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STUDY ON SEMI-SYMMETRIC METRIC SPACES
B. B. Chaturvedi® and B. K. Gupta®

Abstract. Many differential geometer studied different types of man-
ifolds with a semi-symmetric metric connection. In this paper, we have
considered a Riemannian manifold (M",g), (n > 2), equipped with a
semi-symmetric metric connection and studied the properties of the cur-
vature tensor, the conformal curvature tensor, the Weyl projective curva-
ture tensor and the conharmonic curvature tensor. We have also studied
the Einstein spaces and recurrent space with respect to semi-symmetric
metric connection and obtained certain results related to them.
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1. Introduction

Let (M™,g), (n > 2) be an n-dimensional Riemannian manifold with Rie-
mannian metric g. A connection is said to be symmetric if the torsion tensor
with respect to that connection is equal to zero otherwise it is called a non-
symmetric connection. If covariant derivative of the metric tensor with respect
to a given connection is equal to zero, then the connection is called a metric
connection otherwise it is called a non-metric connection. The Riemannian
manifold equipped with a semi-symmetric metric connection has been studied
by O. C. Andonie [0}, M. C. Chaki and A. Konar [2], B. B. Chaturvedi and P.
N. Pandey [B, &, &].

[B] relate the semi-symmetric metric connection V and Riemannian connec-
tion D of (M™, g) by the relation

(1.1) VxY = DxY +w(Y) X — g(X,Y)U,

where X, Y are vector fields and w is a 1-form, define by w(X) = g(X,U).
K. Yano [[] found the relation between the curvature tensor with respect
to the connection V and D

R(X,Y)Z
(12) = R(X,Y)Z—=(Y, 2)X + (X, 2)Y — g(Y, Z)AX + g(X, Z)AY,
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where R is the curvature tensor with respect to a semi-symmetric metric con-
nection, R is the curvature tensor with respect to Riemannian connection and
7 is the tensor field of type (0,2) defined by

1
(1.3) (X, Y) = (Vxw)Y —w(X)w(Y) + iw(p)g(X7 Y),
also A is the tensor field of type (1, 1) defined by

(1.4) g(AX,Y)=n(X,Y), for all vector fields X and Y.

A Friedman and J. A. Schouten [8] considered the semi-symmetric metric
connection V and Riemannian manifold D with coefficients F?j and {l};} re-
spectevely. According to them if the torsion tensor T of the connection V on
M™, (n>2)is

h h h
(1.5) T} = 6 wj — 05w,
then
h h h h
(1.6) LY =451+ 0 wj — gij w",
where w" = w;gt" , W" being the contravariant components of the generating

vector wy, and

(1.7) Vjw; =Djw; —w; wj +g;; w, wherew = Wl wp.

A. Friedman and J. A. Schouten [R] obtained the relation between the curvature
tensor with respect to a semi-symmetric metric connection and the Riemannian
connection i.e.

(1.8) Rijkn=Rijkh—Gin Tjk +9jh Tik — Gjk Tih + ik Tjhs
where

1
(1.9) ij:ijk—ijkJrigjkw.

Transvecting (I8) by ¢'" and using 7@ = 7;5 ¢*", we get
(1.10) Rjy = Rjp —nmjk + ik — T gjk + Tj .
The equation (1) implies

(1.11) Rix=Rjx—(n—2)Tjr—7Ggjk.
Transvecting (ICIW) by ¢* and using g;1 ¢’ * = n, we get
(1.12) R=R-2(n-1)m.

Let Eijkh = R, jkn then from (I[F), we get

(1.13) Gih ik — Gjh Tik + Gjk Tih — gik Tjn = 0.
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Transvecting (IZI3) by ¢°", we get

(1.14) (n—2)mjk+7gjr=0.

Transvecting (IZI4) by ¢/, we get

(1.15) 2(n—1) 7 =0,

this implies

(1.16) m=0, since n#l, (n>2)

Thus we conclude :

Theorem 1.1. In a Riemannian manifold (M™,g), (n > 2), equipped with the
semi-symmetric metric connection V if the curvature tensor of type(0,4) with
respect to semi-symmetric metric connection is equal to the curvature tensor of

type(0,4) with respect to Riemannian connection D then m =0, i.e. ;) g'" =
0.

2. Conformal curvature tensor

We know that the conformal curvature tensor Cj;;j; in Riemannian
manifold is defined by

1
Cijkh:Rijkh_m(Rjkgih_Rik gin+ Rin gjx — Rjn gir)
+L( . . )
(n_l)(n—Q) glhgjk gjhgzkv

(2.1)

where R;;rn, R;; and R are the curvature tensor, Ricci tensor and scalar
curvature tensor of connection respectevely.
Now we propose :

Theorem 2.1. In a Riemannian manifold (M™,g), (n > 2), equipped with
semi-symmetric metric connection the conformal curvature temsor with respect
to semi-symmetric metric connection V and the conformal curvature tensor
with respect to Riemannian connection D are equal.

