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1. Introduction

In 1969, Tanno [Z1] classified connected almost contact metric manifolds
whose automorphism groups possess the maximum dimension. The sectional
curvature of the manifolds of plain sections containing & is a constant, say c.
The sectional curvature of plain sections can be divided into three classes:

(1.1) homogeneous normal contact Riemannian manifolds with ¢ > 0,

(1.2) global Riemannian products of a line or a circle with a Kaehler manifold
of constant holomorphic sectional curvature if ¢ = 0 and

(1.3) a warped product space R x; C if ¢ < 0.

The manifolds of class (1.1) are characterized by admitting a Sasakian struc-
ture. Kenmotsu [I6] characterized the differential geometric properties of the
manifolds of class (1.3); the structure so obtained is now known as Kenmotsu
structure. In general, these structures are not Sasakian [I6].

In 1980, Gray and Hervella [I2], classification of almost Hermitian manifolds
there appears a class, Wy, of Hermitian manifolds which are closely related to
locally conformal Kaehlerian manifolds [I0]. An almost contact metric struc-
ture on the manifold M is called a trans-Sasakian structure [I7] if the product
manifold M x R belongs to the class Wy. The class Cs @ C5 ([15], [16]) coin-
cides with the class of trans-Sasakian structure of type (o, 5). We note that
trans-Sasakian structures of type (0,0), (0,5) and («,0) are cosymplectic [3],
B-Kenmotsu [I4] and a-Sasakian [I4] respectively.

In 2005, Yildiz and Murathan [25] studied Lorentzian a-Sasakian mani-
folds and proved that conformally flat and quasi conformally flat Lorentzian
a-Sasakian manifolds are locally isometric with a sphere.
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In 2012, Yadav and Suthar [23] studied Lorentzian a-Sasakian manifolds.

Hayden [I3] introduced semi-symmetric linear connection on a Riemannian
manifold. Let M be an n-dimensional Riemannian manifold of class C'*° en-
dowed with the Riemannian metric g and V be the Levi-Civita connection on
(M",g). .

A linear connection V defined on (M™, g) is said to be semi-symmetric [{1]
if its torsion tensor T is of the form

(L.1) T(X,Y) =n(Y)X —n(X)Y,
where 7 is a 1-form and & is a vector field given by

(1.2) n(X) = g(X,§),

for all vector fields X € x(M™), x(M™) is the set of all differentiable vector
fields on M™.

A semi-symmetric connection V is called a semi-symmetric metric connec-
tion [I3] if it further satisfies

(1.3) Vg =0.

A relation between the semi-symmetric metric connection V and the Levi-
Civita connection V on (M™, g) has been obtained by Yano [24] which is given
by

(1.4) VxY =VxY +n(Y)X — g(X,Y)E.
We also have

(1.5) (Vxn)(Y) = (Vxn)Y = n(X)n(Y) +n()g(X,Y).

Further, a relation between the curvature tensor R of the semi-symmetric
metric connection V and the curvature tensor R of the Levi-Civita connection
V is given by

R(X,)Y)Z =R(X,Y)Z +v(X,2)Y —v(Y,2)X +
(1.6) 9(X,2)QY — g(Y, Z)QX,

where 7 is a tensor field of type (0,2) and a tensor field @ of type (1,1) is
given by

A7) AY.2) = 9(QY. 2) = (Vyn)(Z) ~ (Y n(Z) + 5n(©)a(Y. 2).

From (I[B) and (7), we obtain

R(XaKZ7 W) = R(X7Y7 Za W) - P)/(Y’ Z)g(Xa W) +
'Y(Xv Z)g(}/a W) - g(}/a Z)’Y(Xv W) +
(1.8) 9(X, Z)y (Y, W),
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where

R(X,Y,Z,W) = g(R(X,Y)Z,W)
(1.9) and R(X,Y,Z,W) = g(R(X,Y)Z,W).

The study of semi-symmetric metric connection was further developed by
Amur and Pujar [, Binh [2], Chaki and Konar [d], De ([5], [G]), De and Biswas
[7], De and De [8], De and De [d], Prvanovié [(8], Sharfuddin and Hussain [I9],
Yano [24] and many others.

