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SOME COMMON FIXED POINT THEOREMS IN
METRIC SPACES UNDER A DIFFERENT SET OF
CONDITIONS

Mohammad Imdad®, Anupam Sharma®? and Sunny Chauhan®

Abstract. The purpose of this paper is to prove some new common
fixed point theorems in metric spaces for weakly compatible mapping
satisfying an implicit relation under a different set of conditions, which
unify and generalize most of the existing relevant fixed point theorems.
While proving our results, we utilize an implicit function due to Popa
et al. [Using implicit relations to prove unified fixed point theorems in
metric and 2-metric spaces. Bull. Malays. Math. Sci. Soc. (2) 33 (1)
(2010), 105-120] keeping in view their unifying power. Our results im-
prove some recent results contained in Imdad and Ali [Jungck’s common
fixed point theorem and (E.A) property. Acta Math. Sinica, Eng. Ser.
24(1) (2008), 87-94]. Some related results and illustrative examples to
highlight the realized improvements are also furnished.
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1. Introduction and Preliminaries

In nonlinear functional analysis, fixed point theory is indispensable due
to its wide application to nonlinear sciences besides various research fields in
mathematics. One of the essential and initial result in this direction was proved
by Stefan Banach [B] in 1922. The classical results of Banach [8] and Edelstein
[T] continue to be the source of inspiration for many researchers working in
the area of metric fixed point theory. A metrical common fixed point theorem
generally involves conditions on commutativity, continuity, completeness and
suitable containment of ranges of the involved mappings besides an appropriate
contraction condition and researchers in this domain are aimed at weakening
one or more of these conditions.

In 1976, Jungck [22] generalized the Banach contraction principle by using
the notion of commuting mappings and settled the open problem that a pair
of commuting and continuous self-mappings on the unit interval [0, 1] need not
have a common fixed point [d, T3]. He also generalized the idea of weakly
commuting mappings due to Sessa [dZ] and showed that the compatible pair
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of mappings commutes on the set of coincidence points. After this definition,
there came a host of definitions which are not relevant in the present context.

Jungck and Rhoades [27] (also Dhage [10]) termed a pair of self-mappings to
be coincidentally commuting (or weakly compatible) if they merely commute at
their coincidence points. The study of common fixed points for non-compatible
mappings is equally interesting (cf. Pant [85]). Consequently, the recent litera-
ture of fixed point theory has witnessed the evolution of several weak conditions
of commutativity such as; Compatible mappings of type (A) [24], Compatible
mappings of type (B), Compatible mappings of type (P), Compatible map-
pings of type (C), Biased mappings [?5], R-weakly commuting mappings and
several others whose lucid survey and illustration are available in Murthy [31].
For more details on systematic comparisons and illustrations of these described
notions, we also refer to Singh and Tomar [44], Murthy [31] and Kadelburg et
al. [29]. In what follows, we choose to utilize the most natural and weak con-
dition amongst all the commutativity conditions, namely, ‘weak compatibility’
due to Jungck [Z6]. Thereafter, many authors established a host of classical
metrical common fixed point theorems (e.g. [5, B, [, 8, IR, I9, 20, 2R, 45]).

The tradition of improving contraction conditions in fixed and common fixed
point theorems is still in fashion. For an extensive collection of contraction
conditions one can refer to Rhaoades [89, A0] and references cited therein.
Most recently, with a view to accommodate many contraction conditions, Popa
[87, BR] introduced implicit functions which are proving fruitful due to their
unifying power besides admitting new contraction conditions.

The object of this paper is to prove some common fixed point theorems in
metric spaces for weakly compatible mapping satisfying an implicit relation un-
der a different set of conditions. We generalize the result of Imdad and Ali [I6]
(Theorem P10, mentioned in Section 2) without using the property (E.A). Also
the completeness requirement of the space is replaced with a relatively more
natural condition (given in Section 3). We utilize implicit functions to prove
our results because of their versatility of deducing several contraction condi-
tions at the same time. Also, we furnish some illustrative examples to highlight
the superiority of our results over several results existing in the literature.

