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ON FULLY ω1-p
ω+n-PROJECTIVE ABELIAN
p-GROUPS

Peter Danchev1

Abstract. We define the class of fully ω1-p
ω+n-projective abelian p-

groups and establish its crucial properties. It is shown that this class
is situated between the classes of strongly ω1-p

ω+n-projective and ω1-
pω+n-projective abelian p-groups, and it was constructed a fully ω1-p

ω+n-
projective group that is not strongly ω1-p

ω+n-projective thus showing
that one of the inclusions is proper.

These results strengthen theorems due to Keef in J. Algebra Numb.
Theory Acad. (2010) and also continue our own achievements in Hace-
ttepe J. Math. Stat. (2014).
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1. Introduction and terminology

Let all groups discussed here be abelian p-groups, where p is a prime number
fixed for the remainder of the paper, and let n ≥ 0 be an arbitrary integer.
Our notions and notations are standard and follow essentially those from [6].

Imitating [9], a group G is said to be pω+n-projective if there exists a pn-
bounded subgroup P such that G/P is Σ-cyclic (i.e., a direct sum of cyclic
groups). Equivalently, G is pω+n-projective exactly when G ∼= S/L where S is
Σ-cyclic and L is bounded by pn.

Using this equivalence, the class of so-called ω1-p
ω+n-projective groups was

defined in a parallel way in [7]. Two of their important characterizations are
the following:

Theorem 1.1. The group G is ω1-p
ω+n-projective if exactly one of the follow-

ing conditions holds:
(i) There is a countable nice subgroup C such that (pω+nG ⊆ C ⊆ pωG

and) G/C is pω+n-projective.
(ii) There is a pn-bounded subgroup P such that G/P is the direct sum of

a countable group and a Σ-cyclic group.

The latter point is obviously tantamount to the following one: There are
a countable subgroup K and a pn-bounded subgroup P such that G/(K + P )
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is Σ-cyclic. In fact, using (ii), we write G/P = (A/P ) ⊕ (B/P ) where the
first summand is countable while the second one is Σ-cyclic. Hence, G/A ∼=
(G/P )/(A/P ) ∼= B/P is Σ-cyclic. But one may write A = P +K, where K is
countable, which substantiates the claim.

Conversely, G/(K + P ) ∼= [G/P ]/[(K + P )/P ] being Σ-cyclic guarantees
that with the aid of the well-known Charles’ lemma that G/P is the direct sum
of a countable group and a Σ-cyclic group, because (K + P )/P ∼= K/(K ∩ P )
is countable, thus obtaining (ii). The claim now sustained.

Note that when P is nice in G, these groups are precisely the strongly
ω1-p

ω+n-projective groups, that is, G/(K + P ) is Σ-cyclic for some countable
subgroup K and some pn-bounded nice subgroup P – see [2] for more details.

It would be interesting, and perhaps non-trivial, to add in contrast to P
the condition of niceness on K. So, we indicate this difference in the following:

Definition 1. A group G is called fully ω1-p
ω+n-projective if there exist a

countable nice subgroup K of G and P ≤ G[pn] with Σ-cyclic quotient G/(K+
P ).

In particular, if K is finite, G is said to be fully ω-pω+n-projective.

It is self-evident that fully ω1-p
ω+n-projective groups are themselves ω1-

pω+n-projective. A little surprising fact, proved below in Proposition 3.3, is
that strongly ω1-p

ω+n-projective groups are themselves fully ω1-p
ω+n-projec-

tive, that is, in a way the niceness of some P yields niceness of some K.

Some elementary properties are the following:
(1) The inclusion pωG ⊆ K+P = C⊕L holds, where C is countable and L

is pn-bounded. Consequently, pωG is the direct sum of a countable group and
a pn-bounded group or, equivalently, pω+nG is countable.

(2) Each pω+n-projective group is obviously fully ω1-p
ω+n-projective – in-

deed, just take K = {0}. Conversely, separable fully ω1-p
ω+n-projective groups

are pω+n-projective. Even something more is true: The direct sum of a count-
able group and a pω+n-projective group is fully ω1-p

ω+n-projective being strong-
ly ω1-p

ω+n-projective (see [1] and [2]).
(3) Every fully ω1-p

ω+n-projective group is ω1-p
ω+n-projective – in fact,

G/(K + P ) ∼= [G/P ]/[(K + P )/P ] is Σ-cyclic and (K + P )/P ∼= K/(K ∩ P ) is
countable, whence by the well-known Charles’ lemma G/P is the direct sum
of a countable group and a Σ-cyclic group, as required in Theorem 1.1 (ii).

Definition 2. A group G is called separately full ω1-p
ω+n-projective if there

exist a countable nice subgroup K of G and P ≤ G[pn] with P ∩K = {0} such
that G/(K ⊕ P ) is Σ-cyclic.

In particular, if K is finite, G is said to be separately full ω-pω+n-projective.

