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ON A CURVATURE-TYPE INVARIANT
OF A g-HOLOMORPHICALLY SEMI-SYMMETRIC
CONNECTION ON A LOCALLY PRODUCT SPACE

Nevena Pusié®

Abstract. We consider an n—dimensional locally product space with p
and g dimensional components (p+q = n). In our previous paper, we have
considered two connections, (F, g)—holomorphically semi-symmetric (this
means that both metric and structure tensor are parallel towards this
connection) and F'—holomorphically semi-symmetric one, both with gra-
dient generators. We have proved that both of these connections have
curvature-like invariants which are both equal to product conformal cur-
vature tensor. Here we shall consider the third connection from this
family, namely, g-holomorphically semi-symmetric connection and find
its curvature-like invariant.
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1. Introduction

The geometrical motivation for such a consideration was the fact found in
one of our previous papers ([4]), that F—holomorphically semi-symmetric con-
nection and (F,g)—holomorphically semi-symmetric connection on a Kahler
space with Norden metrics (or anti-K&hler space) have curvature-type invari-
ants which are equal to one of its conformal invariants.

For such a reason, we have considered the same situation on a locally prod-
uct space and we obtained an analogous result. In [I0], we considered the third
connection from such a group on anti-K&hler space and found its curvature-type
invariant. In [I0], we considered situation on locally product spaces, which is
analogous to the situation in [d] and got similar results.

The papers [0, 2, B, 4, 6, B, [@, B, [2] also helped us in consideration of this
problem.

It is well-known that a locally product space is an n—dimensional manifold
M, with a (positive definite) metric (g;;), which is called a Riemannian space
and with structure tensor field F’ ; =+ (5;-, satisfying conditions

FlF} = 6%, guFF} = gij, ViF] =0,

where V denotes the operator of covariant derivative towards to Levi-Civita
connection.
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If we set gist = Fj;, then it is clear that the covariant structure tensor is

symmetric and parallel towards the Levi-Civita connection. In any neighbor-
hood of any point of a locally product space, its metric tensor can be expressed
in the form

(1.1) ds? = gap(x')dz®dz? + g,o(x")dx"dz?,

where o, 8 =1,...,p;r,s =p+1,...,p+¢=n (n =dimM,,), or, equivalently,

(12) w=(% )

9rs

and then its tangent space is a product of two tangent subspaces of dimensions
p and ¢. Then the structure tensor in such a coordinate system has the form

; 05 0
(1.3 =T %)
or, for its covariant form

(1.4 = (% ).

—Yrs

If in the expression (ID) the conditions gag = gap(z”) and g,s = grs(a') are
satisfied, then the space M,, is called a locally decomposable space.

There are several papers dedicated to locally product spaces (see, e. g.
[, 2, 3, @, 5, B, [, 8, 7], which were interesting and useful for our consideration),
but not so many in last fifteen years. Maybe this angle of consideration is a
convenient way to make such kind of spaces rekindle again. It may also be
interesting to treat a special case when the considered space is a product of
semi-Riemannian or Riemannian spaces of constant curvature ([2, B]).

The connection with coefficients
(1.5) F}k = {;k} —p;6), +p'gjk + ¢ F — ¢ Fyy,
where ¢; = p, F}', is a g—connection; moreover, its torsion tensor is of the form
(1.6) — ik + prls + ¢ Ff — au F),

which is the reason to call it a holomorphically semi-symmetric connection.
Besides, holds

(17) Kijkl = FiTF;Krskl

and this is a Kdhler-type condition for Riemann-Christoffel tensor.
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2. The curvature tensor of a g—holomorphically
semi-symmetric connection and its algebraic
properties

Taking into account (ICH) , we can calculate the curvature tensor for such
connection. We obtain that, after lowering the upper index, holds,