The following relevant known definitions will be needed in our subsequent
discussion.

Definition 1.1. A pair (A, S) of self-mappings defined on a metric space (X, d)
is said to be

1. compatible [23] if lim d(ASz,,SAz,) =0 whenever {z,} is a sequence
n—oo
in X such that lim Az, = lim Sz, =t for some t € X,

n—oo n—oo

2. non-compatible [B4] if there exists at least one sequence {x,} in X such
that lim Az, = lim Sz, =t for some t € X, but lim d(ASz,,SAz,)
n—oo n—00

n—roo
is either non-zero or non-existent,

3. weakly compatible [B3] if the mappings commute at their coincidence
points, that is, Az = Sz for some z € X implies ASz = SAz,
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4. tangential (or satisfying the property (E.A)) ([0, &1]) if there exists a

sequence {z,} in X such that lim Az, = lim Sz, =t for some ¢t € X.
n— 00 n—oo

Definition 1.2 ([I7]). Two finite families of self-mappings {A;}/2, and {Sk}7_,
of a non-empty set X are said to be pairwise commuting if

1. AiAj = Ain, 1,] € {172, . ,m},
2. SkS; = S|k, k,l € {1,2, ce ,p},
3. AiSy = SpAi, i€ {1,2,....m} and k € {L,2,...,p).

2. Implicit relations

Popa [B8, B7] proved several fixed point theorems satisfying suitable implicit
relations. For proving such results, Popa [B6, 37] considered ¥ to be the set
of all continuous functions ¥ (t1,ta,...,ts) : RS — R satisfying the following
conditions:

1) 1 is non-increasing in variables t5 and tg,

o) there exists k € (0,1) such that for u,v > 0 with

(

(

(Y24) Y(u,v,v,u,u+v,0) <0 or

(thap) (u,v,u,v,0,u+v) <0 implies u < kv,
(3) ¥(u,u,0,0,u,u) >0, for all u > 0.

Some of the following examples of such functions 1 satisfying 1, 19 and
g are taken from Popa [87] and Imdad and Ali [I6].

Example 2.1. Define ¢(t1,ta,...,t5) : Ri — R as:

1
(2.1) Y(ty,ta, ..o te) =t — kmax{t27t37t47 §(t5 thﬁ)}a ke (0,1).

(2.2) Wty ta, ... tg) = t2 — t1(aty + bts + cts) — d tste,

where a > 0, b,¢,d >0, a+b+c<landa+d <1.

(2.3) Wty t, ... te) = 15 — at?ty — btytsty — ctits — d tst?,

where a > 0, b,c,d/ 20,a+b<1anda+c+d/ < 1.

315 + t2t2

2.4 ty,to, . tg) =3 —c— 3 AT 7576
(2.4) Yt ta 6) =t to+t3+tg+1

ce(0,1).
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tste
2.5 ti,to, ... tg) =2 —ats — b——o—
( ) 1/1(1727 76) 1 atg t%—‘rti—i—l’
where a > 0,b>0and a+b < 1.
(2.6)(t1,t2,...,ts) = t]—amax{t3,13,t3} — bmax {tsts, tats} — ctsts,
where a >0, b,c>0,a+2b<1land a+c < 1.
ts t
(27) ¢(t17t27"‘7t6)_tl_kmax{t27t3at4a25a26}a ke(oﬂl)
t tg 1 t
(2.8) w(tl,t27...,t6):tl—kzmax{tg, 3; = 5; 6}, ke (0,1).

(29) ’g/](tl, to,... ,tﬁ) =1t — (atg + bts + cty + d/t5 + elfe,),

Wherea+b+c+d/+e<1andd/,620.

k
(210) w(tht% A ,tﬁ) =t — 5 max {t27t3,t4,t57t6} s ke (0, 1)

(211) 1[)(15171527 e ,tG) =11 — [atg + btg +cty + d/(t5 + tg)] y

where a +b+c+2d <1and d > 0.