2. Three preliminary technicalities

The following three technical claims possess a central position as they sub-
sumed our basic results.
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Lemma 2.1. Let α ≥ ω be an ordinal and let G be a group with a nice subgroup
N such that N ⊇ pα+nG for some n ∈ N, and with a subgroup C such that
C ⊆ pαG. Then C +N is nice in G.

Proof. For simpleness denote M = C + N . For all limit ordinals γ we can
distunguish the following basic cases:

Case 1: γ ≤ α. Thus one observes that ∩β<γ(M + pβG) = ∩β<γ(N +C +
pβG) = ∩β<γ(N + pβG) = N + pγG = M + pγG, as required.

Case 2: γ > α. So one sees that ∩β<γ(M +pβG) = ∩β<γ(C+N +pβG) =
[∩α<β<γ(C+N+pβG)]∩[∩β≤α<γ(C+N+pβG)] = [∩α+n≤β<γ(C+N+pβG)] =
C +N ⊆ M + pγG, as required.

Lemma 2.2. Suppose that α is an ordinal, and that G and F are groups where
F is finite. Then the following formula is fulfilled:

pα(G+ F ) = pαG+ [F ∩ pα(G+ F )].

Proof. We will use a transfinite induction on α. First, if α− 1 exists, we have

pα(G+ F ) = p(pα−1(G+ F ))

= p(pα−1G+ [F ∩ pα−1(G+ F )])

= p(pα−1G) + p(F ∩ pα−1(G+ F ))

⊆ pαG+ [F ∩ p(pα−1(G+ F ))] = pαG+ [F ∩ pα(G+ F )].

Since the reverse inclusion ”⊇” is obvious, we obtain the desired equality.
If now α− 1 does not exist, we have that pα(G+F ) = ∩β<α(p

β(G+F )) ⊆
∩β<α(p

βG + F ) = ∩β<αp
βG + F = pαG + F . In fact, the second sign ”=”

follows like this: Given x ∈ ∩β<α(p
βG + F ), we write that x = gβ1 + f1 =

· · · = gβs + fs = · · · where f1, · · · , fs ∈ F are the all elements of F ; gβ1 ∈
pβ1G, · · · , gβs ∈ pβsG with β1 < · · · < βs < · · · .

Since F is finite, while the number of equalities is infinite due to the infinite
cardinality of α, we infer that gβs ∈ pβG for any ordinal β < α which means
that gβs ∈ ∩β<αp

βG = pαG. Thus x ∈ ∩β<αp
βG+ F = pαG+ F , as claimed.

Furthermore, pα(G+ F ) ⊆ (pαG+ F ) ∩ pα(G+ F ) = pαG+ [F ∩ pα(G+ F )]
which is obviously equivalent to an equality.

Lemma 2.3. Let N be a nice subgroup of a group G. Then
(i) N +R is nice in G for every finite subgroup R ≤ G;
(ii) N is nice in G+ F for each finite group F .

Proof. (i) For any limit ordinal γ, we deduce that ∩δ<γ(N + R + pδG) ⊆
R + ∩δ<γ(N + pδG) = R + N + pγG, as required. Indeed, the relation ”⊆”
follows like this: Given x ∈ ∩δ<γ(N+R+pδG), we write x = a1+r1+g1 = · · · =
as + rs + gs = · · · = ak + r1 + gk = · · · , where a1, · · · , ak ∈ N ; r1, · · · , rk ∈ R;
g1 ∈ pδ1G, · · · , gk ∈ pδkG with δ1 < · · · < δk. So a1 + g1 = · · · = ak + gk =
· · · ∈ ∩δ<γ(N + pδG) and hence x ∈ R+ ∩δ<γ(N + pδG), as requested.
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(ii) Since N is nice in G, we may write ∩δ<γ [N + pδG] = N + pγG for
every limit ordinal γ. Furthermore, with Lemma 2.2 at hand, we subsequently
deduce that

∩δ<γ [N + pδ(G+ F )] = ∩δ<γ [N + pδG+ (F ∩ pδ(G+ F ))] ⊆

∩δ<γ(N+pδG)+[F ∩pγ(G+F )] = N+pγG+[F ∩pγ(G+F )] = N+pγ(G+F ).

In fact, the inclusion ”⊆” follows thus: Given x ∈ ∩δ<γ [N + pδG + (F ∩
pδ(G + F ))], we write x = a1 + g1 + f1 = · · · = as + gs + fs = · · · = ak +
gk + f1 = · · · , where a1, · · · , ak ∈ N ; g1 ∈ pδ1G, · · · , gk ∈ pδkG; f1 ∈ F ∩
pδ1(G + F ), · · · , fk ∈ F ∩ pδk(G + F ) with δ1 < · · · < δk. Hence a1 + g1 =
· · · = ak + gk = · · · ∈ ∩δ<γ(N + pδG) and because the number of the fi’s
(1 ≤ i ≤ k) is finite whereas the number of equalities is not, we can deduce
that f1 ∈ ∩δ<γ(F ∩ pδ(G+ F )) = F ∩ pγ(G+ F ), as needed.