(2.1) Rijui = Kijr + guprj — 9ikDij + 9iuPii — 9jiPki
—Faqr; + Fieqr; — Fiequ + Fqe,
where
1, 1,
(2.2) prj = Vkpj+pipj = akd; = 5PsP ks + 5Psa Fiy
1 1
;i = Vi +aqkpj —Prqj + §psp5ij - ipsqsgkj.
It is obvious that
(2.3) Prj = 2Vipj — qra L
and, consequently
(2.4) T = 2Viq; — praly-

Now we want the tensor R;;r; to be an algebraic curvature tensor. Its compo-
nent is skew-symmetric in last two indices by definition. Also, it is visible from
(21) that its component is skew-symmetric in first two indices. Its components
must also be invariant under changing places of the first and the second pair
of indices. Then, we are getting
(2.5) 0 = gulpk; —pjr) — gik(Pr; — Pjt) + gik(Pri — Pir) —

9it(Pki — pik) + Fir(a; — ¢j1) — Fu(ak; — ajk)

+Fji(qri — qir) — Fie (@i — qar)-

If we transvect the upper equality by g% ,we obtain

(n = 2)(prs — pik) + Fila; — a51) — ¥(ar; — Gx) + F) (qri — @ir) =0,
where ¢ stands for p — ¢. If we take into account (233), then it holds that

(n = 3)(prj — pjx) +2(Vipj — Vipr) — ¥(arj — qjx)
= quqak - Flgqaj~

From (P32), it holds that Vip; — V,;px = px; — pjk; S0, we obtain

(2.6) (n = 1)(prj — pjr) — ¥(ar; — ajk) = F}'qar — Fi'qa;-
If we transvect (Z3) by F* and take into account (24), we shall obtain that
(2.7) V(s — pjk) — (0 —2)(akj — k)

= Fi(py —pjt) + F} (pri — pir)-
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If we suppose that, like in [9, 00, 1], the generator (p;) is a gradient, then py;
will be a symmetric tensor. Then gy; is also a symmetric tensor (from (272))
and then the equality (28) is satisfied automatically. Besides, it holds that

(2.8) Via; = Vjiqe + 2(q;pk — qrpy)-

If we use the fact that pi; and gi; are symmetric tensors, then it is easy to prove
that the tensor (1) satisfies the first Bianchi identity. So, we have proved that
the following theorem holds.

Theorem 2.1. If the generator of g—holomorphically semi-symmetric connec-
tion on an almost product space is a gradient, then the curvature tensor Rijx
(satisfying (20)), of such connection is an algebraic curvature tensor.

In our following considerations, we would suppose that such a condition is
satisfied.

3. Some scalar functions and tensors which are connected
with a g— holomorphically semi-symmetric connection

If we set
1, 1,
(3.1) Skj = PPj = A — 5PsP" ks + 505" Fij,
then, from (272), we have that
(32) Prj = Vipj + Skjs akj = F}'Vipa — SkaFy'.

The tensor Si; is a symmetric one; SkqF}' is not symmetric. Also, we can
notice that

Fi'qar = prj — 2Sk;-

We also can calculate that

S 1 S S
(3.3) S = §(¢psq —npsp®);
ab 1 s S
SwpF® = g(npsq — Ypsp®);
a b 1 s 1 S
Sl F} = qrq;j —prpj — 5PsP"gki + 5Psq Fyj

= —Skj —psP°Grj + Psq°Flj.

As for the curvature tensor of the connection (E) there is not satisfied the
condition of Kéhler type, but it is satisfied for Levi-Civita connection, we obtain
that

(34)  Riju— F/FiResiu = 2(9aVipj — 9 Vipj + 9k Vipi
-9 Vipi) — 2(FuVig; — FirVig; +
FjiViqi — FjiVigq;).
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Other eight terms from the expression (21) and from F] F H R,sx; are cancelling
out each other, as they contain Si; and S F ]?‘. In our next considerations, we
shall use abbreviations

RijuF" = Ri; Rirg’™ = R; R= RjpFI*

and analogous abbreviations for curvature elements for the Levi-Civita connec-
tion.
Transvecting (B83) by g%, we are getting

(3.5) Rjk — RSkF; = 2(n — l)vkpj — Qkaqj + Qijvsps
72ijvsqs + 2F,§Vaqj.

