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STUDY ON SEMI-SYMMETRIC METRIC SPACES

B. B. Chaturvedi1 and B. K. Gupta2

Abstract. Many differential geometer studied different types of man-
ifolds with a semi-symmetric metric connection. In this paper, we have
considered a Riemannian manifold (Mn, g), (n > 2), equipped with a
semi-symmetric metric connection and studied the properties of the cur-
vature tensor, the conformal curvature tensor, the Weyl projective curva-
ture tensor and the conharmonic curvature tensor. We have also studied
the Einstein spaces and recurrent space with respect to semi-symmetric
metric connection and obtained certain results related to them.
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1. Introduction

Let (Mn, g), (n > 2) be an n-dimensional Riemannian manifold with Rie-
mannian metric g. A connection is said to be symmetric if the torsion tensor
with respect to that connection is equal to zero otherwise it is called a non-
symmetric connection. If covariant derivative of the metric tensor with respect
to a given connection is equal to zero, then the connection is called a metric
connection otherwise it is called a non-metric connection. The Riemannian
manifold equipped with a semi-symmetric metric connection has been studied
by O. C. Andonie [1], M. C. Chaki and A. Konar [2], B. B. Chaturvedi and P.
N. Pandey [3, 4, 5].

[6] relate the semi-symmetric metric connection ∇ and Riemannian connec-
tion D of (Mn, g) by the relation

(1.1) ∇XY = DXY + ω(Y ) X − g(X,Y )U,

where X, Y are vector fields and ω is a 1-form, define by ω(X) = g(X,U).
K. Yano [7] found the relation between the curvature tensor with respect

to the connection ∇ and D

R(X, Y )Z

= R(X, Y )Z − π(Y, Z)X + π(X, Z)Y − g(Y, Z)AX + g(X, Z)AY,(1.2)
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where R is the curvature tensor with respect to a semi-symmetric metric con-
nection, R is the curvature tensor with respect to Riemannian connection and
π is the tensor field of type (0, 2) defined by

(1.3) π(X, Y ) = (∇Xω)Y − ω(X)ω(Y ) +
1

2
ω(ρ)g(X, Y ),

also A is the tensor field of type (1, 1) defined by

(1.4) g(AX, Y ) = π(X, Y ), for all vector fields X and Y.

A Friedman and J. A. Schouten [8] considered the semi-symmetric metric
connection ∇ and Riemannian manifold D with coefficients Γh

i j and { h
i j} re-

spectevely. According to them if the torsion tensor T of the connection ∇ on
Mn, (n > 2) is

(1.5) Th
i j = δhi ωj − δhj ωi,

then

(1.6) Γh
i j = { h

i j}+ δhi ωj − gij ω
h,

where ωh = ωtg
t h , ωh being the contravariant components of the generating

vector wh and

(1.7) ∇j ωi = Dj ωi − ωi ωj + gi j ω, where ω = ωh ωh.

A. Friedman and J. A. Schouten [8] obtained the relation between the curvature
tensor with respect to a semi-symmetric metric connection and the Riemannian
connection i.e.

(1.8) Ri j k h = Ri j k h − gi h πj k + gj h πi k − gj k πi h + gi k πj h,

where

(1.9) πj k = ∇j ωk − ωj ωk +
1

2
gj k ω.

Transvecting (1.8) by gi h and using π = πi h gi h, we get

(1.10) Rj k = Rj k − nπj k + πj k − π gj k + πj k.

The equation (1.10) implies

(1.11) Rj k = Rj k − (n− 2) πj k − π gj k.

Transvecting (1.11) by gj k and using gj k gj k = n, we get

(1.12) R = R− 2(n− 1)π.

Let Ri j k h = Ri j k h then from (1.8), we get

(1.13) gi h πj k − gj h πi k + gj k πi h − gi k πj h = 0.
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Transvecting (1.13) by gi h, we get

(1.14) (n− 2)πj k + π gj k = 0.

Transvecting (1.14) by gj k, we get

(1.15) 2(n− 1) π = 0,

this implies

(1.16) π = 0, since n ̸= 1, (n > 2)

Thus we conclude :

Theorem 1.1. In a Riemannian manifold (Mn, g), (n > 2), equipped with the
semi-symmetric metric connection ∇ if the curvature tensor of type(0,4) with
respect to semi-symmetric metric connection is equal to the curvature tensor of
type(0,4) with respect to Riemannian connection D then π = 0, i.e. πi h gi h =
0.