The Projective curvature tensor is an important tensor from the differen-
tial geometric point of view. Let M be a (2n + 1)-dimensional Riemannian
manifold. If there exists a one-to-one correspondence between each coordinate
neighbourhood of M and a domain in Euclidian space such that any geodesic
of the Riemannian manifold corresponds to a straight line in the Euclidean
space, then M is said to be locally projectively flat. For n > 1, M is locally
projectively flat if and only if the projective curvature tensor vanishes. Here
the projective curvature tensor P with respect to the semi-symmetric metric
connection is defined by

(1.10) P(X,Y)Z = R(X,Y)Z — %[E(Y, 2)X — 8(X, 2)Y),

for X, Y, Z € x(M), where S is the Ricci tensor with respect to the semi-
symmetric metric connection. In fact M is projectively flat if and only if it is
of constant curvature. Thus the projective curvature tensor is the measure of
the failure of a Riemannian manifold to be of constant curvature.

The present paper is organized as follows: The section 2 is equipped with
some prerequisites about Lorentzian a-Sasakian manifolds. In section 3, we es-
tablish the relation of the curvature tensor between the Levi-Civita connection
and the semi-symmetric metric connection of a Lorentzian a-Sasakian man-
ifold. Locally ¢-symmetric Lorentzian a-Sasakian manifolds with respect to
the semi-symmetric metric connection have been studied in section 4. In the
next section we consider &-projectively flat Lorentzian a-Sasakian manifolds.
Finally, we construct an example of a 3-dimensional Lorentzian a-Sasakian
manifold with respect to the semi-symmetric metric connection which support
the result obtained in section 4 and section 5.

2. Lorentzian «-Sasakian manifolds

A (2n + 1)-dimensional differentiable manifold M is called a Lorentzian
a-Sasakian manifold if it admits a (1,1) tensor field ¢, a contravariant vector
field &, a covariant vector field n and a Lorentzian metric g which satisfy [25]

(2.2) ¢*(X) = X +n(X)E,
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(2.3) 9(¢X,9Y) = g(X,Y) +n(X)n(Y),

for any vector fields X,Y on M.
Also Lorentzian a-Sasakian manifolds satisfy [25],

(2.4) Vxé = —agX,

where V denotes the operator of covariant differentiation with respect to the
Lorentzian metric g and o € R.
Further on a Lorentzian a-Sasakian manifold M the following relations hold

([25), [23]):

(2.6) N(R(X,Y)Z) = a®[g(Y, Z)n(X) = g(X, Z)n(Y)],
(2.7) R(§, X)Y = a?[g(X,Y)é —n(Y)X],

(2.8) R(§, X)€ = o’ [n(X)¢ + X],

(2.9) R(X,Y)E = a’[n(Y)X —n(X)Y],

(2.10) S(X,€) = 2na’n(X),

(2.11) (Vx6)(¥) = a?[g(X, )& — 5(¥)X],

where S is the Ricci tensor of the Levi-Civita connection.

3. Curvature tensor of a Lorentzian a-Sasakian manifold
with respect to the semi-symmetric metric connection

Using (Z1) and (E53) in (C7), we get
(31) 1(X,¥) = g(QX,Y) = ~ag(6X,¥) ~n(X)n(¥) ~ 1g(X,Y).
From (B1), it follows that
(3.2) QX = —agX — n(X)E — %X.

Again using (B) and (B2) in (W), we have

R(X,Y)Z
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= R(X,Y)Z - ag(X,02)Y —n(X)n(Z)Y
+ag(Y,0Z)X +n(Y)n(2)X — g(X, Z2)Y
+9(Y, 2)X — ag(X, Z2)¢Y + ag(Y, Z)pX
(3.3) —9(X, Z)n(Y)§ + g(Y, Z)n(X)E.