3. Fully ω1-p
ω+n-projective groups

We start here with a new useful criterion for a group to be ω1-p
ω+n-

projective, which cannot be found in [7].

Proposition 3.1. The group G is ω1-p
ω+n-projective if and only if G/(K⊕P )

is Σ-cyclic for some pn-bounded subgroup P and some countable subgroup K
such that K ∩ P = {0} and pnK is nice in G.

Proof. ”⇒”. Utilizing Theorem 1.1 (i), let G/C be pω+n-projective for some
countable subgroup satisfying the inequalities pω+nG ⊆ C ⊆ pωG; note that
this automatically forces C to be nice in G. That is why there is L ≤ G
containing C such that pnL ⊆ C and G/L is Σ-cyclic. Consequently, L = K⊕P
where K is countable and P is pn-bounded. Thus, G/(K⊕P ) is Σ-cyclic. But
pωG ⊆ L, whence pω+nG ⊆ pnL = pnK ⊆ C ⊆ pωG. These imply that pnK is
nice in G, as asserted.

”⇐”. Observe that G/(K ⊕ P ) ∼= [G/P ]/[(K ⊕ P )/P ] is Σ-cyclic, where
(K ⊕ P )/P ∼= K is countable. Therefore, the well-known Charles’ lemma
ensures that G/P has to be the direct sum of a countable group and a Σ-cyclic
group. Hence Theorem 1.1 (ii) applies to conclude thatG is ω1-p

ω+n-projective,
as claimed.

Remark 1. It is noteworthy that if N is a nice subgroup of a group G, then
for any natural n the subgroup pnN need not be nice in G nor in pnG, and
conversely pnN being nice in G, or in pnG, for some arbitrary natural n does
not yield that N is nice in G. Thereby, at first glance, it seems that the class
of ω1-p

ω+n-projective groups properly encompasses the class of fully ω1-p
ω+n-

projective groups. However, a concrete example of an ω1-p
ω+n-projective group

which is not fully ω1-p
ω+n-projective is not constructed yet.



On fully ω1-p
ω+n-projective Abelian p-groups 111

The next necessary and sufficient condition was originally established in [1],
but here we will give a more conceptual proof in terms of strongly n-simply
presented groups defined in [8]. Recall that a group G is called strongly n-
simply presented if there exists P ≤ G[pn] such that P is nice in G and G/P is
simply presented.

Theorem 3.2. The group G is strongly ω1-p
ω+n-projective if and only if

pω+nG is countable and G/pω+nG is pω+n-projective.

Proof. ”Necessity”. Referring to [1], the initial definition of a strongly ω1-
pω+n-projective group G is so that there is a nice subgroup P bounded by pn

such that G/P is the direct sum of a countable group and a Σ-cyclic group.
Now appealing to the above statement of strongly n-simply presentness, it is
clear that strongly ω1-p

ω+n-projective groups are strongly n-simply presented,
so that by virtue of Theorem 3.4 (a) and Proposition 2.5 both from [8] we
conclude that G/pω+nG must be pω+n-projective.

That pω+nG is countable follows either directly by using the definition, or
from [7] because these groups are necessarily ω1-p

ω+n-projective.
”Sufficiency”. According to Theorem 3.4 (b) of [8], G must be strongly

n-simply presented such that pωG is simply presented. This enables us to
utilize Theorem 3.1 from [1] (see also Corollary 3.2 of there) to write that
G⊕K = T ⊕P , where K is a unbounded countable Σ-cyclic group, T is simply
presented, and P is pω+n-projective. Since pω+nG = pω+nT is countable, it
follows that T is the direct sum of a countable group and a direct sum of
countable groups of length not exceeding ω+n and so it is the direct sum of a
countable group and a pω+n-projective group. Thus T ⊕P = C ⊕L and hence
G⊕K = C⊕L, where C is countable and L is pω+n-projective. Let M ≤ L[pn]
such that L/M is Σ-cyclic. Therefore, (G⊕K)/M = (C⊕L)/M ∼= C⊕ (L/M)
is the direct sum of a countable group and a Σ-cyclic group. But M is nice
in C ⊕ L = G ⊕ K because M is nice in L. Moreover, writing M = N ⊕ Q
where N ≤ G and Q ≤ K, we plainly see that N has to be nice in G. We
furthermore deduce that (G/N)⊕ (K/Q) ∼= (G⊕K)/(N ⊕Q) is the direct sum
of a countable group and a Σ-cyclic group. Since K/Q can easily be embedded
in a countable direct summand of such a sum, it follows immediately that G/N
is also the direct sum of a countable group and a Σ-cyclic group. But this
means that G is strongly ω1-p

ω+n-projective, as expected.

We are now ready to prove the following:

Proposition 3.3. Every strongly ω1-p
ω+n-projective group is fully

ω1-p
ω+n-projective.