2. Conformal curvature tensor

We know that the conformal curvature tensor Ci j k h in Riemannian
manifold is defined by

Ci j k h =Ri j k h − 1

n− 2
(Rj k gi h −Ri k gj h +Ri h gj k −Rj h gi k)

+
R

(n− 1)(n− 2)
(gi h gj k − gj h gi k),

(2.1)

where Ri j k h, Ri j and R are the curvature tensor, Ricci tensor and scalar
curvature tensor of connection respectevely.

Now we propose :

Theorem 2.1. In a Riemannian manifold (Mn, g), (n > 2), equipped with
semi-symmetric metric connection the conformal curvature tensor with respect
to semi-symmetric metric connection ∇ and the conformal curvature tensor
with respect to Riemannian connection D are equal.

Proof. Now, the conformal curvature tensor with respect to semi-symmetric
metric connection is given by

Ci j k h =Ri j k h − 1

n− 2
(Rj k gi h −Ri k gj h +Ri h gj k −Rj h gi k)

+
R

(n− 1)(n− 2)
(gi h gj k − gj h gi k).

(2.2)
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Using (1.8), (1.11) and (1.12) in (2.2), we get

Ci j k h =Ri j k h − gi h πj k + gj h πi k − gj k πi h + gi k πj h

− 1

n− 2

(
gi h(Rj k − (n− 2)πj k − π gj k)

− gj h(Ri k − (n− 2)πi k − π gi k)

+ gj k(Ri h − (n− 2)πi h − π gi h)

− gi k(Rj h − (n− 2)πj h − π gj h)
)

+
R− 2(n− 1) π

(n− 1) (n− 2)
(gi h gj k − gj h gi k),

(2.3)

Ci j k h =Ri j k h − 1

(n− 2)
(gi h Rj k − gj h Ri k + gj k Ri h − gi k Rj h)

+
R

(n− 1)(n− 2)
(gi h gj k − gj h gi k).

(2.4)

Using (2.1) in (2.4), we get

(2.5) Ci j k h = Ci j k h.

3. Conharmonic curvature tensor

Definition 3.1. The conharmonic curvature tensor L of type (0, 4) on Rie-
mannian manifold is defined by

(3.1) Li j k h = Ri j k h − 1

n− 2

(
Rj k gi h −Ri k gj h +Ri h gj k −Rj hgi k

)
.

Now the conharmonic curvature tensor with respect to semi- symmetric
metric connection is given by

(3.2) Li j k h = Ri j k h − 1

n− 2
(Rj k gi h −Ri k gj h +Ri h gj k −Rj h gi k).

Using (1.8) and (1.11) in (3.2), we get

Li j k h

= Ri j k h − gi h πj k + gj h πi k − gj k πi h + gi k πj h

− 1

(n− 2)

(
gi h (Rj k − (n− 2)πj k − π gj k)

−gj h (Ri k − (n− 2)πi k − π gk i)(3.3)

+gj k (Ri h − (n− 2)πi h − π gi h)− gi k (Rj h − (n− 2)πj h − π gj h)
)
.
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The equation (3.3) implies

Li j k h =Ri j k h − 1

(n− 2)
(Rj k gi h −Ri k gj h +Ri h gj k −Rj h gi k)

+
2π

n− 2
(gj k gi h − gj h gi k).

(3.4)

Using (3.1) in (3.4), we have

(3.5) Li j k h = Li j k h +
2π

(n− 2)
(gj k gi h − gj h gi k).

From (3.5), we have Li j k h = Li j k h, if and only if π = 0 or gj k gi h is symmetric
in i and j or k and h.

Thus we conclude :

Theorem 3.2. In a Riemannian manifold (Mn, g), (n > 2), equipped with
a semi-symmetric metric connection, the conharmonic curvature tensor with
respect to the semi-symmetric metric connection is equal to the conharmonic
curvature tensor with respect to Riemannian connection if and only if at least
one of the following conditions holds:

(i) π = 0
(ii) gj k gi h is symmetric in i and j
(iii) gj k gi h is symmetric in k and h

Now we propose:

Theorem 3.3. In Riemannian manifold (Mn, g), n > 2, equipped with the
semi-symmetric metric connection ∇, the conharmonic curvature tensor with
respect to the semi-symmetric metric connection has the following properties:

(i) Li j k h = −Lj i k h i.e. skew symmetric in first two indices

(ii) Li j k h = −Li j h k i.e. skew symmetric in last two indices

(iii) Li j k h + Lj k i h + Lk i j h = 0.