Taking the inner product of (B33) with W, it follows that

R(X,Y,Z,W)
= R(X,Y,Z,W) - ag(X,$2)g(Y,W) — n(X)n(Z)g(Y, W)
+ag(Y,02)g(X, W) +n(Y)n(Z)g(X, W) — g(X, Z)g(Y, W)
+9(Y, Z)g(X, W) — ag(X, Z)g(¢Y, W) + ag(Y, Z)g(¢X, W)

(3.4) —g(X, Z)n(Y)n(W) + g(Y, Z)n(X)n(W).

Taking a frame field from (B33), we obtain

SY,Z) = S, 2Z)+ (2n—1ag(Y,¢Z) + (2n = )n(Y)n(Z)
(3.5) +2n — 1+ atracedlg(Y, Z).

Putting Z = £ in (B3H) and using (1) and (E10), we get
(3.6) S(Y,€) = [2na® + atraced|n(Y).
From the above discussions we can state the following theorem:

Theorem 3.1. For a Lorentzian a-Sasakian manifold M with respect to the
semi-symmetric metric connection V
(i) The curvature tensor R is given by

R(X,Y)Z = R(X,Y)Z—ag(X,0Z)Y —n(X)n(Z)Y
+ag(Y,02)X +n(Y)n(2)X - g(X, 2)Y
+9(Y, 2)X — ag(X, Z)oY + ag(Y, Z)¢pX
—9(X, Z2)n(Y )¢ + g(Y, Z)n(X)g,

(i) The Ricci tensor S is given by

SY,2) = S, 2Z)+ (2n—1ag(Y,¢Z) + (2n — 1)n(Y)n(2)
+[2n — 1 + atracedlg(Y, Z),

(iii) The Ricci tensor S is symmetric.
(iv) S(Y,€) = [2na? + atracedn(Y).
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4. Locally ¢-symmetric Lorentzian a-Sasakian manifolds
with respect to the semi-symmetric metric connection

Definition 4.1. A Lorentzian a-Sasakian manifold M with respect to the semi-
symmetric metric connection is called to be locally ¢-symmetric if

(4.1) $(VwR)(X,Y)Z) =0,

for all vector fields X,Y, Z, W orthogonal to & on M. This notion was intro-
duced by Takahashi [20], for a Sasakian manifold.

Taking covariant differentiation of (823) with respect to W and using (I3,
(em), (E3), (E3) and (EI), we have

(VwR)(X,Y)Z
= (VwR)(X,Y)Z —n(X)R(W,Y)Z
—n(Y)R(X,W)Z —n(Z)R(X,Y)W — R(X,Y, Z,W)¢
+2n(X)n(Z)n(W)Y — 277(Y)77(Z) (WX +2n(Y)n(W)g(X, Z)§
—2n(X )n(W)g(Y, Z)§— (o’ +a® —1)g(X, Z)g(Y,W)¢
+(o® +a® = 1)g(X,W)g(Y, 2)¢ + (o — o + )n(Y)g(X, Z)W
—(a® —a® + 1)n(X)g(Y, Z)W — o®n(Z)g(X, W)Y
+aPn(Z2)g(Y, W)X + o*n(Y)g(Z, W)X
—a*n(X)g(Z, W)Y + an(Z)g(X, W)Y + an(X)g(Z,oW)Y
+n(X)g(Z, W)Y — an(Z)g(Y, oW )X — an(Y)g(Z, oW)X
—n(Z)g(Y, W)X —n(Y)g(Z, W)X + 2ag9(X, Z)g(Y, pW )&
—2ag(Y, Z)g(X, pW)E + 2an(Y)g(X, Z)pW
(4.2) —2an(X)g(Y, 2)¢W + n(X)g(Z, W)Y.