Proof. In view of Theorem 3.2, a group G being strongly ω1-p
ω+n-projective

gives that pω+nG is countable and G/pω+nG is pω+n-projective. Thus, one
may write that pωG = C ⊕ L, where C is countable and L is pn-bounded.
Since C is nice in pωG, it follows that it is nice in G as well.

On the other hand, (G/pω+nG)/(T/pω+nG) ∼= G/T is Σ-cyclic, and hence
pωG ⊆ T , where pnT ⊆ pω+nG. Thus T ⊆ pωG +G[pn] and the modular law
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ensures that T = T ∩ (pωG + G[pn]) = pωG + (T ∩ G[pn]) = pωG + T [pn].
Consequently, G/(pωG+T [pn]) = G/(C⊕L+T [pn]) = G/(C+P ) is Σ-cyclic,
where P = L+ T [pn] is obviously bounded by pn, as required.

As a different and not too direct idea for a proof, it is worth noting that, by
property (2) proved above in the introductory section, the quotient G/pω+nG
being pω+n-projective is fully ω1-p

ω+n-projective. Hence Corollary 3.12 proved
below is applicable to infer that G is fully ω1-p

ω+n-projective, as expected.

So, as a valuable consequence, we derive:

Corollary 3.4. If G is strongly n-simply presented group whose pω+nG is
countable, then G is fully ω1-p

ω+n-projective.

Proof. It was obtained in [1] that such a groupG is strongly ω1-p
ω+n-projective,

and hence Proposition 3.3 works to get the claim.

Theorem 3.5. Suppose that G is a group. Then the following two equivalencies
hold:

(a) G is fully ω1-p
ω+n-projective if and only if G/F is fully ω1-p

ω+n-
projective, whenever F ≤ G is finite.

(b) If A ≤ G such that G/A is finite, then G is fully ω1-p
ω+n-projective if

and only if A is fully ω1-p
ω+n-projective.

Proof. (a) ”⇒”. Assume G/(K + P ) is Σ-cyclic for some countable nice sub-
group K ≤ G and P ≤ G[pn]. Since (K +P +F )/(K +P ) ∼= F/[F ∩ (K +P )]
is finite, the quotient [G/(K+P )]/[(K+P +F )/(K+P )] ∼= G/(K+P +F ) ∼=
[G/F ]/[(K + P + F )/F ] = [G/F ]/[((K + F )/F ) + ((P + F )/F )] is Σ-cyclic.
But (K + F )/F is countable and nice in G/F in virtue of Lemma 2.3 (i), and
moreover it follows at once that (P +F )/F ∼= P/(P ∩F ) is bounded by pn, as
wanted.

”⇐”. Let [G/F ]/[(K/F ) + (L/F )] = [G/F ]/[(K + L)/F ] ∼= G/(K + L) be
Σ-cyclic, where K/F is countable and nice in G/F , whence K is countable and
nice in G, and L/F is bounded by pn, hence pnL ⊆ F . Thus L = M +P where
M is finite and pnP = {0}. Consequently, G/(K + L) = G/(K + M + P ) is
Σ-cyclic. However, K +M is countable as well as Lemma 2.3 (i) implies that
K +M is nice in G, as desired.

(b) ”⇒”. Write G = A+ F where F ≤ G is finite. Observing that G/F =
(A + F )/F ∼= A/(A ∩ F ), where A ∩ F is obviously finite, we consequently
employ point (a) to get that G is fully ω1-p

ω+n-projective uniquely when so is
A, as stated.

”⇐”. Write G = A + F where F ≤ G is finite, and let A/(K + P ) be
Σ-cyclic where K is a countable nice subgroup of A and P ≤ A[pn]. With
Lemma 2.3 (ii) at hand, K remains nice in A+ F = G. We therefore see that

G/(K + P ) = [A/(K + P )] + [(F +K + P )/(K + P )],

where the second term is finite, being isomorphic to F/(F ∩ (K +P )). Finally,
one infers that G/(K + P ) is Σ-cyclic, as required.
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As a direct consequence, we obtain:

Corollary 3.6. Fully ω1-p
ω+n-projective groups are closed under the formation

of ω-bijections.

Another helpful consequence is the following (compare with Corollary 3.11
below):

Corollary 3.7. Suppose G is a group for which pαG is finite for some arbitrary
ordinal α. Then G is fully ω1-p

ω+n-projective if and only if G/pαG is fully ω1-
pω+n-projective.

Proof. Just put pαG = F , and use Theorem 3.5.

We recollect that a group G is said to be n-simply presented if G/P is
simply presented for some P ≤ G[pn] (see [8] for more details). The next asser-
tion demonstrates that under certain circumstances on the first Ulm subgroup
the fully ω1-p

ω+n-projective groups can be described in two more equivalent
directions:

Proposition 3.8. Suppose G is a group such that pωG is finite. Then the
following three points are equivalent:

(a) G is n-simply presented;
(b) G is ω1-p

ω+n-projective;
(c) G is fully ω1-p

ω+n-projective.

