent vector field of the curve ¢ is given by V := %, which, in the

adapted frame of a (c.n.c.), is written as

dc —  dZF on* 5¢k dz" Yk 5Ck
16) L st = o+ s+ S s+ s s 05 s
(16) g5 1= et év = =g Oon =m0 b =g Oo o =g Ooi + =5 Ok + = O

(») (») o (0) . D sk
It follows that V = V8, + Vkép,; = ¢ 4 ¢ , where VF = %, Vk = -,
(2)
Vk = % are the derivations with respect to the parameter ¢t € R, along the
(p) (p)
curve ¢ of the (c.n.c.) dual base and V* are obtained by conjugation in V*.

We note that @ : T"M — M is a vector bundle structure, while ms :
JEOM — M and 7 : JZOM — T'M are only fibre bundles. Of course,
ma(c) = o.

Let us consider X : [—¢, ] x[a,b] — M a variation (s, t) — X¥(s,t) = 2*(s, )
of o with £(0,t) = o(t). For a fixed s, the curves 3 define the curves I'(s,t) on
JZO M and we have the following commutative diagram

v IeONy S geoy

I +m
(L7) sy L T
Ip I

[—¢,¢] X [a,b] =, M

where ¥* (T’ M) and v*(J 29 M) are the pull-back bundles of 7'M and J (>0 M,
using the maps ¥ and -, respectively. Thus we have the maps v : (s,t) —
(zk(s,t),nk(s,t)) and I : (s,t) — (zk(s,t),nk(s,t),Ck(s,t)). Taking into ac-
count these curves, we have two kinds of vectors, which are well defined with
respect to the adapted base of a (c.n.c),
(p) (»)

4 — é(8) + é4(s) = VF(s) dpk + VE(s) 0, and

o (p) (»)
L= ig(t) + Es(t) = UML) Opi + UF(2) 0,7
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We consider the curves ¥ with fixed endpoints, I'(s,a) = c(a), I'(s,b) = ¢(b)
and V(a) = V(b) = 0.

Now, we define the energy of the Lagrangian structure, along the curve c :
t — (2%(t),n* (1), ¢*(t)), with fixed endpoints,

b
(18) G(e) = / Glér, )t

where G is given by (I33), with respect to adapted frames of Chern-Lagrange
(c.n.c), ().
The condition which describes the extreme values of the energy function is

1 [P dG(ér, &)
S /R ar=0
2/a ds

and its solutions are called the geodesic curves of the metric structure G on
J@Z0) M. This computation lead us to the relation

dG(ét,ét) . » @ (p) (p)
== Y (U DGV, V).

p=0,1,2

Using the Chern-Lagrange linear connection D, (IZ3), with the torsion
T(X,Y), which is one metrical connection, we have proved:

Theorem 1.1. [Z1]. The geodesic curves of the metric G satisfy the equations

(1.9) Re G(és, Dactr) = Re G(T(%,ét),?t).

2. Harmonic maps

Let M and N be two complex manifolds of dimensions m and n, respectively.
Consider JZDM and JZ9N the holomorphic (2,0) - jets bundles over M
and N. We assume that JZ9 M is endowed with a Lagrangian structure Ly :
JZOM — R, which determines a metric structure G as in (I=3). Similarly,
JZON is endowed with a Lagrangian structure Ly : J&YN — R which
determines a metric structure H.

As complex manifolds, we denote by (z%,%%,(%) , i =1,m and (u®, v, w®),
a =1,n the complex coordinates on JZ9 M and J20 N, respectively.

Now, let f : M — N be a homomorphic function, given locally by u® =
f¥(2),a=T,n,and o : t — (2*(t)) a curve on M. By the holomorphy, we have
9T — o
ozt '

The map f can be lifted, (see [[H]), to a map f* : T"M — T'N, defined
by 7’ azi EAN nt %’j 8%. Thus, on TN we can consider the following com-
plex coordinates (u® = f%(z), v® = 7’ %’;a ). By conjugation everywhere, this
reasoning can be considered on 7" N.

This idea can be extended to the whole J(0) N,
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Proposition 2.1. The map f** : JEOM — JEON given locally by
N SOu®  0v®

21) G = ) o = G et =)

1s well defined.