Since verifications of requirements (1), (¢2) and (¥3) for Examples (

£T)-

(Z1m) are straightforward, hence details are omitted. Here one may further
notice that some other well known contraction conditions ([I2], [5], [21]) can
also be deduced as particular cases of implicit relation of Popa [37]. In order
to strengthen this viewpoint, we add some more examples to this effect and
utilize them to demonstrate how this implicit relation can cover several other
known contractive conditions and is also good enough to yield further unknown

natural contractive conditions as well.

Example 2.2. Define ¢(ty,ts,...,t5) : RS = R as:

(2.12)
3+ 63 .
Y(t1,te, ... t6) = h a1t3+t4 aate — aslts +te), If 2+ 70
t1, if t3+1t4=0,

where a; > 0 (i = 1,2, 3) with at least one a; non-zero and a1 +as +2a3 < 1.
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(11) Obvious.

v2+u2

(vt
0. If u > v, then u < (a1 + a2+ 2a3)u < u which is a contradiction. Hence
u < v and u < kv where k € (0,1).

(1p24) Let u > 0. Then ¢ (u,v,v,u,u+v,0) =u—ay —agv—az(u+v) <

(12p) Similar argument as in (1g,).
(¥3) ¥(u,u,0,0,u,u) =u >0, for all u > 0.

Example 2.3. Define ¢(t1,ts,...,t5) : RS — R as:

(2.13)
tat t5t
St b — gty — if 5+ ta # 0
1,02y..-506) = 3 4
tla if ﬁ3+t4:07

where a1, as, a3 > 0 such that 1 < 2a; + ao < 2.
Example 2.4. Define ¢(ty,t2,...,t5) : RS = R as:

1
(214) w(t17t27...,t6) = tl — a |:a2 max {t27t37t4,2(t5 +t6)}
1
tatg tal 2
+(1— as) [max {tg,t3t4,t5t6, % 425H }

where a1 € (0,1) and 0 < as < 1.
Example 2.5. Define ¢(t1,t2,...,t5) : RS = R as:

tsts Lyt
(2.15) (ty, tg,. .. tg) = 2 —ay max{t3, 2,43} —ay max{?’;)7426}—a3t5t67

where a1,a2,a3 > 0 and a1 + as + a3z < 1.

Very recently, Popa et al. [B8] proved several fixed point theorems satisfying
suitable implicit relations in which Husain and Sehgal [I4] type contraction
conditions ([d], [80], [32], [23]) can be deduced from similar implicit relations
in addition to all earlier ones if there is a slight modification in condition (41)
as follows:

(wll) 1 is decreasing in variables to, ..., tg.

Hereafter, let ¢(t1,t,...,ts) : RS — R be a continuous function which
satisfies the conditions (¢;), (12) and (13) and F be the family of such functions
9. In this paper, we employ such implicit relation to prove our results. But
before we proceed further, let us furnish some examples to highlight the utility
of the modifications instrumented herein.

Example 2.6. Define ¢(t1,ts,...,t5) : RS = R as:

(2.16) ’Lp(tl,tg, N ,t6) = tl — qb(max {tz,t3,t4, %(t5 + ts)}),

where ¢ : RT — R is an increasing upper semi-continuous function with
¢(0) = 0 and ¢(t) < t for each ¢t > 0.
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(}) Obvious.

(¥24) Let u > 0. Then ¢ (u,v,v,u,u+v,0) = u—¢(max{v,v,u, 3 (u+v)}) < 0.
If u > v, then u < ¢(u) < u, which is a contradiction. Hence u < v and
u < kv where k € (0,1).

(19p) Similar argument as in (19q).

(¥3) ¥(u,u,0,0,u,u) = u— ¢(max{u,0,0,3(u+v)}) = u — ¢(u) > 0, for all
u > 0.

