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HYPER BE-ALGEBRAS
Akefe Radfar?, Akbar Rezaei® and Arsham Borumand Saeid®

Abstract. In this paper, we introduce the notion of hyper B E-algebra
and investigate some properties. Also, some types of hyper filters in hyper
BE-algebras are studied and the relationship between them are stated.
We try to show that these notions are independent by some examples.
Furthermore, it shows that under special condition hyper BFE-algebras
are equivalent to dual hyper K-algebras.
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1. Introduction

H. S. Kim and Y. H. Kim introduced the notion of a BFE-algebra as a
generalization of a dual BC' K-algebra [6]. Using the notion of upper sets,
they gave an equivalent condition of upper sets in B FE—algebras and discussed
some properties of them. A. Rezaei et al. in [7, B] study commutative ideals
in BFE-algebras and give some properties. They showed that a commutative
implicative B F—algebra is equivalent to the commutative self distributive BE—
algebra. Also, they proved that every Hilbert algebra is a self distributive
BE-algebra and commutative self distributive BE—algebra is a Hilbert algebra
and showed that one can not remove the conditions of commutativity and
self distributivity. In [0], S. S. Ahn et al. introduced the notions of terminal
sections of a BE—algebras and gave some characterization of commutative BE—
algebras in terms of lattice order relations and terminal sections. Recently,
R. A. Borzooei et al. introduced the notion of pseudo BE-algebra which is
a generalization of BFE-algebra. They defined the basic concepts of pseudo
subalgebras and pseudo filters and prove that, under some conditions, pseudo
subalgebra can be a pseudo filter [B].

The hyper algebraic structure theory was introduced in 1934 [G], by F.
Marty at the 8th congress of Scandinavian Mathematicians. Hyperstructures
have many applications to several sectors of both pure and applied sciences.
In [@], Y. B. Jun et al. applied the hyperstructures to BC' K-algebras and
introduced the notion of a hyper BC K—algebra which is a generalization of

IDept. of Math., Payame Noor University, p. o. box, 19395-3697, Tehran, Iran,
e-mail: ateferadfar@yahoo.com

2Dept. of Math., Payame Noor University, p. o. box, 19395-3697, Tehran, Iran,
e-mail: rezaeil@pnu.ac.ir

3Dept. of Math., Shahid Bahonar University of Kerman, Kerman, Iran,
e-mail: Arsham@uk acir


mailto:ateferadfar@yahoo.com
mailto:rezaei@pnu.ac.ir
mailto:arsham@uk.ac.ir

)

BE2) zx1=1,
)
)

138 A. Radfar, A. Rezaei and A. Borumand Saeid

BCK-algebra and investigated some related properties. R. A. Borzooei et
al. defined the notion of a hyper K—algebra, bounded hyper K-algebra and
consider the zero condition in hyper K—-algebras. They show that every hyper
K-—algebra with the zero condition can be extended to a bounded hyper K-
algebra [, @T].

The goal of this paper is to generalize the notion of B FE—-algebras by con-
sidering the notion of hyperoperation, define some types of hyper filters in this
structure and describe the relationship between them.

Definition 1.1. 4] An algebra (X;x,1) of type (2,0) is called a BE-algebra
if the following axioms hold:

rxxr =1,

lxx ==z,
xx(yxz)=yx*(x*2), forall z,y,z € X.
We introduce the relation” <7 on X by x <y if and only if z xy = 1.
Proposition 1.2. [d] Let X be a BE-algebra. Then
(1) xx(y*xxz)=1,
(1) yx((yxz)*xx)=1, for all z,y € X.

Definition 1.3. [I0] An algebra (X;x,1) of type (2,0) is called a dual BCK -
algebra if

(BE1) x«x =1 for allz € X;

(BE2) x+1=1 foralze X;

(dBCK1) zxy=y*xzx=1= x=y;

(dBCK2) (z*y) * ((y* 2) * (x * 2)) = 1;

(dBCK3) x * ((x xy) xy) = 1.

Lemma 1.4. [I0] Let (X;%,1) be a dual BCK —algebra. Then
(1) wx(y*z)=yx(rx2),
(#1) 1xax =z, for all z,y,z € X.

Proposition 1.5. [I0] Any dual BCK —algebra is a BE—-algebra.