Proof. Using (D) and (IZ2), we have,

v,a _ 77/1‘ 8ulo¢ _ jazlz afla B jaf/a

ou'™ ; OuP du'@
0z 77 0z7 0z =7 023

_ O o du  ou g
=7 077 =7 0z3 ouB  Oub

Next, since f* depends only on z, we have w® = (* %J;j and hence,
‘8']0/04 anli 8n/i 8Zj afla
W' = 2 = (s 2 S S
v ¢ 02" (8zk (A ankC )az” 02"
_ 2Ck 8Jcla (977” nk azj 8f’0‘
0zk 02k 92" 9219
auﬁ au/a an/i au/oc o an/a 6ula 6v/a
- 92 k i kY 1,17 L = B B .
¢ 927 ouP " Bk 9k e 02"102" Y B v ouP
By these, we conclude that for the coordinates (u®,v*,w®) we have the
changes of coordinates analogous to (). O

With this, we have the following diagram

Jeoy I jeoy
im USIE
(2.2) T'M EAN T'N
I L
M =, N

Let o : [a,b] — M be a curve on M and let ¢ : [a,b] — JZOM be
its extension. Combining the diagrams (IZ2) and (E2), we obtain a curve
l=foc:ab] — J*ON.

The curve f o ¥ : [—¢,¢] X [a,b] — N is a variation (s,t) — u®(s,t) =
(fa(zk(s7t)))v with ua(07t) = fa(a(t))'

The mappings f* o~ and f™** oI pull-back the bundles ¥*(T'M) and
v*(JZOM) into T'N and JZ0) N, respectively.

Further on, because JZ®M and JZ9DN are endowed with Lagrangian
structures, let us consider adapted base of the Chern-Lagrange (c.n.c), (I) on

M M M N N N
T/(J(Q’O)M) and on T/(J(Q’O)N) 5 denoted by { (501‘, ) 1is 1) Qi} and {(502‘, (511‘, (521}
By conjugation, we obtain the adapted base on 7" (J29 M) and on T" (JZ 9 N).
As we say, along the curves I' : (s,t) — (2¥(s,t),n"(s,t),("(s,t)) , which is
a variation of ¢, we have the variation vector fields on T (J% M)

d o (10])C M (_I)])€ M
o = C(5) + ¢e(s) = V5(s) dpr + V() Oyt
d o (p) M (717) M
— 1 =) () =URE) 6+ UR(E) 0,

ds
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defined as in the previous section.
Along the curves f** ol : (s,t) = (u®(s,t),v*(s,t),w*(s,t)), which are
variation of I, we have the variation vectors on T (J29N), still denoted by

% and %:

o = le(s) +1(s) = X(s) dpa +X(s) dpa;

d — (pa N (pg( N

IR RORYAOER SIOR SRR CIOR

(0) (€9) N (2) N (0 ( N (2)
a _ du® a _ dv® a _ dw® a _ du® «a dv® a

v]xvfhereX =4, X=X rratin g o, Y =2 and Y =
Sw*

ds
We note that,

(0) ; (0) (0) (0)
o _ dfY _ of%dzt _ Of%yri . a
X = dt — 0z ;t 0z Vi=X

1)y (@)

X = ‘f;'; % + ?;; % + ‘f;éj % =: X(O‘q)iVi, and similarly
o 2) (a)

X = 56'2? ‘sd—i + %‘;i %i + 55%? ‘sd‘: =: Xé)ivi. From this, when ¢(s, t) is with

(p) (p)
endpoints, i.e. V =0, for any p =0, 1,2, then X = 0 and thus, I(s,t) is with
endpoints.
A geodesic curve on JZON is defined as above for JZ9M, and it is

given by a variation of the curve [, such that the energy %%gzo =

z fb %@dt = 0 and, due to Theorem [, it means
a S

. N — dl . +
(2.3) Re H(ls,D 4il;) = Re H(TN(£,lt),lt).