Proof. Interchanging i and j in (3.5), we get

(3.6) Lj i k h = Lj i k h +
2π

(n− 2)
(gi k gj h − gi h gj k).

Adding (3.5) and (3.6), we get

(3.7) Li j k h + Lj i k h = Li j k h + Lj i k h.

Since in a Riemannian manifold

(3.8) Li j k h + Lj i k h = 0.

Then from (3.7) and (3.8), we have (i)
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Now interchanging h and k in (3.5), we have

(3.9) Li j h k = Li j h k +
2π

(n− 2)
(gj h gi k − gj k gi h) .

Adding (3.5) and (3.9), we have

(3.10) Li j k h + Li j h k = Li j k h + Li j h k.

Since in a Riemannian manifold

(3.11) Li j h k + Li j k h = 0.

Then from (3.10) and (3.11), we get (ii)
Again interchaging i , j and k in cyclic order in the equation (3.5), we get

(3.12) Li j k h = Li j k h +
2π

(n− 2)
(gj k gi h − gj h gi k),

(3.13) Lj k i h = Lj k i h +
2π

(n− 2)
(gk i gj h − gk h gj i),

and

(3.14) Lk i j h = Lk i j h +
2π

(n− 2)
(gi j gk h − gi h gk j).

Adding (3.12), (3.13) and (3.14) , we have

(3.15) Li j k h + Lj k i h + Lk i j h = Li j k h + Lj k i h + Lk i j h.

In a Riemannian manifold, the conharmonic curvature tensor with respect to
the Riemannian connection satisfies the relation

(3.16) Li j k h + Lj k i h + Lk i j h = 0.

Therefore, from (3.15) and (3.16), we get (iii).

4. Weyl projective curvature tensor

Definition 4.1. The Weyl projective curvature tensor P of type (0,4) on a
Riemannian manifold is defined by

(4.1) Pi j k h = Ri j k h − 1

(n− 1)
(Rj k gi h −Ri k gj h) .

Now the Weyl projective curvature tensor of type (0,4) with respect to a semi-
symmetric metric connection is given by

(4.2) P i j k h = Ri j k h − 1

(n− 1)

(
Rj k gi h −Ri k gj h

)
.
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Using (1.8) and (1.11) in (4.2), we get

P i j k h =Ri j k h − gi h πj k + gj h πi k − gj k πi h + gi k πj h

− 1

(n− 1)

(
gi h (Rj k − (n− 2) πj k − π gj k)

− gj h (Ri k − (n− 2)πi k − π gi k)
)
.

(4.3)

Using (4.1) and π = πi h gi h in (4.3), we get

(4.4) P i j k h = Pi j k h +
1

(n− 1)
(πi k gj h − πj k gi h + πi h gj k − πj h gi k),

Thus we conclude:

Theorem 4.2. In the Riemannian manifold (Mn, g), (n > 2), equipped with
the semi-symmetric metric connection ∇, the Weyl projective curvature tensor
with respect to the semi-symmetric metric connection has the following proper-
ties.

(i)P i j k h = −P j i k h

(ii)P i j k h + P j k i h + P k i j h = 0, if πi k = πk i

Proof. Interchanging i and j in (4.4), we get

(4.5) P j i k h = Pj i k h +
1

n− 1
(πj k gi h − πi k gj h + πj h gi k − πi h gj k).

Adding (4.4) and (4.5), we get

(4.6) P i j k h + P j i k h = Pi j k h + Pj i k h.

The Weyl projective curvature tensor with respect to Riemannian connection
has the property

(4.7) Pi j k h = −Pj i k h.