Proof. Now, the conformal curvature tensor with respect to semi-symmetric
metric connection is given by

Cijkn =Rijrn— m(ﬁjk gin—Rin gin+ Rin gix — Rin gix)
(2.2) =
+ m(gih Gik = Gih ik)-
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Using (IC¥), (CI0) and (CI2) in (22), we get

Cijkn =Rijen —gin Tjk +9jn Tik — Gjk Tin + Gik Tjh
1

T (gzh( ]k:_(n_2)7rjk—ﬂ'gjk)
—gin(ix — (N —2)Ti — T Gik
(2.3) jn(Rik = ( ) )
+g]k( (TL Q)Wih—ﬁgih)
7gzk( (n Q)th—ﬂgjh) )
R—2(n— )71'
(= 1) () in 9ik = 9in Gin):
rai 1
Cijkn :Rijkh_j(gih Rix—gjn Rix +gijih—gikth)
(2.4) (n—2)

(n—l)(n—?) 9ih Gjk 9jh 9ik)-

Using (E0) in (23), we get

(2.5) Cijikn="Cijkn

3. Conharmonic curvature tensor

Definition 3.1. The conharmonic curvature tensor L of type (0,4) on Rie-
mannian manifold is defined by

1
(31) Lijxn=Rijkn B (Rjk Gih — Rik gjn + Rin gjk_thgik>~

Now the conharmonic curvature tensor with respect to semi- symmetric
metric connection is given by

_ 1 _ _
(3.2)  Lijkn=Rijen— m(Rjk gin— Rir gin+ Rin gjx — Rjn gik)-

Using (I8) and () in (B2), we get
Lijkn
= Rijknh—9inTjk +9jn Tik —Gjk Tin + ik Tjn
1
_m(gih(Rjk_(n_Q)T"jk_ﬂ'gjk)
(33) —gjn(Rix—(n—2)Tik — 7 grs)

+9jk (Rin — (0 —=2)7in — 7 gin) — gik (Rjn — (n—2)7m54 _ngh))
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The equation (B33) implies

Lijpn =Rijrn— W(Rjk Ginh —Rik gjn+Rin 9jk — Rjn gik)

(3.4) o -2

+ o — (95K gin = 9in gir)-

Using (B) in (B4), we have

27
(3.5) Lijkh:Lijkh+m(gjk Gin — Gjh Gik)-
From (B3), we have fij kh = Lijrn,ifand only if 7 = 0 or g; 1 g;4 is symmetric
in ¢ and j or k and h.

Thus we conclude :

Theorem 3.2. In a Riemannian manifold (M™,g), (n > 2), equipped with
a semi-symmetric metric connection, the conharmonic curvature tensor with
respect to the semi-symmetric metric connection is equal to the conharmonic
curvature tensor with respect to Riemannian connection if and only if at least
one of the following conditions holds:

(i) =0

(1) gjk 9in is symmetric in i and j

(iii) gjr gin is symmetric in k and h

Now we propose:

Theorem 3.3. In Riemannian manifold (M",g), n > 2, equipped with the
semi-symmetric metric connection V, the conharmonic curvature tensor with
respect to the semi-symmetric metric connection has the following properties:

(4)
(i1)
(i49) Lijen+ Likin+ Lrijn=0.

= —fjikh i.e. skew symmetric in first two indices

Lijin
fijkh = —fijhk i.e. skew symmetric in last two indices

Proof. Interchanging i and j in (BH), we get

(3.6) Zjikh:Ljikh‘F%(gik 9ih = Gih Gik)-
Adding (B3) and (BM), we get

(3.7) Lijen+Ljikn=Lijkn+ Ljikn-
Since in a Riemannian manifold

(3.8) Lijkn+Ljixn =0.

Then from (BZ) and (B3H), we have (4)



188 B. B. Chaturvedi and B. K. Gupta

Now interchanging h and k in (B3H), we have

— 2T

(3.9) Lijhk:Lijhk+m(gjhgik_gjk Gin) -

Adding (BH) and (BH), we have

(3.10) Lijkn+Lijhw =Lijen+ Lijnk
Since in a Riemannian manifold

(3.11) Lijhg+ Lijin =0.