Example 1.6. 0] Let X = {1,2,...} and the operation = be defined as follows:

_J 1 y<z
x*y—{ y  otherwise

Then (X;x,1) is a BE-algebra, but it is not a dual BCK —algebra.
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Definition 1.7. 3] Let H be a nonempty set and o : H x H — P*(H) be
a hyperoperation. Then (H;o0,0) is called a hyper K—algebra, if it satisfies the
following azioms:

=
=

1) (woz)o(yoz)<woy,

HEK;) (zoy)oz=(zoz)oy,

HK,) z <y andy < x imply that x =y,

(HEKY)
(HK>)
(HK3) z<w,
(HEK4)
(HKs)

T
=

5) 0<uz, forallx,y,z € H.

For every A, B C H, where x < y is defined by 0 € x oy, A < B is defined by:
there exist a € A and b € B such that a < b. Note that if A,B C H, then by

Ao B we mean the subset U aob of H.
a€A,beEB

Theorem 1.8. [2] Let H be a hyper K-algebra. Then
(1) zexo0,

(it) x <0 implies x =0, for allx € H.

2. On hyper BFE—algebras

Definition 2.1. Let H be a nonempty set and o : H x H — P*(H) be a
hyperoperation. Then (H;o,1) is called a hyper BE—-algebra, if it satisfies the
following azioms:

HBE,) z<1andzx <z,

relox,

( )
(HBE3) zo(yoz)=yo(xoz),
(HBE3)
( )

HBE,) 1< x impliesx =1, for all z,y,z € H.

(H;o0,1) is called a dual hyper K —algebra if satisfies (HBE}), (HBEs) and the
following axioms:

(DHK;) zoy<(yoz)o(zoz),
(DHK4) z <y andy <z imply that x =y, for all z,y,z € H.

Where the relation” <7 is defined by x < y < 1 € xoy. For any two nonempty
subsets A and B of H, we define A < B if and only if there exist a € A and

be B such thata <b and Ao B = U aob.
acA,beB

In the following examples show that axioms for hyper BFE-algebras and
dual hyper K-algebras are independent.
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Example 2.2. (i). Let H = {1,a,b}. Define the hyperoperations ” o1 ” and

» 7

097 as follows:

01 ‘ 1 a b 09 ‘ 1 a b
1 {1} {abp {0} L 1{1} A{abp {0}
a [ {1} {La} {1,0} a [ {1}  {l,a,b} {b}
b | {1} {l,a,b} {1} b | {1,b} {1,a,b} {1l,a,b}
Then (H;o01,1) is a hyper BE—-algebra and (H;09,1) is a dual hyper K —algebra.
(7i). Define the hyper operation” o” on R as follows:
xoy:{ v} ifz=1

R otherwise

Then (R;o,1) is a hyper BE—algebra.
(tit). Let H = {1,a,b}. Define the hyperoperations ” o3” and ” o4 " as
follows:

03‘1 a b 04‘1 a b

Lofy {ap {B} {1y {ep  H{ab}
a | {6} {1} {4} a |{La} {a,b} {1,0}
b | {a,b} {1,0} {l,a} b [ {1} fa}  {a,b}

Then (H;os,1) and (H;o4,1) satisfy (HBE>), (HBE3) and (HBE,). Since
a1 anda+ a, it follows that they do not satisfy (HBE?).

(iv). Let H ={1,a,b}. Define the hyperoperations” o5”,” og” and” o7”
as follows:

05‘1 a b 06‘1 a b
1{1y  {a}p {b} L{1y {or  {b}
a |{1,0} {1}  {l,q,0} a [ {1} {1} {1}
b} {Le {1} b} {Lby {10)

07‘1 a b

Lo{1} {l,a} {b}
a | {1} {1} {b}
b [ {1} {a} {10}

Then (H;os,1) satisfies (HBE,), (HBEs3) and (HBEy). Since

aos (bosb) ={1,a,b} # {1,b} = bos (a o5 b),

we can see that (H;os,1) does not satisfy (HBEs). Also, (H;o6,1) satisfies
(HBE,), (HBE,) and (HBE,). Since a ¢ 10a, (H;o06,1) does not satisfy
(HBE3). Furthermore, (H;or7,1) satisfies (HBE,), (HBE;) and (HBEs3).
Since 1 < a, (H;o7,1) does not satisfy (HBEyY).