Proof. The equivalence (a) ⇐⇒ (b) was proved in [7]. There was actually
shown that these clauses are tantamount to G/pωG is pω+n-projective. Thus
appealing to Corollary 3.7 we get the desired claim.

A rather natural question is whether or not the last statement remains true
provided that pωG is infinitely countable, that is, if G/pωG is pω+n-projective
and pωG is countable, is then G fully ω1-p

ω+n-projective? It is noteworthy
that if G/pωG is pω+n-projective and pω+nG is countable whereas pωG is un-
countable, G need not be ω1-p

ω+n-projective (see [3] too).

We continue in this way by the following:

Proposition 3.9. Let G be a fully ω1-p
ω+n-projective group. Then

(i) pαG is fully ω1-p
ω+n-projective for any ordinal α ≥ ω.

(ii) G/pαG is fully ω1-p
ω+n-projective for any ordinal α ≥ ω + n.

Proof. (i) Using the property (1) from Section 1, we have pωG = C⊕L where C
is countable and L is pn-bounded. So, for each α ≥ ω, we deduce pαG = X⊕Y
where X is countable and Y is pn-bounded. But such a direct sum is obviously
fully ω1-p

ω+n-projective; in fact, (X ⊕ Y )/(X ⊕ Y ) ∼= {0} is trivially Σ-cyclic,
where X is nice in X ⊕ Y , being a direct summand.

(ii) Assume that G/(K + P ) is Σ-cyclic for some countable nice subgroup
K ≤ G and P ≤ G[pn]. Again an appeal to property (1) enables us to conclude
that pω+nG ⊆ K, so that pαG ⊆ K. Observe that
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G/(K + P ) = G/(K + P + pαG) ∼= [G/pαG]/[(K + P + pαG)/pαG]

= [G/pαG]/[((K + pαG)/pαG) + ((P + pαG)/pαG)].

Since (K + pαG)/pαG ∼= K/(K ∩ pαG) is obviously countable and nice in
G/pαG (see, e.g., [6], Lemma 79.3 (1)), as well as (P + pαG)/pαG ∼= P/(P ∩
pαG) is pn-bounded, the claim follows.

The question of validity of Proposition 3.9 when α ∈ N in (i) and ω ≤ α ≤
ω + n− 1 remains unanswered yet.

The next assertion somewhat extends Corollary 3.7 but only for ordinals of
the type α+ n.

Proposition 3.10. Suppose G is a group for which pα+nG is countable for
some arbitrary ordinal α. If G/pα+nG is fully ω1-p

ω+n-projective, then so is
G.

Proof. Since the assertion is trivial when α is a finite non-negative integer, we
shall assume that α is infinite, i.e., α ≥ ω. By the corresponding definition there
is a countable nice subgroup N/pα+nG ≤ G/pα+nG with pα+nG ≤ N ≤ G,
whence N is a countable nice subgroup of G (cf. [6]). Also, there is Z/pα+nG ⊆
(G/pα+nG)[pn] with pα+nG ≤ Z ≤ G, and hence pnZ ⊆ pα+nG ⊆ Z. There-
fore,

[G/pα+nG]/[(N/pα+nG) + (Z/pα+nG)] = [G/pα+nG]/[(N + Z)/pα+nG]

∼= G/(N + Z)

is Σ-cyclic, whence pωG ⊆ N + Z and thus pαG ⊆ N + Z.
Furthermore, let B be a maximal pn-bounded subgroup of pαG, so that

one may decompose pαG = B ⊕ V . Let now H be a pα+n-high subgroup of
G containing B. Since V [p] = (pα+nG)[p], it is self-evident that V ∩ H =
{0}. Likewise, pαG = B ⊕ V ⊆ H[pn] ⊕ V and so pα+nG ⊆ H[pn] ⊕ V .
Moreover, since pnV = pα+nG, it is also clear to see that (V ⊕H[pn])/pα+nG ⊆
(G/pα+nG)[pn].

We next claim that (G/pα+nG)[pn] = (V ⊕ H[pn])/pα+nG. To that goal,
given x + pα+nG in the left hand-side, we see that pnx ∈ pα+nG = pnV , i.e.,
pnx = pny where y ∈ V . Hence x ∈ V + G[pn]. But, on the other hand,
G[p] = (pα+nG)[p] ⊕H[p] = V [p] ⊕H[p] and since H is pure in G (cf. [6]), it
readily follows that G[pn] = V [pn] ⊕ H[pn]. Finally, V + G[pn] = V ⊕ H[pn]
and thus x ∈ V ⊕H[pn], as required.