If we transvect (B33) by g’*, we obtain

R— R =4nV,p°® — WV,q°

and, consequently

i R—R
(3'6) nVsp® —YVyq® = 1

which is an important relation between these two scalar functions. If we
transvect the equality (84) by F*/, we shall obtain an identity. We shall
transvect the equality (82) by F and obtain that

(3.7) Rjk — RskF; = 72(n — I)quj + 21/Jvkpj — 2quk
+29,.Vsq® — 2F;;Vp°.
If we transvect (B7) by F7¥, we obtain the relation (B8) again; if we transvect

it by ¢’*, we obtain an identity again. If we change places of indices j and k
in (B27), we obtain

(3.8) Rkj — stF]f = 72(77, — 1)quk + 21/1Vjpk — QquJ'
+291;Vsq® — 2F;Vp®.

Substracting (B=) from (B2) and taking into account that the tensor Rjj is
symmetric, we obtain

stFl‘j — Rska = 2(n — 2)(quk — quj)

and, consequently

Ry.F} — Ry, F}

(3.9) vak = Vij — 2(n — 2)

Substituting (B9) into (BZd), we obtain
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n—1 1 —
2HVij = mRSij — mstF]‘: — RkJ + 2wV;€pj

+29;5Vsq® — 2F;,V,p®

and, consequently

n—1 s RSjF]f Ekj
2n(n —2) I 2m(n—2) 2n

Vsq® Vsp®
+%Vkpj + Siqgkj - iFkgV
n n n

(3.10) Vig;

Applying the relation Vip; = F'Viqa, we obtain

n—1 R F¥ Ry, FPF
(3.11) Vip; — Ry, — i _ ik
2n(n — 2) 2n 2n(n — 2)
P Vp® Vq°
—i—EVij - ——gkj + —— Fy;.

If we substitute (B0M) into (B0) and take into account (88), we shall obtain

+15((Z:21))Rska — ﬁstFi - %Ekj
R;Egjk ~ DR R + AR,

(313) Vi = 5 in [22((7;—_12)) Fraly - gﬁjk - %
+1§((Z_21))Rjk - 2(nw_2)RabF;)Flg - %RMF;’
_T}Fj - %(R = E)gjk] + Agjk,

where in both expressions A\ stands for VSTqS7 which cannot be eliminated.

If we use expressions (1) and (B2), we can state that

(3.14) Rijki — 9aVip; + 9ikVipj — 9jkVipi + 91V kpi — FixVig;
+ FyViq; — FjVig + FipVig;
=Kijki + 9iSjk — 9irSij + 9ikSii — 9j1Ski + FiSka F'
- ikSzaqu + FjipS1aFy — FjSpaFy'.
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Using (B33), we can obtain

(3.15) SajFi = =Skal} — psP*Fij + Psq’ G-

Using standard method, by transvecting the expression (B1d) for the curvature
tensor first by g* and then by ¢g7* and using (82), we obtain that
R-K
2

n—2 s s ¢ ]
=nV,p°® + T(wpsq‘ —npsp®) —YVsq® + = (npsq® — Ypsp®).

2 (
From the upper equality, we obtain that

_K _ 2
(3.16) RT =nVp® —YVsq® +(n — 1)psq® — M—+Mpsps.

But, if we transvect (BId) first by ¢* and then by F7* we obtain that
R—K =2(n—2)SeuF™ + 29S8,
and, consequently, using (B3),
R—K = (n(n—2)+¢*)psq® — 20(n — 1)pp”.