Example 2.7. Define ¢(t1,ts,...,t5) : RS — R as:
(2.17) Pt ta, ... te) =t1 — @(ta, ts, ..., te),

where ¢ : Ri — R7T is an upper semi-continuous and non-decreasing func-
tion in each coordinate variable such that ¢(¢,t, at,bt,ct) < ¢ for each t > 0
and a,b,c > 0 witha+b+ ¢ < 3.

Example 2.8. Define ¢(t1,ts,...,t5) : RS — R as:
(2.18) Ut ta, ... te) = t1 — d(t3, tata, tste, tate, tats),

where ¢ : Ri — R7T is an upper semi-continuous and non-decreasing func-
tion in each coordinate variable such that ¢(¢,t,at,bt,ct) < t for each ¢t > 0
and a,b,c > 0 with a +b+ ¢ < 3.

Here it may be noticed that all earlier mentioned examples continue to enjoy
the format of modified implicit relation as adopted herein.

Motivated by the fact that a fixed point of any map on metric spaces can
always be viewed as a common fixed point of that map and identity map on the
space. Jungck [27] proved the following interesting generalization of celebrated
Banach contraction principle. While proving his result, Jungck [22] replaced
identity map with a continuous mapping. The result is as follows:

Theorem 2.9 ([22]). Let T be a continuous mapping of a complete metric
space (X,d) into itself. Then T has a fixved point in X if there exists a € (0,1)
and a mapping S : X — X which commutes with T and satisfies S(X) C T(X)
and d(Sz, Sy) < ad(Tx,Ty), for all x,y € X.

In 18], Imdad and Ali established a general common fixed point theorem for
a pair of mappings using a suitable implicit function without the requirement
of the containment of ranges.

Theorem 2.10 ([1G]). Let T and I be self-mappings of a metric space (X,d)
such that:

1. T and I satisfy the property (E.A),
2. forallz,y € X and ¢y € U,

Y(d(Tx, Ty), d(Iz, Iy), d(Iz, Tx),d(Iy, Ty),d(Ix, Ty),d(Iy,Tz)) <0,
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3. I(X) is a complete subspace of X.
Then

(a) the pair (T, I) has a point of coincidence,

(b) the pair (T,I) has a common fized point provided it is weakly com-
patible.

Remark 2.11. Theorem P11 is a generalized and improved form of the result
of Jungck [22] (Theorem P9 above) without any continuity requirement. Also
the commutativity requirement is reduced to points of coincidence along with
replacement of the completeness of the space with a natural condition.

3. Common fixed point theorems for two self-mappings

In this paper, we prove a general fixed point theorem for a pair of mappings
under a different set of conditions for weakly compatible mapping satisfying an
implicit relation which unify and generalize most of the existing relevant fixed
point theorems. While proving our results, we utilize the idea of implicit func-
tions due to Popa et al. [38]. We also utilize our main theorem to demonstrate
how several fixed point theorems can be unified by using an implicit function.

Theorem 3.1. Let A and S be two self-mappings of a metric space (X, d) such
that

1. A(X)C S(X),
2. for all x,y € X and some ¢ € ¥,

d(Az, Ay),d(Sz, Sy),d(Sz, Ax),
(3.1) ‘”( d(Sy,Az),d(Sx,Ag;;),d(Sy,Ax) ) <0

3. A(X) is a complete subspace of X.
Then the pair (A, S) has a point of coincidence.

Moreover, the mappings A and S have a unique common fixed point in X
provided the pair (A, S) is weakly compatible.