Now applying ¢? on both sides of (B=2) and using (Z0) and (22), it follows
that

¢*(VwR)(X,Y)Z)

= *(VwR)(X,Y)Z) - n(X

—n(Y)R(X,W)Z —n(Y)n(R(X,W)Z)§ —n(Z)R(X, )W

= n(Z)n(R(X, Y)W)E + 20(X)n(Z)n(W)Y — 2n(Y)n(Z)n(W)X

+(a® —a® + )n(Y)g(X, Z)W + (o — o® + (Y )n(W)g(X, Z)¢
Z) ) Y,

RW,Y)Z = n(X)n(R(W,Y)Z)¢

A~ —

— (@’ —a® + 1)n(X )( W —(a® = o® + )n(X)n(W)g(Y, Z)¢
—a’n(Z)g(X. W)Y — o*n(Z)n(Y)g(X, W)E

+a?n(Z)g(Y, W)X + o®n(X)n(Z2)g(Y, W)E + (o = )n(Y)g(Z, W)X
= (& = 1)n(X)g(Z, W)Y + an(Z)g(X, oW)Y
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+an(Z)n(Y)g(X, oW )§ +n(Z)g(X, W)Y
+n(Z)n(Y)g(X, W)§ + an(X)g(Z, pW)Y
—an(Z)g(Y, oW )X — an(Z)n(X)g(Y, oW )§ —n(Z)g(Y, W)X
= n(Z)n(X)g(Y,W)§ — an(Y)g(Z, oW) X
(4.3) +2an(Y)g(X, Z)pW — 2an(X)g(Y, Z)pW.

Now taking XY, Z, W orthogonal to &, the equation (E3) gives

(4.4) P*(VwR)(X,Y)Z) = ¢*(VwR)(X,Y)Z).
Hence we state the following theorem:

Theorem 4.1. A (2n + 1)-dimensional Lorentzian a-Sasakian manifold is lo-
cally ¢-symmetric with respect to the semi-symmetric metric connection if and
only if the manifold is also locally ¢-symmetric with respect to the Levi-Civita
connection.

5. ¢-projectively flat Lorentzian a-Sasakian manifolds
with respect to the semi-symmetric metric connection

Definition 5.1. A Lorentzian a-Sasakian manifold M with respect to the semi-
symmetric metric connection is said to be &-projectively flat if

(5.1) P(X,Y)¢ =0,

for all vector fields X,Y on M. This notion was first defined by Tripathi and
Duwivedi [22]. If equation (5.1) just holds for X,Y orthogonal to &, we called
such a manifold a horizontal &-projectively flat manifold.
Using (B33) in (I0), we get
P(X,Y)Z = R(X,Y)Z-ag(X,02)Y —n(X)n(Z)Y
+ag(Y,0Z)X +n(Y)n(2)X —g(X, 2)Y
+9(Y, 2)X = ag(X, Z)¢Y + ag(Y, Z)¢ X
—9(X, Z)n(Y)§ + g(Y, Z)n(X)§
1 _
(5.2) —%[S(Y7 )X - S(X,2)Y].
Putting Z = ¢ and using (1), (E9) and (B8) in (B2), we get
_ 5  2n—1+4 atracep

PXY)E = [0 - IOl v (x)y]
(5.3) —an(X)eY —n(Y)oX].
From (633), implies that
(5.4) P(X,Y)¢ = 0;VX,Y orthogonal to &,

we called such a manifold a horizontal &-projectively flat manifold.
Hence we state the following theorem:
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Theorem 5.1. A (2n+1)-dimensional Lorentzian a-Sasakian manifold is hor-
1zontal &-projectively flat with respect to the semi-symmetric metric connection.

Again using (B3) in (632), we have

P(X,Y)Z=P(X,Y)Z — %ag(x, OZ)Y — %n(X)n(Z)Y

atracegp — 1

+5-09(YV,02)X + 5 n(Vn(2)X + [T N (x, )y
[ATCT (v, 2)X — ag(X, 2)6Y + aglY, 2)oX
(5.5) —g(X, (V)€ + g(Y, Z)n(X)e,

where P be the projective curvature tensor with respect to the Levi-Civita
connection.
Putting Z = ¢ in (B3) and using (E0), it follows that

P(X,Y) = P(X,Y)E+n(X)[ 2Ly gy
(5.6) (V) [EL x agx)
From (63), implies that
(5.7) P(X,Y)¢ = P(X,Y)& VX, Y orthogonal to €.

In view of above discussions we state the following theorem:

Theorem 5.2. A (2n+1)-dimensional Lorentzian a-Sasakian manifold is hor-
izontal &-projectively flat with respect to the semi-symmetric metric connection
if and only if the manifold is &-projectively flat with respect to the Levi-Civita
connection.