The last paragraph allows us to infer that Z ⊆ V ⊕H[pn]. Letting

E = (Z + V ) ∩H[pn],
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we detect via the modular law that Z+V = E+V because Z+V ⊆ V ⊕H[pn]
and hence Z+V = (Z+V )∩(V ⊕H[pn]) = V +(Z+V )∩H[pn] = V +E. Finally,
by adding in both sides of the above equality the member N + pαG, we can
conclude that Z+N+pαG = E+N+pαG, where E ≤ G[pn], because V ≤ pαG.
This means that N + Z = N + pαG + E. Since pα+nG is countable, one can
decompose pαG = C ⊕P , where C is countable and P is pn-bounded, we infer
that G/(N +Z) = G/(N + pαG+E) = G/((N +C) + (P +E)) = G/(M +L)
is Σ-cyclic, where in conjunction with Lemma 2.1 we have that M = N +C is
countable and nice in G, and L = P + E is bounded by pn, as required.

We are not currently able to settle whether or not Corollary 3.7 will be
true provided pαG is countable for some arbitrary ordinal α or even in the case
α = ω. We are also wondering whether or not in Proposition 3.10 the ordinal
α+ n could be replaced by α even if α = ω.

Summarizing the above corresponding assertions, we immediately deduce:

Corollary 3.11. Suppose that G is a group for which pαG is countable for
some ordinal α ≥ ω + n. Then G is fully ω1-p

ω+n-projective if and only if
G/pαG is fully ω1-p

ω+n-projective.

Proof. As for the ”and only if” part, we apply Proposition 3.9 (ii).
Concerning the ”if” part, we employ Proposition 3.10.

For the special case when α = ω + n, we have the following reduction
criterion which illustrates that we can investigate only fully ω1-p

ω+n-projective
groups of length not exceeding ω+n (notice that the same follows for ω1-p

ω+n-
projective groups – see [7]).

Corollary 3.12. The group G is fully ω1-p
ω+n-projective if and only if pω+nG

is countable and G/pω+nG is fully ω1-p
ω+n-projective.

So, we are ready to give an example of a fully ω1-p
ω+n-projective group

which need not be a strongly ω1-p
ω+n-projective group (compare with Propo-

sition 3.8).

Example 3.13. There exists a fully ω1-p
ω+n-projective group with finite first

Ulm subgroup that is not strongly ω1-p
ω+n-projective.

Proof. Suppose that G is a group such that pωG ∼= Z(pn) and G/pωG is pω+n-
projective. It was shown in [7] that G is ω-pω+n-projective but not pω+n-
projective. Since pω+nG = {0}, it follows from [1] that G is not strongly
ω1-p

ω+n-projective as well. However, it follows from Theorem 3.5 (a) that G
is fully ω1-p

ω+n-projective.
We will now demonstrate something more, namely that G is even fully ω-

pω+n-projective. In fact, in virtue of [9], G/L is Σ-cyclic for some L ≤ G such
that pnL ⊆ pωG ⊆ L. Thus we can write L = F ⊕ M where F is finite and
M is pn-bounded. Finally, G/(F ⊕M) is Σ-cyclic with F being nice in G, as
required.
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The proof of the last statement suggests the following (compare with Corol-
lary 3.7, too):

Proposition 3.14. Suppose G is a group whose pαG is finite for some arbi-
trary ordinal α. If G/pαG is fully ω-pω+n-projective, then G is fully ω-pω+n-
projective, and vice versa.

Similarly, as in Proposition 3.9, it can be established that if G is fully ω-
pω+n-projective, then so is pαG for every α ≥ ω, as well as that G/pαG is fully
ω-pω+n-projective for every α ≥ ω + n. So, summarizing the corresponding
assertions listed above, we directly derive:

Corollary 3.15. Suppose that G is a group for which pαG is finite for some
ordinal α ≥ ω + n. Then G is fully ω-pω+n-projective if and only if G/pαG is
fully ω-pω+n-projective.

The following gives some condition when a direct sum of fully ω1-p
ω+n-

projective groups is again a fully ω1-p
ω+n-projective group.

Proposition 3.16. The countable direct sum of fully ω1-p
ω+n-projective groups

is a fully ω1-p
ω+n-projective group.

Proof. Write G = ⊕ℵ0Gi where each Gi is fully ω1-p
ω+n-projective. So, let

Gi/(Ki+Pi) be Σ-cyclic for some countable nice subgroup Ki and pn-bounded
subgroup Pi. Setting K = ⊕ℵ0Ki and P = ⊕ℵ0Pi, one easily sees that K
remains countable and also nice in G, whereas P remains bounded by pn.
Furthermore, G/(K+P ) = [⊕ℵ0Gi]/[(⊕ℵ0Ki)+(⊕ℵ0Pi)] = [⊕ℵ0Gi]/[⊕ℵ0(Ki+
Pi)] ∼= ⊕ℵ0 [Gi/(Ki + Pi)] is Σ-cyclic, as required.

We finish off with a statement which explores when a sum of a countable
group and a pω+n-projective group is fully ω1-p

ω+n-projective.