Proof. Let xy be an arbitrary element in X. Then due to (1), i.e., A(X) C S(X)
which implies A(X) C A(X) C S(X), hence one can inductively define a
sequence

(3.2) {Axg, Az, Axo, ..., Axy, ATy, .. .},

such that Az, = Sx,41 forn =0,1,2,.... Now, we show that the sequence
defined by (B3) is Cauchy. Using (8) with = z,, and y = 2,41, we have

" d(Azy, Axpi1),d(STy, STpri), d(STh, Ay), <0
d(an+17Axn+1)7d(sxn?Axn+1)7d(‘sxn+17Ax’n) -
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As Az, = Sxpqq forn=20,1,2,..., we have

" d(Azp, ATpi1),d(Szy, Axy), d(Sx,, Ax,), <0
d(A-rnann-l-l)ad(anann+1)70 '

Since 1 is non-decreasing in variable t5, we have

d(Ax,, Axpi1),d(Sxy, Axy,),d(STy,, Axy,), <0
2 d(Azy,, Axpi1),d(Szy, Ax,) + d(Az,, Axpi),0 ’

Now, using property (¢2,), we have

d(Azxy,, Azpi1) < kd(Szy,, Azy) = kd(Ax,—1, Ax,),

and so
d(Azp, Axpi1) < k"d(Axg, Azy), for all n > 0.

Hence by a routine calculation, it follows that {Az,} is a Cauchy sequence.
Since A(X) is a complete subspace of X, we have

lim Az, = li_}rn Stpi1 € A(X) C S(X) C X,

n— oo

lim Az, = liﬁm Stpe1 =t € S(X).

n—roo

Hence there exists u € X such that Su = t. We assert that Su = Au. If
not, then d(Au, Su) > 0. Using (Bd) with = u and y = x,,, we get

" d(Az, Ax,), d(Su, Sx,), d(Su, Au), <0
d(Szy, Azxy),d(Su, Azy,), d(Szy, Au) | =

Taking limit as n — oo we get
Y(d(Au,t),d(Su,t),d(Su, Au),d(t,t),d(Su,t),d(t, Au)) <0,

or,
Y(d(Au, Su),0,d(Su, Au), 0,0, d(Su, Au)) <0,

yielding thereby (due to (1)) d(Au,Su) < 0 which is a contradiction.
Then we have Au = Su, which shows that u is a coincidence point of A and S.
Since the pair (A,5) is weakly compatible, we have St = SAu = ASu = At.
Now, we show that ¢ is a common fixed point of mappings A and S. We assert
that At = t. If not then d(At,t) > 0. Again using (Bdl) with x = ¢ and y = u,
we have

Y(d(At, Au),d(St, Su), d(St, At), d(Su, Au),d(St, Au), d(Su, At)) <0,
or,
P(d(At,t),d(At,t),0,0,d(At,t),d(t, At)) <0,

which contradicts (¢3). Hence At =t or St = At = t. This shows that ¢
is a common fixed point of A and S. The uniqueness of common fixed point is
an easy consequence of implicit relation (Bl) in view of (¢3). This completes
the proof. O
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Remark 3.2. 1. Theorem B is a generalized and improved form of Theo-
rem 210 (due to Imdad and Ali [6]) in which a relatively more natural
condition is used in place of the property (E.A).

2. In 1976, Jungck[22] used the continuity and commutativity of the map-
ping but in our result continuity requirement is replaced by the closure of
the range of one mapping into the range of the other, i.e., A(X) C S(X)
and commutativity requirement is reduced to points of coincidence along
with the completeness of the subspace A(X). Thus Theorem B is a
generalized form of the results of Imdad and Ali [I6] and Jungck [22].

From Theorem BT, we can deduce a host of corollaries which are embodied
in the following:

Corollary 3.3. The conclusions of Theorem B remain true if for all x,y €
X, (x #y), the implicit relation (BO) is replaced by one of the following:

(3.3) d(Az, Ay) < kmax{d(Sa:,Sy),d(Sa:,Ax),d(Sy,Ay),

%[d(Sm,Ay) 4 d(Sy,Am)]}, ke (0,1).

(3.4) d*(Az,Ay) < d(Ax, Ay)ad(Sz, Sy) + bd(Sz, Azx) 4 cd(Sy, Ay)]
+d d(Sz, Ay)d(Sy, Ax),

where a > 0, b,c,d/ >0,a+b+c<1 and a+d < 1.