Hyper BE-algebras 141

(v). Let H=1{1,a,b,c} and define og as follows:

08‘1 a b C

L {1}y fay {b} {c}
Z {1} {1} {a} {bc}

{1y {1 {13 {1}
{1 {1} {a} {Lbc}

Then (H;os,1) satisfies (HBE,), (HBE3) and (DHKy). Since
aogb £ (bogc)og (aosc),

(H;o0s,1) does not satisfy (DHK7).
(vi). Let H = {1,a,b}. Define the hyperoperations ” og” to ” 0127 as
follows:

og ‘ 1 a b o10 ‘ 1 a b
1 {1} {a} {0} 1 {1} {a} {o}
a [ {1} {1} {1,a} a {b} {l,a,b} {1,a,b}
b [ {1} {1} {l,a} b {o} {a,b}  {L,ab}
011 ‘ 1 a b 019 ‘ 1 a b
1 | {La} {a} {ab} 1o {1} {6} A{a,b}
a |{1,b} {a,b} {1,a,b} a | {1} {l,a} {b}
b | {10} {a}  {ab} b [{1} {1}  {La}

Then (Hj;og,1) satisfies (HBE,), (HBE>2) and (DHK;). Since a < b and
b < a, (H;og,1) does not satisfy (DHK,). Also, (H;010,1) and (H;o011,1)
satisfies (HBEs), (DHK;) and (DHK,). But in (H;o19,1), a £ 1 and in
(H;o011,1) a £ a and so they do not satisfy (HBE,).

Furthermore, (H;o012,1) satisfies (HBE1), (DHK,) and (DHK,). But since

lojg (ao12b) = 1015 {b} = {a,b} # {1,a,b} = a o012 {a,b} = aojs (1012 b),
(H;o012,1) does not satisfy (HBE>).
Theorem 2.3. Let H be a hyper BE—-algebra. Then

(i

(ii

Ao(BoC)=Bo(Ao(C),
A< A,

(#i1) 1< A implies 1 € A,

—~

v

)
)
)

(iv) z<youz,
) x<yozimpliesy <xzoz,
)

(vi) @< (zoy)oy,
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(vii) z € xoy impliesx < zovy,
(viit) y € lox impliesy < x, for all x,y,z € H and A,B,C C H.

Proof. We prove just (ii7) and (viii).

(7i) Let 1 < A. It means that there is a € A such that 1 < a. By using
(HBE4),a=1, and so 1 € A.

(viii) Let y € 1ox. Then by (HBE3), 1 € yo(loz) =10 (yox). Thus
there is a € y o x such that 1 € 1 oa. Hence 1 < a. By (HBE,), a = 1 and
1 € y ox. Therefore, y < x. O

Proposition 2.4. Let (X;%,1) be a (dual BCK —algebra) BE-algebra. If we
define xoy = {xxy}, for allx,y € X, then (X;0,1) is a (dual hyper K —-algebra)
hyper BE—-algebra.

Theorem 2.5. Let (H;¢,0) be a hyper K—algebra. Then (H;o,1) is a dual
hyper K —algebra, whenever 1 :=0 and xoy:=yoz, for allz,y € H.

Proof. Let (H;©,0) be a hyper K—algebra. Then
(yoz)o((zoy)o(z01))
= (yox)o((z0x)o(20y))
(zox)o(zoy))o(yor)
= ((zoz)o(yox))o(zoy).

By (HK;1),0€ ((zox)o(yox))o(zoy)andso 1 € (zoy)o ((yoz)o(xoz)).
Thus H satisfies (DHK1). Also by (HK>),

(zoy)o((yoz)o(zoz))

o(yoz)=zo(zoy)=(z0oy)or=(z0x)oy=(rxoz)oy=yo(roz).
Thus H satisfies (HBF>). By (HK3) and (HK5), 0 € z oz and 0 € 0o =,
which means that 1 € z oz and 1 € z o1. Hence, H satisfies (HBE,). By
(HK,) and definition of ” o”, we can easily conclude that H satisfies (DHK}),
and so (H;o,1) is a dual hyper K—algebra. O

Proposition 2.6. Fvery dual hyper K—algebra is a hyper BE—-algebra.

Proof. Let H be a dual hyper K-algebra. By definition of dual hyper K-
algebra and hyper BE-algebra, it is sufficient to prove that H satisfies (HBE3)
and (HBE}).