If we set abbreviations

(3.17) Y(n—1)=a; n(n—2) + ¢ =B,

we are getting the relationship between scalar products

s R — K + 2ap;
(3.18) psq® = %
If we substitute (BI7) and (BIX) into (BID), we obtain
- K R-K 2 -2
2n np n 2np

Now we shall transvect (814) first by F'" and after that by F7* and then use
(B3) and (BIR); we shall obtain that

s K—R 9 . aR—-K) (B+2a)(B-2a)
(3'2()) vsp - m +gvsq + nﬂ - 2n5 DsD -

Comparing (B19) and (B2), we shall obtain that

B = = 4a(R-K)

(3.21) pspszw(R—K—FR—K) W

and, using (BIR)
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s ~ = ﬂ N
(3.22) psd :ﬁ(}%f{ﬂ%fmf - E-E)
Using (B33), we get that
E 2¢04 np 5 = 2na —Yp —
ab 2na71/15 B :_: 41/)04*2nﬂ -
Sap F = 7(4(12 32)(R K+R-K)+ 7(40[2 52)(}% K).
If we set
 2Ypa—np _ 2na—yYpB
(3.24) 0= 1(da? = 52) v= oz = )’
then we obtain
(3.25) $¢ = pR—K+R-K)+2(R-K);
SwF® = w(R-K+R-K)+2uF-K).

4. Calculating tensors S;; and SkaF]

We shall denote the tensor on the left-hand side of (8Id) by L;;x;. Using
(B12) and (BT3), we shall calculate it later. It is a curvature-like tensor, but
not an algebraic curvature tensor and its final form will be rather long and
complicated. So, we would rewrite (BId) as

(4.1) Ly = Kijr+ 9aSik — 9ixSiy + 9kt — gjlski + FiSka
—FipS1aF} + FikSiaFy* — FjiSka Fj

If we transvect (EI) by g%, we obtain

(4.2) (n = 4)Skj + Skl = Lji — Kjk = g51(55 + psp°)
—Fj(San F** = psq®).
If we transvect (B) by F* and use (BI3), we obtain

(43)  PSki+ (n—2)SkF = Ljx — Kjk — gij(SanF* — psq®)
—Fyi (S5 + psp®);
where L;j, stands for L F. The system of equations (E2), (E23) will give

us thenecessary tensors. We are going to solve this system, temporarily using
abbreviations
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(4.4) S5+ psp® =75 SapF™ —psg® = 0.

Then the system will take the form

(4.5) (n—4)Skj +1/)Skaqu = Ljr— Kjr — 79k —(5ij,
Q/JSkj =+ (n — Z)SkaFja = fjk — ij — 5gjk — ’)/ij.

Solving this system of linear equations using the method od opposite coeffi-
cients, we obtain

(4.6) Si; =2 1) 2 [(n = 2)(Ljx — Kji) — (Ljx — K1)

—((n = 2)y = ¥d)gje — ((n = 2)0 — Py) Fjp.

We can see that, in fact, calculating Sy, F}' from the system of linear equa-
tions is unnecessary, because we can calculate it using their simple mutual
relationship.

Now we shall calculate these scalar functions which are factors with metrics
and structure. Using (£32), (B220), (8722), (8223) and (B33), we obtain that

(4.7) (n—2)y—vs — —ﬁM(R—KJrE—IZ()
4(4a? — B?)
= g,
(n—2)5— iy — QW(RK+E§)
G-

Substituting these scalar quantities in the expression (EH), we obtain that

1

(4.8) S = =21 = [(n = 2)(Lj — Kj) — (Ljx — Kjr)
+u(5(3 “K+R-K)—4a(B-T))gin
4(4a2 — B?) !
_W(a(}z ~K+R-K)-B(R-K))Fj).

Then, it is easy to calculate
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(49) Sk} = gy gl = DL~ Ka)Fy
_w< ak — ak)Fa
+M(5(R*K+§f§)74a(ﬁff)ﬂf .