Now, our aim is to obtain a characterization of the harmonic map f. First,
for the metric structure H, defined by the Lagrangian function on JZ9 N, let
us compute

: — N N N ®N
H(iy(s),0e(s)) = Y H(X%pa: XPops) = > H(X*6pa. X"6,p)
p=0,1,2 p=0,1,2

() @) @ ( @@
_ a v B R o v o iY7] _
= > XXPhgs= Y XXV V hap
p=0,1,2 p,q=0,1,2
=) (P -
(2.4) = Z 9" XX ()ihapG(ée(s), é(s)).
p,q=0,1,2

Definition 2.1. A harmonic map of J*DM into JZON is a holomorphic
map f: M — N which gives the extreme of the integral

e ji (1&) *(Z) e
(2.5) E(f) = 5/ Z 9" XX () ihagdt = i/a E(l(s,t))|s=0dt

¢ p,q=0,1,2
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along the curve I : t — (u®(t),v*(t), w*(t)), constructed as above.

Remark. Note that the above expression generalizes the classical integral

of energy f; g7 %’; ; ‘Z’; f h.pdt, which is contained as a term in (Z3). More-

over, if we reduce the computation to the horizontal curves on J(% N, which
(1)

(2) T
are characterized by X* = X* =0, then £(f) = %f; g”%’; gﬁf h,dt.

Differentiating in (E4), we have

dH (iy, I;)
ds

dE(l(s, 1))
ds

dG(ég, ¢r)

(2.6) y ls—o-

|s=0 = G(ér,¢1) |ls=0 + E(I(¢))

Further on, we recover somewhat the computation which yields the result from
Theorem .
Taking into account that H(ly,l;) = 3 H(X,X) and 4 = [,(t) + [,(t) =

() N () N _ _
Y 040 +Y 0ga =1 Y +Y and similarly, for % = X + X, we have

LdH(in, 1)
2 ds

|s:0 = %(Y + Y)H(X —|—X).

N
Now, let us consider D the Chern-Lagrange (ICH) metrical connection, i.e.

N N N N
AH(B,C)=H(DaB,C)+H(B,D4C), with torsion T(A, B) = DyB—DpA—
[A, B], for any vector fields of T (J(3% N). Taking into account that H is
Hermitian, H(A, B) = H(B, A), and expanding the calculation for the variation
of H, we have
5Tt|szo = Re {H(TN(ls,ls) + D; Iy, Iy) + H(TV (I, I;) + Dj s, 1)}

N . . -~ N . -~ N . -~
= Re {H(T (ls + ls,lt),lt) + H(Dl'slt,lt) —+ H(Dl'tls,lt).

Integrating by parts this variation, we obtain

el = [ Re T4 i) + (T - HOLD,T)
d . -~ . N.i
+$H(ls>lt) - H(ZS’ Dflt)}dtv

computed for s = 0.

Considering the curves c(s,t) with fixed endpoints, i.e. V(a) = V(b) = 0,
it yields X (a) = X(b) = 0. From (E8), using the Chern-Lagrange connection
N

D with torsion TY, it follows that

(2.7) / e {H(TN (is +1,,00), 1) — H(i i)} smodt

D. —
S PR A
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/ e a) U
M _
/ E(I(t))Re {G (TM(¢5 + é5,¢0), &) — G(Gs, Dy, &¢t) Fs=odt.

Since G is nondegenerate on each curve ¢(t), we conclude:

Theorem 2.1. Let c:t — (2%(t),n(t),¢*(t)) be a given curve on JZO M and
Lt — (u®(t),v*(t),w*(t)) be the induced curve on J*ON by the holomorphic
map f: M — N. Then,

i) f: M — N is a harmonic map if and only if

Re {H(TY (I, + s, 1), ) = BQU#)G (T (¢ + &, ¢1),é) bamo
— Re {H(zg,%l +77)fE(Z(t))G(eg,Mcm,t &) }smo

and
_ _ M _
Im E(I(t)) Re {G (T™ (és + ¢4, ¢4), é) — G(és, Dy, 56) Homo = 0.

it) If ¢ is a geodesic curve on JCONM and f is a harmonic map, then 1 is
a geodesic curve on JEZON,

Corollary 2.1. If f : M — N induces a totally geodesic mapping between
JEOM and JEON | (ie., it maps geodesics of J>OM into geodesics of
J(Q’O)N), then f is a harmonic map of J@OM into JEON.
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