By Theorem B8, if we define z ¢y := yox and 0 := 1, then (H;¢,0) is
a hyper K-algebra. By Theorem IR (i), 2 € x ¢ 0 and so z € 1 o z, which
means that (H;o, 1) satisfies (HBE3). Also, by Theorem [8(ii), if 0 € 2 ¢ 0,
then x = 0. It means that 1 € 1 o x implies x = 1. Thus 1 < z implies z = 1.
Therefore, H satisfies (HBFE,) and H is a hyper BFE-algebra. O

Note. In a similar way, we can define a dual hyper BC' K—algebra. Since
every hyper BC K-algebra is a hyper K—algebra, consequently, every dual hy-
per BC K-algebra is a dual hyper K—algebra. By Proposition P8, every dual
hyper BC'K—algebra is a hyper BE-algebra. We can see that the converse of
Proposition B8 is not correct in general. In Example B3(iv), (H;os,1) is a
hyper BFE-algebra, but it is not a dual hyper K—algebra.
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3. Some types of hyper BFE—algebras
Definition 3.1. A hyper BE-algebra is said

(1) row hyper BE-algebra (briefly, R—hyper BE-algebra), if lox = {z}, for
allx € H,

(i)  column hyper BE—algebra (briefly, C~hyper BE—algebra), if ol = {1},
forallxz € H,

(#it) diagonal hyper BE—algebra (briefly, D—hyper BE—algebra), if xox = {1},
forallx € H,

(iv) thin hyper BE-algebra (briefly, T-hyper BE-algebra), if it is a RC-
hyper BE—-algebra,

(v) wery thin hyper BE-algebra (briefly, V -hyper BE—-algebra), if it is a
RCD-hyper BE—-algebra,

Example 3.2. (i). Every BE-algebra is a RCD-hyper BE—algebra. In Ex-
ample 22 (i), (H;o01,1) is a C~hyper BE—-algebra.
(i9). Let H ={1,a,b}. Define hyper operations o13 as follows:

013 ‘ 1 a b

1| {1} {a} {b}

a |[{Lb}  {l,a,b} {l,a}
b {1,a,b} {a} {1, a,b}

Then H is a R-hyper BE—algebra.
(¢i1). Let H = {1,a}. Define the hyper operations o14 to o1 as follows:

o | 1 a o15 | 1 a
1) (@ 1l (e
o [{1} {La} o | {16} {1}

016‘1 a

1 (@)

o |{La} {1,a}

Then (Hj;o14,1) is a T—hyper BE-algebra, (H;o015,1) is a RD-hyper BE-
algebra and (H;o14,1) is a R—hyper BE-algebra.

(iv). Let H = {1,a,b}. Define the hyperoperations ” o177 to ” 090" as
follows:

017‘1 a b 018‘1 a b
1 {1} {a,b} {0} Lo {1} {a} {0}
a | {10t {1} {1} a | {1} {1l,a,0} {0}

b [ {1y {1} {1} b [ {1} {ab}  {1,0}
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019 ‘ 1 a b 090 ‘ 1 a b

L[ {1} {a} {0} L[ {1} {a,b} {0}
a | {1} {1} {8} a | {1} {1} {1}
b [ {1} {La} {1} b {1} {10} {1}

Then (H;o17,1) is a D-hyper BE—algebra, (H;01g,1) is a T-hyper BE—algebra,
(H;o019,1) is a V-hyper BE—algebra and (H;090,1) is a C D-hyper BE-algebra.

Theorem 3.3. Let H be a D-hyper BE—-algebra. Then
(i) a€lox implies zoa= {1},

(#11) yo(xoy)=wzol,

(#it1) lo(xol)=uxzol, foralla,x,y € H.

Proof. (i). By (HBE>) and Definition B, {1} = 1ol =1o(zox) =zo(lox).
It follows that, for all a € 1oz, zoa = {1}.

(i1). yo (xoy)=wo(yoy)=zol.

(i4i). lo(zol)=ax0(lol)=z01. O

Theorem 3.4. Let H be a CD—-hyper BE—algebra. Then
(1) zo(yox)={1},
(i) z € xoy impliesyoz={1}, for all z,y,z € H.

Proof. (i). By (HBE,) and Definition B, zo(yox) = yo(zox) = yo{l} = {1}.
(i4). Let z € x oy. Then by (i), yoz C yo (zoy) = {1}. Therefore,
yoz={1}. O

4. Hyper filters in hyper BFE—algebras

Definition 4.1. Let F be a nonempty subset of hyper BE-algebra H and
1€ F. Then F' is called

(1) a weak hyper filter of H if oy C F and x € F imply y € F, for all
x,y €H,

(i) a hyper filter of H if voy~F andx € F implyy € F, for all z,y € H.