(40&2 62) kj
_W(Q(R - K+ E - Iﬂfé) - 6(§ - F))gkj]-

5. Explicite calculating of tensors
Lijkiy Ljky, LsiE5, Ljg, Lok

The tensor on the left-hand side of (BI4) we have denoted by L;jr;. As
we have calculated covariant derivatives of the generator and its image by the
structure ((B12), (BL3)), we can substitute them into this expression. Then,
all the members of these expressions which are containing A\ are cancelling and
we shall obtain

Lijr =
1 nn—1
Rijr — eIt [ é ;(gzsz gikRij + gk Rii — 951 Rii)
n _ _
- 5(%leij — gk RaF; + g RaFy — giRo Fy)
n
- m(gizRaijbFf - gikRabFJbF}a + gjrRap P FY
— g Ry FLFY)
n—1
M(QuRska = ik R I} + gjr R Fy — gj1 R FY)
/ll) S S S S
" 2n-2) (guRsi Fy — giRoj 17 + gjuRi 17 — g R FY)
o T — 0Tt o — 0o T -R
- E(gzl ki — gikRij + ginRii — gj1Rei) — T(gllgjk — ij9ik)
- %(R - E)(gilej — i Fij + 9iuFli — 951 Fki)]
1 nn—1
toaC e [2((n — 2)) (FiRgoF} — FigRio Fj' + Fjp Rio Fj
— FjRyo Fy')
n - — — - n o
- §(Fiszj — FipRyj + Fj Ry — FjRy;) — m(FilRaij
— FipxRoj Ff' + FijRoi F' — FjiRo, F})
Y= D) g By FyRa+ FoRa— FyR
+m( ik Fi — FinRj + Fj Ry — FjRi)

Y b b b
— m(FilRaij F]g' — FikRaij Fla + ijRabFlaFi
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a d} ) a 5) a 5} a
= FpuRapFLFY) = 5 (FaBroFj = FigRia P} + FjeRia F;

R-R

— Fj R FY) — T(Filej — Fi Fyy)
- %(R - E)(Fugjk — Firgji + Firgu — Figir)]-

It is not complicated to see that the eighth and the last row are cancelling
each other out. If we change the sign of the second group of members, we
obtain that

(5.1) Lijr =

1 [n(n -1)
n? —¥2'2(n—2)
= GjiByi + Fir Rio F} — Fy Ry Fj' + Fj Ry F' — Fi Ry F}Y)

n — — — —
- g(gz‘leka = gik R F} + gjx R Fy — gji Rsi FY
+ FigRij — FuRyj + Fj Ry — FjpRu)

n a a a a
— ———Rap(gaFVFf — g FYFY + g FYF — g FRFY)

Rijr —

(9 Rij — ginRij + gjnRus

2(n—2)
n
+ m(FuRasz? — FipRo; FP + FjpRai F — FjiRa F)
n—1
+ M(gilekF; — 9k Ra F} + gjnRa Fy — gjuRa

+ FixRji — FyuRy; + Fj Ry — FjrRy)
17ZJ S S S S
- m(gileij — gikRs; F + gjnRi FY' — g Rsi Fy))
(0

+§G;:5RwamﬂTf—Fﬁﬂ?f+EMﬂTf—PhﬂTﬁ

e
- E(giZRkj = gieRij + gjx i — gjiRei + Fir Rio F')

— FilﬁkaF]q + FlekGFia — ijﬁlaFZ—a)

_R-R
2

(Gigr; — gikgiy + FirFrj — FuFyj)).

Transvecting the expression (1) by g%, we obtain

(5.2) Lji =
1 [(n2 _wz(n—l)
n2— 922 " 2(n—2)
W W
2(n —2) 2(n—2)

(Y —n+2) PP —nn-1)= .,
2(n — 2) 2 RaiF

Ry, — JRjk

RkaF]q + RjaFl:-,l

+ R FPFY +
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_ — 1) e~ >~
R Eg - YOI (B Ry - w(r - BE

and, consequently

(5.3) Lo Fs =
Ry Fy — ing[("; - M)RMF;
- 2(:% 5y Ttk 2(:% ) Reab i Ej
+ W%Fﬁ wﬁjk

ns a 18 w(n — 1)* s
— SR PP F} = SR F

+ (R~ R)Fj — (R — R)giy).