(3.5) d*(Az, Ay) < ad*(Azx, Ay)d(Sz,Sy) + bd(Ax, Ay)d(Sz, Azx)d(Sy, Ay)
+ed?(Sz, Ay)d(Sy, Az) + d d(Sz, Ay)d*(Sy, Az),

where a > 0, b,c,d/ >0,a+b<1 anda+c+d <1.

d*(Sxz, Az)d?(Sy, Ay) + d*(Sxz, Ay)d*(Sy, Ax)
d(Sxz,Sy) + d(Sz, Az) + d(Sy,Ay) +1 ~

(3.6) d®(Ax, Ay) < ¢
where ¢ € (0,1).

d(Sz, Ay)d(Sy, Az)
(Sz, Ax) + d?(Sy, Ay) + 1’

(3.7) d*(Ax, Ay) < ad*(Sz, Sy) + bd2
where a > 0,b>0 and a+b < 1.
(3.8) d*(Az, Ay) < amax{d*(Sz,Sy),d*(Sz, Ax),d*(Sy, Ay)}

+bmax{d(Sxz, Az)d(Sz, Ay),d(Sy, Ay)d(Sy, Ax)}
+cd(Sx, Ay)d(Sy, Az),
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where a >0, b,c>0,a+2b<1 anda+c < 1.

(3.9) d(Az, Ay) < kmax{d(Sx,Sy),d(Sa?,Ax),d(Sy,Ay),

%d(Sw, Ay), %d(Sy, A;v)}, ke (0,1).

(3.10) d(Azx,Ay) < kmax {d(Sz, Sy), %[d(Sx, Az) + d(Sy, Ay)],

%[d(Sax,Ay) +d(Sy, Aac)]}, ke (0,1).

(3.11) d(Az, Ay) < ad(Sz,Sy)+ bd(Sz, Azx) + c¢d(Sy, Ay)
+d d(Sxz, Ay) + ed(Sy, Az),

wherea+b+c+d/—|—e<1 anddl,eZO.

(3.12) d(Az, Ay) < ];max{d(Sx,Sy),d(Sx,Ax),d(Sy,Ay),

d(Sm,Ay),d(Sy,Ax)}, ke (0,1).

(3.13) d(Az, Ay) < ad(Sz,Sy)+ bd(Sx, Az) + cd(Sy, Ay)
+d [d(Sw, Ay) + d(Sy, A)],

where a +b+c+2d <1 andd > 0.
d*(Sxz, Az) + d*(Sy, Ay)

d(Sz, Az) + d(Sy, Ay)
+azld(Sz, Ay) + d(Sy, Az)],

(3.14) d(Az,Ay) < a

+ agd(Sx, Sy)

where a; > 0 (i = 1,2, 3) with at least one a; non-zero and a1 +ag+2a3 < 1.

(3.15) d(Az, Ay) < a1d(Sz, Sy)
+a2d(Sa:, Az)d(Sy, Ay) + azd(Sz, Ay)d(Sy, Ax)
d(Sz, Az) + d(Sy, Ay) ’

where a1, as,a3 > 0 such that 1 < 2aq, + as < 2.
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(3.16) d(Az, Ay) < a {agmax {d(Sx,Sy),d(Sx,Ax),
A(Sy, Ay), 5 (d(S, Ay) + d(Sy, Ax))}

+(1 — a9) {max {dQ(Sx, Sy),d(Sz, Azx)d(Sy, Ay),

d(Sz, Ay)d(Sy, Az), 25T Aw)Qd(Sy, Az)
d(Sy, Ay)d(Sz, Ay) | 1>
N}

where aj € (0,1) and 0 < ay < 1.