Then from (B1M0) and (B), we get (ii)
Again interchaging ¢ , j and k in cyclic order in the equation (B3), we get

— 27
(3.12) Lijkh:Lijkthm(gjkgih*gjhgik)a
— 27
(3.13) ijih:ijih+m(gkigjh*gkh gji)s
and
— 27
(3.14) Lkijh:Lkijh+m(Qij Gkh = Gih Gkj)-

Adding (B12), (813) and (B14) , we have
(3.15) Lijkn+Ljkin+ZLiijn=1Lijkn+Likin+ Liijn

In a Riemannian manifold, the conharmonic curvature tensor with respect to
the Riemannian connection satisfies the relation

(3.16) Lijkn+Ljkin+ Liijn=0.

Therefore, from (B13) and (BIQ), we get (i4i). O

4. Weyl projective curvature tensor

Definition 4.1. The Weyl projective curvature tensor P of type (0,4) on a
Riemannian manifold is defined by
1
(4.1) Pijen=Rijkn — — (Rjx gin — Rir gjn)-
(n—1)
Now the Weyl projective curvature tensor of type (0,4) with respect to a semi-
symmetric metric connection is given by

1 _
(4.2) Pijkh:Rijkh_m(Rjkgih_Rikgjh)~
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Using (I8) and () in (E72), we get
ﬁijkh =Rijkn—9inh Tjk +9jh Tik — Gjk Tih + ik Tjn
- ﬁ(gih (Rjk—(n—2)mjr—7 gjk)
—gin (Rix—(n—2)mjp—m gvk))

(4.3)

Using (E0) and 7 = m;5, ¢*" in (BZ23), we get

1
(44) Pijrn=Pijrn+ m(mk Gih — Tjk Gih +Tih Gjk — Tjh Gik)s

Thus we conclude:

Theorem 4.2. In the Riemannian manifold (M™,g), (n > 2), equipped with
the semi-symmetric metric connection V, the Weyl projective curvature tensor
with respect to the semi-symmetric metric connection has the following proper-
ties.

(O)Pijkn=—Pjirn
(i0)Pijkn+ Pikin+ Prijn =0, if Tix =T

Proof. Interchanging i and j in (E4), we get

(4.5) ?jikh =Pjipn+ e 1(7lec Gih — Tik Gjh + Tjh Gik — Tih Gjk)-

Adding (E32) and (E3), we get
(4.6) Pijkn+Piikn="Pijkn+Pjikn

The Weyl projective curvature tensor with respect to Riemannian connection
has the property

(4.7) Pijkh=—Pjikn.

Using (B=7) in (E3), we get ()
Interchanging i, j, k in cyclic order in the equation (E3), we get

1
(48) Pijkn=Pjpn+ m(ﬂ'ik Gih — Tjk Gih T Tih Gik — Tjh Gik)s
_ 1
(49) Pjrin=Pjrin+ m(ﬂji Gkh — Thki §ih T Tjh Gki — Thh Gji)s
and

(4.10)  Prijn=Prijn+ )(ij Gih —Tij Gkh + Thh Gij — Tih Gk j)-

b
(n—1
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Adding (AR), (I9) and (E10), we get
(411)  Pijrn+Pikin+Prijn=Pijkn+Pirin+ Poijn, if mp =7,

The Weyl projective curvature tensor with respect to a Riemannian manifold
has the property

(4.12) Pijrn+Pirin+ Prijn=0.

Therefore from (B-IM) and (B212), we get (i) O

5. Einstein space
Definition 5.1. The space in which the Ricci tensor satisfies the relation
(5.1) Rijy=Xgij,

is called an Einstein space. Where R(; ;) is symmetric part of Ricci tensor and
A is scalar funtion.

Definition 5.2. The space in which the Ricci tensor satisfies the relation
(5:2) Rij =79
is called an Einstein Riemannian space, where v is a scalar function.

The symmetric part of the Ricci tensor with respect to a semi-symmetric
metric connection is given by

— 1 — —
(5.3) R(ij) = *(Rij + Rji),
using () in (B3), we have
— 1

(54) R(ZJ) = §<R” — (n— 2) M5 — T Gij "l‘Rji — (’I’L — 2) Mjq — 7ngi).
Equation (B4) implies

— 1
(55) R(ij) = i(R” + Rji - (n - 2) (7Tij +’/Tji) — 27 gij)~
Using (IT9) in (B3), we get

— 1

(56) R(ij) = §(R” +R117(7‘L72)(Vz w]‘ +Vj wi72wi wj+gij w)f27r gij)-
Using (63) and w = w® w; in (B8), we get

(n—2)

(57) R(”) = R(l]) - (VZ Wy + Vj Wi — W Wy — 2 97,])
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Transvecting by ¢/ in (627), we have

(5.8) R(ij)g” :R(ij)g”f( 5 )((Vl wj+Vj Wi — Wy w]') 9”72791‘1' g”)'
Using (B) in (B3R), we get

y » _9 _ .
(5.9) A gij 9”:791‘]’9”_(” )(QVz‘wz—w—Qngjg”)-

2

Using g;; ¢'/ = 6! = n in (69), we get
(5.10) A=7)n=—(n—-2)(V; wif%fmr).