Proposition 3.17. Suppose that G = A + B is a group whose subgroup A is
countable and B is pω+n-projective.

(i) If B is balanced in G, then G is strongly ω1-p
ω+n-projective.

(ii) If A is nice in G and A∩B is finite, then G is fully ω1-p
ω+n-projective.

Proof. (i) Observing that G/B = (A + B)/B ∼= A/(A ∩ B) is countable, we
apply [6] to write that G = B ⊕ C where C is countable. Henceforth, we just
employ observation (2) from Section 1.

(ii) We observe that G = A + B implies G/(A + P ) = (A + B)/(A +
P ) = (A + P + B)/(A + P ) ∼= B/(B ∩ (A + P )) = B/(P + (B ∩ A)) ∼=
[B/P ]/[(P + (B ∩ A))/P ], where P ≤ B[pn] such that B/P is Σ-cyclic. But
(P + (B ∩A))/P ∼= (B ∩A)/(B ∩A)∩ P ) = (B ∩A)/(P ∩A) is finite, whence
G/(A+ P ) should be Σ-cyclic, as required.

4. Some Related Group Classes

We begin here with a few more definitions:
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Definition 3. The group G is called co-strongly ω1-p
ω+n-projective if G ∼=

S/(K +P ) where S is Σ-cyclic, K is countable, and P is pn-bounded and nice
in G.

In addition, if K ∩ P = {0}, then we will say that G is co-separately strong
ω1-p

ω+n-projective.

Apparently, pω+n-projective groups are co-strongly ω1-p
ω+n-projective by

taking K = {0}.
A similar class of groups is one consisting of all groupsG such thatG ∼= H/T

where H is a direct sum of a countable group and a Σ-cyclic group, and T is
its nice pn-bounded subgroup.

Some interesting properties of this group class are these:

(*) pωG is countable.

In fact, pωG ∼= pω(H/T ) = (pωH + T )/T ∼= pωH/(pωH ∩ T ) is countable
because so is pωH.

(**) pαG and G/pαG are again from the same group class for all ordinals
α.

In fact, one may observe that

pαG ∼= pα(H/T ) = (pαH + T )/T ∼= pαH/(pαH ∩ T ).

Since pαH is again a direct sum of a countable group and a Σ-cyclic group,
while pαH ∩ T is pn-bounded and nice in pαH, the first part follows.

As for the second one, we see that

[G/pαG] ∼= [H/T ]/[(pαH+T )/T ] ∼= H/(pαH+T ) ∼= [H/pαH]/[(pαH+T )/pαH],

where H/pαH is obviously again a direct sum of a countable group and a Σ-
cyclic group, and (pαH + T )/pαH ∼= T/(pαH ∩ T ) is pn-bounded and nice in
H/pαH.

(***) The direct sum of a countable group and a separable pω+n-projective
group also belongs to that group class.

In fact, write G = K ⊕L where K is countable and L is pω-bounded pω+n-
projective. But it is well known that L ∼= S/P where S is Σ-cyclic and P is
pn-bounded and nice in S. Therefore, G ∼= K ⊕ (S/P ) ∼= (K ⊕S)/P . But P is
nice in K ⊕ S because S is balanced in K ⊕ S being its direct summand. This
substantiates the claim.

Definition 4. The group G is called co-fully ω1-p
ω+n-projective if G ∼= S/(K+

P ) where S is Σ-cyclic, K is countable and nice in G, and P is pn-bounded.
In addition, if K ∩P = {0}, then G is said to be co-separately full ω1-p

ω+n-
projective.

Evidently, pω+n-projective groups are co-fully ω1-p
ω+n-projective. We shall

show now that co-fully ω1-p
ω+n-projective groups are hardly new; actually they

are exactly the pω+n-projective groups and thus, in contrast to Proposition 3.3,
co-fully ω1-p

ω+n-projective groups are co-strongly ω1-p
ω+n-projective. Specif-

ically, the following is valid:
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Proposition 4.1. A group is co-fully ω1-p
ω+n-projective if and only if it is

pω+n-projective.

Proof. Assume that G ∼= S/(K + P ) where S is Σ-cyclic, K is countable and
nice in G, and P is pn-bounded. Furthermore, one may observe that G ∼=
S/(K + P ) ∼= [S/K]/[(K + P )/K], where S/K remains Σ-cyclic, while (K +
P )/K ∼= P/(P ∩K) is bounded by pn, as required.

A useful criterion when a group is co-strongly ω1-p
ω+n-projective is the

following:

Proposition 4.2. The group G is co-strongly ω1-p
ω+n-projective if and only

if G ∼= A/C where A is separable pω+n-projective and C is countable.

Proof. ”Necessity”. Let G ∼= S/(K + P ) where S is Σ-cyclic, K is countable
and P is pn-bounded and nice in G. Therefore, G ∼= [S/P ]/[(K + P )/P ] =
A/C, where we put A = S/P which is separable pω+n-projective, and C =
(K + P )/P ∼= K/(K ∩ P ) is countable.