(3.17) d*(Az, Ay) < a3 max{d*(Sz, Sy),d*(Sz, Az),
d Azx)d A
dZ(Sy,Ay)} —ay Inax{ (S.T, l‘) (SI, y)

2 9
d(Sy, Ay),d(Sy, Ax)
2

} ~ asd(S, Ay)d(Sy, Az),

where a1,as,a3 >0 and a1 + as + ag < 1.

(3.18)  d(Az,Ay) < ¢<max{d(Sx,Sy),d(Sx,Ax),d(S’y,Ay),

%(d(Sw, Ay) + d(Sy, A@)}),

where ¢ : RY — R7T is an increasing upper semi-continuous function with
¢(0) =0 and ¢(t) <t for each t > 0.

(3.19) d(Az, Ay) < ¢<d(5$,5y),d(5x7Ax),d(Sy,Ay),
(S, Ay).d(Sy. A7) ).
where ¢ : Ri_ — RT is an upper semi-continuous and non-decreasing func-
tion in each coordinate variable such that ¢(t,t,at,bt,ct) < t for each t > 0
and a,b,c >0 with a+ b+ c < 3.
(3.20)  d*(Az, Ay) < ¢(d2(5x,5y),d(5m,Am)d(Sy,Ay),
d(Sz, Ay)d(Sy, Az), d(Sx, Az)d(Sy, Ax),

d(Sy,Ay>d<Sx,Ay>),
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where ¢ : R‘i — RT is an upper semi-continuous and non-decreasing func-
tion in each coordinate variable such that ¢(t,t,at,bt,ct) < t for each t > 0
and a,b,c >0 with a+ b+ c < 3.

Proof. The proof follows from Theorem B and Examples EZZIHZS. O

Setting S = I (the identity mapping on X) in Theorem B, we get the
following corresponding fixed point theorem.

Corollary 3.4. Let A be a self-mappings of a metric space (X, d) such that
1. forall z,y € X and some ¢ € U,

d(Azx, Ay),d(z,y),d(x, Ax),
(3:20) o (st oy ) <0

2. A(X) is a complete subspace of X.
Then A has a unique fized point in X .

Remark 3.5. A corollary similar to Corollary B can be outlined in respect of
Corollary B3 yielding thereby a host of fixed point theorems.

4. A common fixed point theorem for finite families of
self-mappings

As an application of Theorem BT, we prove a common fixed point theorem
for two finite families of mappings which runs as follows:

Theorem 4.1. Let {A1, Aa, ..., A} and {S1,52,...,5,} be two finite families
of self-mappings of a metric space (X,d) with A = A1Ay... Ay and S =
S182... 8y satisfying condition (BO) of Theorem B. Suppose that A(X) C
S(X), wherein A(X) is a complete subspace of X. Then (A, S) has a point of
coincidence.

Moreover, if AjA; = AjA;, SiSi = SiSk and A; Sy = SiA; for all i,j €
I ={1,2,....,m} and k,l € I, = {1,2,...,p}, then (for alli € I} and k € I5)
A; and S have a common fized point in X.

Proof. The conclusion ‘(A4, S) has a point of coincidence’ is immediate as A and
S satisfy all the conditions of Theorem BOl. Now appealing to componentwise
commutativity of various pairs, one can immediately assert that AS = SA
and hence, obviously the pair (A, S) is weakly compatible. Note that all the
conditions of Theorem B (for mappings A and S) are satisfied ensuring the
existence of unique common fixed point, say t. Now one needs to show that ¢
remains the fixed point of all the component mappings. For this consider

A(A) = (A1As . A)ANE = (A1As. .. A ) (A At
= (Ar... Ay ) (AiApt)

= AlAi (A2A3A4 . A"Lt)
= AA(A2As. . Apt) = Ai(At) = Agt.
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Similarly, one can show that,
A(Skt) = Sk(At) = St, S(Skt) = Sk(St) = Skt,

and
S(A;t) = A;(St) = Ajt,

which shows that (for all ¢ and k) A;t and Syt are other fixed points of the
pair (A,S). Now appealing to the uniqueness of common fixed points of the
pair separately, we get

t = At = Sit,

which shows that ¢ is a common fixed point of A; and Sy for all i and k. [J

By setting Ay = Ay = ... =4, =Aand S; =85 =... =5, =5in
Theorem B, we deduce the following corollary:

Corollary 4.2. Let A and S be self-mappings of a metric space (X,d) satis-
fying inequality (B) of Theorem B for all distinct x,y € X. If A™(X) C
SP(X), then A and S have a unique common fixed point in X provided AS =
SA.