Thus we conclude:

Theorem 5.3. If Riemannian manifold (M™,g) , (n > 2), equipped with
a semi-symmetric metric connection is an Finstein space with respect to the
Riemannian connection then the Riemannian manifold equipped with the semi-
symmetric metric connection will be an Einstein space with respect to the semi-
symmetric metric connection if

(5.11) A=) n=—(n—2)(V; wifgfnﬁ).

6. Recurrent space

Definition 6.1. A torsion tensor T on a Riemannain manifold is said to be
recurrent if

(6.1) Vi T =T,
where pj is a recurrent vector field.
Now we propose:

Theorem 6.2. In a Riemannian manifold (M™,g), (n > 2), equipped with a
semi- symmetric metric connection if torsion tensor T is recurrent with respect
to the Riemannian connection then it will also be recurrent with respect to the
semi- symmetric metric connection.

Proof. The covariant derivatives of the torsion tensor Tlhj with respect to the
connections V and D are given by

(6.2) Vi Tz'hj = Ok ,Tzh] +17; R e 8 I,

7 K3

and

(6.3) Dy T} = 0x T + T35 {5} =175 4} =T {70}
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Subtracting (63) from (64), we get
(6.4) Vi Tzhj — Dy, Tihj =T7; ({ﬁk —{%1)
=T (7 = {d) = T8 (T = {3 )).
Using (CH) in (B4), we get
Vi T}, — Di T}
(6.5)= T7; (8 wr — gri W) = T (07 wi, — gin ") = T, (8F wr, — gy W)
Using w" = wyg'" in (E3), we get

Vi T — D T) =T7; (67 wi — grie wi g°") = TP (07 we — gik wi g°7)

(6.6)

— Tihr (5; Wk — Gk Wk g’”).
Using g, ¢*" = 6" in (E8), we have
(6.7) Vi T)y = Dy T),.

Now we propose:

Theorem 6.3. In a Riemannian manifold (M™,g), (n > 2), equipped with
a semi -symmetric metric connection V if the Ricci tensor is recurrent with
respect to the Riemannian connection then it will also be recurrent with respect
to the semi-symmetric metric connection.

Proof. The covariant derivatives of the Ricci tensor with respect to the con-
nections V and D are given by

(68) Vkﬁwzakﬁu—ﬁwl“fk—ﬁw F;k
and
(6.9) Dy Rij =0k Rij— Rej {}} — Rir {4}

Subtracting (69) from (B3X), we get

(6.10) ViRij—DpRij=—R,j (U7, —{/x}) — Rir (T, — {/%} )
Using (@) in (B10), we get

(611) vkﬁi]‘ - Dk Eij = 7RTj ((5: W — Gik wr) 7?@7« (5; WE — G5k wr).
Using w" = wyg'" (EIT), we get

(6.12)

ViRij—DpRij=—Ry; (07 wp — gir wi ¢"%) — Ry (67 wi — gk wrg" ") .
Using gix ¢ * = 6/ in (EI2), we have
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Now the covariant derivatives of conformal curvatures tensor with respect
to connections V and D are given by
(6.14)
ViCijkn=0Cijkn—CrjunTli—=CirenT]; = Cijrn ] — Cijrr I]p,
and
(6.15)
DiCijen=0Cijrn—Crjen {5} = Cirin {5} = Cijrn {k} — Cisrr {n}-

Subtracting (E13) from (E14), we get

(6.16) ViCijin—DiCijen=—=Crjen Tl —{i}) = Civen (T1; = {5}
= Cijrn Tl =%} = Cijrr 0 = {0}

using (ICB) in (BM), we get

(6.17)

ViCijkn—Di Cijin=—Crjrn (6] wi—girw") = Cirin (6] wj —grj w")
—Cijrn (0 we — g1k w") = Cijrr (0] wh — gin ).

Using w" = w;gt" and g;p ¢’ * = 6? in (612), we have

(6.18) ViCijkn=DiCijrn.

Thus we conclude:

Theorem 6.4. In a Riemannian manifold (M™,g), n > 2, equipped with a
semi-symmetric metric connection, if the conformal curvature tensor is recur-
rent with respect to the Riemannian connection then it will also be recurrent
with respect to the semi-symmetric metric connection.
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