”Sufficiency”. Suppose A = S/P where S is Σ-cyclic and P is pn-
bounded; since A is pω-bounded, it follows that P is nice in S. Moreover,
write C = V/P is countable, whence V = P +K for some countable K ≤ V .
Finally, G ∼= A/C = [S/P ]/[V/P ] ∼= S/V = S/(P +K), as required.

A valuable consequence is the following:

Corollary 4.3. Separable co-strongly ω1-p
ω+n-projective groups are themselves

pω+n-projective.

Proof. Let G be such a group. The application of Proposition 4.2 assures that
G ∼= A/C where A is separable pω+n-projective and C is countable. Since
G is separable, we next employ Theorem 4.2 of [4] to derive that G is pω+n-
projective.

Remark 2. Note that another approach could be the usage of [7], because
Proposition 4.2 implies that co-strongly ω1-p

ω+n-projective groups are ω1-
pω+n-projective.

5. Concluding Discussion

As we have previously obtained in the introductory section (compare with
Proposition 3.1 too), the group G is said to be ω1-p

ω+n-projective if there exist
a countable subgroup K ≤ G and a pn-bounded subgroup P ≤ G such that
G/(K + P ) is Σ-cyclic. When P is nice in G, these groups are called strongly
ω1-p

ω+n-projective, whereas if K is nice in G they are called fully ω1-p
ω+n-

projective. Likewise, the following inclusions of group classes are fulfilled:

{pω+n-projective} ⊆ {strongly ω1-p
ω+n-projective} ⊆

⊆ {fully ω1-p
ω+n-projective} ⊆ {ω1-p

ω+n-projective}.
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We close with the following intriguing problems:

Since at present we are unable to construct an ω1-p
ω+n-projective group

that is not fully ω1-p
ω+n-projective whenever n > 0 (for n = 0 these classes

apparently coincide), the first basic query is the following:

Problem 1. Does there exist an ω1-p
ω+n-projective group which is not fully

ω1-p
ω+n-projective? Is any ω1-p

ω+n-projective group with countable first Ulm
subgroup fully ω1-p

ω+n-projective?

The concept of nicely ω1-p
ω+n-projective groups can be seen in [2]. The

next question arises quite naturally.

Problem 2. Does it follow that nicely ω1-p
ω+n-projective groups are fully

ω1-p
ω+n-projective?

As introduced in [5], a group G is (ω + n)-totally pω+n-projective if each
its pω+n-bounded subgroup is pω+n-projective. Since pω+n-bounded (ω + n)-
totally pω+n-projective groups are necessarily pω+n-projective, Example 3.13
assures that there is a fully ω-pω+n-projective group (and hence a fully ω1-p

ω+n-
projective group) of length ω+ n which is not (ω+ n)-totally pω+n-projective.
However, it was established in [7] that (ω + n)-totally pω+n-projective groups
are ω1-p

ω+n-projective. We suspect that they could be even fully ω1-p
ω+n-

projective, so that we pose:

Problem 3. Find the intersection between the classes of (ω+n)-totally pω+n-
projective groups and fully ω1-p

ω+n-projective groups.

Recall that a challenging conjecture is that if G is (ω + n)-totally pω+n-
projective group, then G/pω+nG is pω+n-projective. If yes, then because by
[5] we have that pω+nG is countable, (ω + n)-totally pω+n-projective groups
should be strongly ω1-p

ω+n-projective in accordance with Theorem 3.2.

We also were unable to decide whether or not fully ω1-p
ω+n-projective

groups are closed under taking ω1-bijections; what we succeed to prove is that
they are closed with respect to ω-bijections (see Corollary 3.6). So, we state
that in an explicit form.

Problem 4. Is it true that fully ω1-p
ω+n-projective groups are closed under

ω1-bijections?

On the other hand, in the spirit of [3], we state the following two additional
queries.

Problem 5. Describe the structure of the class of those groups G for which
there exist P ≤ G[pm] and countable nice subgroups K ≤ G with the property
that G/(K + P ) are pω+n-projective.

• If m = 0, that is P = {0}, then we obtain ω1-p
ω+n-projective groups;

• If n = 0, then we obtain fully ω1-p
ω+m-projective groups;

• If K = {0}, then we obtain pω+m+n-projective groups.
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Problem 6. Describe the structure of the class of those groups G for which
there exist P ≤ G[pm] which are nice in G and countable subgroups K ≤ G
with the property that G/(K + P ) are pω+n-projective.

• If m = 0, that is P = {0}, then we get ω1-p
ω+n-projective groups;

• If n = 0, then we get strongly ω1-p
ω+m-projective groups;

• If K = {0}, then we get pω+m+n-projective groups.

According to Proposition 3.3 and the above given particular cases, one can
expect that the class of groups in Problem 6 is contained in the class of groups
in Problem 5.
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