In the same way, we can calculate components of tensors fjk = LijuF il
and L F I which will also be necessary for the invariant.

6. Calculating the curvature-type invariant of

g—holomorphically semi-symmetric connection
on a locally product space

We shall use (B to calculate the curvature-type invariant. As we already

have calculated tensors Si; and Sk, F, we shall substitute (=) and (

239) into
the right-hand side of (E) and obtain

(6.1) Lijr =
Kijki + R . ) {( )Lk — Kjk)ga
— (Lji = Kji)gir + (Li — Ka)gji — (Lik — Kir)gj1]

—U[(Ljk — Kji)ga — (sz — Kji)gir
+ (Li — Ki)gjr — (Lir — Kix) g

n M{g(}%- K + R~ K) — 4a(B — B))(gug; — gn951)
2(4a2_/82) wJdg kI

(n—2)* =42 = = =
—W[a(R—K+R—K)—5(R—K)]-

(9 Frj — 9inF1; + 9j6Fii — 951 F ki)

+ (0= 2)[(Lar — Kak) Fj Fit = (Lat — Kat) Fj Fiy
+ (Lal — Ka) F{' Fji, — (Lak — Kar) F Fji]

— P[(Lak — Kar)F{' Fit = (Lot — Kat) F Fig

+ (Lot — Ka)F{ Fji, — (Lak — Kak)F{ Fj
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+ W[ﬁ(R—K+§—f{) —4a(R — K)|(Fy Fji, — Fir.Fj1)
_Ma S N
paz —gzy [R— K+ R-K) - (R~ K)]

(Fugijk — Firgji + Fijrga — Fjgi)-

When we put all tensors and scalars which are depending on curvature
tensor of g—holomorphically semi-symmetric connection on the left-hand side
and the same objects which are depending on the curvature tensor of the Levi-
Civita connection, we obtain:

(6.2)
1 _

Lijki — =) —1) =47 {((n = 2)Ljx —¥Ljr)ga

—((n—=2)Lji —¥Lj1)gir + ((n — 2)Ly — ¥ Li) g

— ((n—=2)La, — ¥ Lir)gsi + ((n — 2) Lok — Y Lak) Fj Fiy

— ((n—=2)Lat — YLat) F{' Fi + (0 — 2) Lt — ¥ Lat) F{ Fjy,

- ((n 2) ak — ¢Lak)F F]l

+7("_2)2_“’2[5(R+§)—4aﬁ]~( 195k — Gikgjt + FuFj, — FiFyy)
2(40[2 _BQ) 9il95k gikgijl WL jk ikd'ly

92 _ 2 = _
- W[Q(R + R) — BR] - (9uFr; — ginFij + 9 Fri — 9j1Fki)
1 _

Kijkl - (n — 2)( — ) — wg {((n - 2)Kjk - ijk)gil

—((n=2)Kji — YK ) gir + ((n — 2) Ky — vK3)gjk

- ((TL - 2) wsz)g]l + (( 2)*Kvak: - wfak)quFil

—((n—=2)Ko — K ) F} Fi. 4 ((n — 2) Kot — K 1) F{' Fjy,

- ((n — 2) Z/}Kak)F FJl

+M[5(K+[})_4af].( 19in — 9ingit + FuFin — FieFy;)
2(40[2 _62) 9ildjk 9ik9jl WL jk ikd'lj
(n—2)% - ¢

- W[Q(K + f{) — BK] - (9uFrj — giFij + g1 Fii — 9j1Fki)-

So, we have proved that the following theorem holds.

Theorem 6.1. If the curvature tensor of a g—holomorphically semi-symmetric
connection of a locally product space is an algebraic curvature tensor, then
the tensor on the left-hand side of (B22) (tensor quantities appearing in this
formula are given by (BId) and (B) to (633)) is independent on the choice of
its generator.

The tensor on the left-hand side of (63) is said to be a curvature-type
invariant of a g—holomorphically semi-symmetric connection.
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