Example 4.2. In Example 22 (i), (H;o01,1) is a hyper BE—-algebra and Fy; =
{1,a} is a weak hyper filter of H. Also, (H;o02,1) is a hyper BE—algebra and
Fy, ={1,a} is a hyper filter of H.

Theorem 4.3. FEvery hyper filter is a weak hyper filter (i.e., hyper filters C
weak hyper filters).

Proof. Let F be a subset of a hyper BE—algebra H and z oy C F, for some
x € F,ye H. Since xoy C F implies z oy =~ F. Now, since F is a hyper
filter, we have x € F. Therefore F' is a weak hyper filter. O
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Example 4.4. In Example B3, I is not a hyper filter, because a o1 b =~ F
and a € Fy, but b ¢ F;.

Note. We can see that the notions of weak hyper filter and hyper filter
are different in a hyper BE-algebra. In Example B2, (H;o0q,1) is a C~hyper
BE-algebra, Fj is a weak hyper filter and is not a hyper filter of H.

In Definition B, the only case that we did not mention was x oy < F. In
the next theorem we prove that this case is trivial.

Theorem 4.5. Let F' be a subset of a hyper BE—-algebra H and 1 € F. If
zoy < F and x € F implies y € F, for all x,y € H, then F = H.

Proof. Let x be an arbitrary element of H. By (HBE}), z < 1 and by (HBEj3),
z € lox. Thus lox < 1. Since 1 € F, consequently, 1oz < F. By hypothesis,
x € F. Therefore, ' = H. O

Definition 4.6. A subset S of hyper BE—-algebra H is said to be a subalgebra,
ifxoyCS, forallz,y e S.

Example 4.7. In Example Z2(i), {1,b} is a subalgebra of (H;o01,1).

Theorem 4.8. Let H be a hyper BE—-algebra and S be a subalgebra of H.
Then

(1) S is a weak hyper filter of H if and only if for allz € S and y € X \ S,
roy S,

(i) S is a hyper filter of H if and only if for all x € S and y € X/S,
royS.

Proof. (i). Let S be a subalgebra, weak hyper filter of H, 2z € Sand y € X\ S.
Assume the opposite, i.e. let z oy C S. Since S is a weak filter and x € S, we
have y € S, which is a contradiction.

Conversely, let for all z € Sand y € X\ S, zo0y € S. Let xoy C S and
rzeS. Ify &S, then by assumption, x oy ¢ S, which is a contradiction.

(74). The proof is similar to (). O

Theorem 4.9. Let H be a CD-hyper BE—algebra. Then every (weak) hyper
filter of H is a subalgebra of H.

Proof. Let F be a hyper filter of H, z,y € F and a € x oy. Then by Theorem
B2 (i), yoa = {1} and so yoa ~ F. Since F is a hyper filter and y € F, we
can see that a € F. Thus z oy C F and F' is a subalgebra of H. By a similar
way, every weak hyper filter is a subalgebra of H. O

In the next example we show that Theorem BT, is not correct about hyper
BFE-algebras in general.

Example 4.10. (i). In Exzample 33, (H;o01g,1) is a T-hyper BE—algebra and
{1,a} is a (weak) hyper filter. Since aoa € {1,a}, {1,a} is not a subalgebra.
(i¢). Let H ={1,a,b}. Define a hyperoperation ” o217 on H as follows:
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091 ‘ 1 a b

1 {1} {a} {0}
a | {l,a,b} {1} {a,b}
b | {1,a,b} {l,a,b} {1}

Then H is a D—hyper BE—algebra and {1,a} is a weak hyper filter. Since

aol={1,a,b} Z {1,a},
{1,a} is not a subalgebra of H.

Note. We can see that every subalgebra of a hyper BE-algebra H is not
a (weak) hyper filter in general. In Example E22(7), {1,b} is a subalgebra of a
C-hyper BE-algebra (H;o1,1), but it is not a hyper filter of H.

Theorem 4.11. Let F be a subset of a hyper BE—algebra H and y € H. If
z<yandzx € F, theny e F.

Proof. Let F be a hyper filter of H, x € F and = < y, for some y € H. Then
1l €xoy. Since 1 € F, we have x oy = F. Therefore, y € F. O

5. Conclusion

In the present paper, we have introduced the concept of hyper BFE-algebras
and investigated some of their useful properties. This work focused on some
types of hyper BE—-algebras. Also, we discuss on hyper filters in this structure
and present some fundamental properties.

In our future work, we will get more results in hyper BFE-algebras and
application.
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