6. Example

In this section we construct an example of locally ¢- symmetric and &-
projectively flat on a Lorentzian a-Sasakian manifold with respect to the semi-
symmetric metric connection which verifies the result of section 4 and section
5.

We consider a 3-dimensional manifold M = {(z,y, z) € R?}, where (z,y, 2)
are the standard coordinate in R3. We choose the vector fields

0 0 0 0

er=¢€"—, e = ez(% + @)’ €3 = am-

dy

which are linearly independent at each point of M and « is constant.
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Let g be the Lorentzian metric defined by

gler,es3) = g(ea,e3) = gler,e2) =0

and
9(61761) = 9(62,62) = 179(63763) =-1,

that is, the form of the metric becomes

0= Ty d)? — 5(d2)*

which is a Lorentzian metric.
Let n be the 1-form defined by

n(Z) = g(Z,es3)

for any Z € x(M).
Let ¢ be the (1, 1)-tensor field defined by

per = —e1, pea = —ea, pez = 0.
Using the linearity of ¢ and g, we have

nes) = —1
*(Z) = Z +n(Z)es

and
9(@Z, oW) = g(Z, W) +n(Z)n(W)

for any U, W € x(M).
Then we have

[ela 62] = Oa [elv 63] = —oeq, [627 63] = —Qeé3.

The Riemannian connection V of the metric tensor g is given by Koszul’s
formula which is given by

20(VXY, W) = Xg(Y,W)+Yg(X, W)~ Wg(X,Y) — g(X,[V,W))
Using Koszul’s formula we get the following
Ve,e1 = —aes, Ve ea =0, V., e3 = —aey,
Ve,e1 =0, Ve,ea = —aes, Ve,e3 = —aes,
v63€1 = 0, v63€2 = 0, Veseg =0.

Using () in above equation, we obtain

Ve,e1 = —(1+a)es, Ve,ea =0, Ve, ez =—(1+ a)ey,
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Ve,e1 =0, Ve,ea = —(1+a)es, Ve,ez = —(1+ a)es,
66361 = O7 66362 = O, 66363 =0.

Therefore the manifold is a Lorentzian a-Sasakian manifold with respect to
the semi-symmetric metric connection.

By using the above results, we can easily obtain the components of the
curvature tensor as follows:

R(e1,e2)es = —aes, Rler,e3)es = —a’ey, Rles,er)er = a’ey,
R(ea, e3)e3 = —a’es, R(es,er)er = a’e3, R(es,eq)es = a’es,
R(e1,ez)es =0, R(eg,e3)es = —a’es, Rler,ez)es = a’ey,

and
Rer,e2)ez = (1+a)’er, R(es, er)er = al + aes,

R(es,ez)es = a(l + a)es, R(ez,er)e; = (1+ Ck)2627
R(eq,ez)es =0, R(er,e3)es = —a(l + e,

R(ea,e3)es = —a(l +a)es, Rler,ex)e; = —(1+ a)eq,

R(ea,e3)es = —a(l + a)es.

From the above expression of the curvature tensor which it follows that
P*(VwR)(X,Y)Z) = ¢*(VwR)(X,Y)Z) = 0.

Therefore, this example supports Theorem B
Using the expressions of the curvature tensors with respect to the semi-
symmetric metric connection we find the values of the Ricci tensors as follows:

S(er,e1) = S(ea,ea) = 1+ a, S(es, e3) = —a(l + a),

5’(61762) = §(€1,€3) = 5(62,63) =0.
Let X and Y are any two vector fields given by
X =ajeq1 +ases +azez and Y = bieg + baes + bses.
Using () and above relations, we get

1 1
P(X, Y)eg = Oé(Oé + 1)[7(@1173 — a3b1)61 + (7&2[)3 + CL3b2 — a1b3
2n 2n
1
(62) +a3b1 - a2b3 - %a3b2)62}.
Therefore, the manifold will be &-projectively flat on a Lorentzian a-Sasa-

kian manifold with respect to the semi-symmetric metric connection if o = —1
which verifies the Theorem B
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