5. Illustrative examples

Now we furnish examples to demonstrate the validity of the hypotheses and
degree of generality of Theorem B over earlier result due to Popa et al. [38]
besides establishing its utility over earlier results due to Imdad and Ali [I6]
and others.

Example 5.1. Consider X = [2,25] with usual metric. Define self-mappings
A and S on X as

. 2, if z = 2;
Ap= ) 2 Hze{2bU(G25): o 8, if2<az<5;
4, if2<x<5b. :
r—3, ifx>5.

We can see that the mappings A and S commute at 2 which is their coinci-
dence point. Also A(X) = {2,4} and S(X) = [2,22]. Clearly, A(X) = {2,4} C
[2,22] = S(X).

Now define ¥ (t1,ta,...,1ts) : Ri — R as:

13+ t3
t3 + 14

Yt ta, ... ) =t —aq — agty — az(ts + te),
where a; > 0 with at least one a; non-zero and ay + as + 2a3 < 1.

By a routine calculation one can verify that contraction condition (BI) is
satisfied for a; = % and as = a3 = §. If z,y € {2} U(5,25], then d(Axz, Ay) =0
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and verification is trivial. If = € (2,5] and y > 5, then

" d*(Sxz, Az) + d?(Sy, Ay)
Y d(Sx, Az) + d(Sy, Ay)
142+ |y—5[2 1 1
= — <2 — 4+ |ly—-11 Z —
54+w_5|+4w [+ 716+ 1y =7l]
24124 -2y) >2=d(Az, Ay), if ye< (5,7
D= 33592 =d(Az, Ay), if ye (7,11],
1(2y —12) > 2 = d(Az, Ay), if y> 11

+ axd(Sz, Sy) + as(d(Sz, Ay) + d(Sy, Az))

A%
[SAFS N

+
+

Similarly, one can verify the other cases. Thus all the conditions of Theorem
B are satisfied and 2 is the unique common fixed point of the mappings A
and .S, which is their coincidence point also.

Finally, we have one example which illustrates the hypotheses of Theorem
BT except the condition of weak compatibility.

1 1 1
27227923777
metric d(z,y) = |z — y| for all z,y € X. Define the mappings 4,5 : X — X

1
by A(0) = and S(0) =0, 5(27) = forn=20,1,2,...

Example 5.2. Let X =10,1, be a metric space with the usual

2 A = 3 ont1

1 1 1 1 1 1
respectively. Clearly, A(X) = {22, 7 24,...} and S(X) = {O, 3192 38 }
Then clearly,

S 11 111

Considering the same implicit function as in Example B2, one can verify
that the contraction condition (B) is satisfied for a; = as = % and ag = 1

1
8 4
For example, choose x =0 and y = %, then

d?(Sx, Ax) + d*(Sy, Ay)
’ ’ d d(Sz, Ay) + d(Sy, A
= a d(SSU,AZC)—f—d(Sy,Ay) + az (SI,SZJ)‘FU{;( (va y)+ (Sy7 I))
2 2
11 11
N T B U O A I Y (O A I R Y
o8l |, . L 612 22| 4||2 23| |22 22
2 — =4+ lz5 — =5
2 22 22 23

1/5\ 1/1\ 1/3 31 1

Clearly, all the conditions of Theorem Bl are satisfied except the condition
of weak compatibility. Therefore, the mappings A and S do not have any point
of coincidence.
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