Using (4.7) in (4.6), we get (i)
Interchanging i, j, k in cyclic order in the equation (4.4), we get

(4.8) P i j k h = Pi j k h +
1

(n− 1)
(πi k gj h − πj k gi h + πi h gj k − πj h gi k),

(4.9) P j k i h = Pj k i h +
1

(n− 1)
(πj i gk h − πk i gj h + πj h gk i − πk h gj i),

and

(4.10) P k i j h = Pk i j h +
1

(n− 1)
(πk j gi h − πi j gk h + πk h gi j − πi h gk j).
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Adding (4.8), (4.9) and (4.10), we get

(4.11) P i j k h + P j k i h + P k i j h = Pi j k h + Pj k i h + Pk i j h, if πi k = πk i

The Weyl projective curvature tensor with respect to a Riemannian manifold
has the property

(4.12) Pi j k h + Pj k i h + Pk i j h = 0.

Therefore from (4.11) and (4.12), we get (ii)

5. Einstein space

Definition 5.1. The space in which the Ricci tensor satisfies the relation

(5.1) R(i j) = λ gi j ,

is called an Einstein space. Where R(i j) is symmetric part of Ricci tensor and
λ is scalar funtion.

Definition 5.2. The space in which the Ricci tensor satisfies the relation

(5.2) Ri j = γ gi j ,

is called an Einstein Riemannian space, where γ is a scalar function.

The symmetric part of the Ricci tensor with respect to a semi-symmetric
metric connection is given by

(5.3) R(i j) =
1

2
(Ri j +Rj i),

using (1.11) in (5.3), we have

(5.4) R(i j) =
1

2
(Ri j − (n− 2) πi j − π gi j +Rj i − (n− 2) πj i − π gj i).

Equation (5.4) implies

(5.5) R(i j) =
1

2
(Ri j +Rj i − (n− 2) (πi j + πj i)− 2π gi j).

Using (1.9) in (5.5), we get

(5.6) R(i j) =
1

2
(Ri j +Rj i− (n−2)(∇i ωj +∇j ωi−2ωi ωj +gi j ω)−2π gi j).

Using (5.3) and ω = ωi ωi in (5.6), we get

(5.7) R(i j) = R(i j) −
(n− 2)

2
(∇i ωj +∇j ωi − ωi ωj − 2π gi j).
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Transvecting by gi j in (5.7), we have

(5.8) R(i j) g
i j = R(i j) g

i j− (n− 2)

2
((∇i ωj+∇j ωi−ωi ωj) g

i j−2π gi j g
i j).

Using (5.1) in (5.8), we get

(5.9) λ gi j g
i j = γ gi j g

i j − (n− 2)

2
(2∇i ω

i − ω − 2π gi j g
i j).

Using gi j g
i j = δii = n in (5.9), we get

(5.10) (λ− γ) n = −(n− 2)(∇i ω
i − ω

2
− nπ ).

Thus we conclude:

Theorem 5.3. If Riemannian manifold (Mn, g) , (n > 2), equipped with
a semi-symmetric metric connection is an Einstein space with respect to the
Riemannian connection then the Riemannian manifold equipped with the semi-
symmetric metric connection will be an Einstein space with respect to the semi-
symmetric metric connection if

(5.11) (λ− γ) n = −(n− 2)(∇i ω
i − ω

2
− nπ ) .

6. Recurrent space

Definition 6.1. A torsion tensor T on a Riemannain manifold is said to be
recurrent if

(6.1) ∇k T = µk T,

where µk is a recurrent vector field.

Now we propose:

Theorem 6.2. In a Riemannian manifold (Mn, g), (n > 2), equipped with a
semi- symmetric metric connection if torsion tensor T is recurrent with respect
to the Riemannian connection then it will also be recurrent with respect to the
semi- symmetric metric connection.

Proof. The covariant derivatives of the torsion tensor Th
i j with respect to the

connections ∇ and D are given by

(6.2) ∇k Th
i j = ∂k Th

i j + T r
i j Γ

h
r k − Th

r j Γ
r
i k − Th

i r Γr
j k,

and

(6.3) Dk Th
i j = ∂k Th

i j + T r
i j { h

r k} − Th
r j { r

i k} − Th
i r { r

j k}.
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Subtracting (6.3) from (6.2), we get

∇k Th
i j −Dk Th

i j =T r
i j (Γ

h
r k − { h

r k} )

− Th
r j (Γ

r
i k − { r

i k} )− Th
i r (Γr

j k − { r
j k}).

(6.4)

Using (1.6) in (6.4), we get

∇k Th
i j −Dk Th

i j

= T r
i j (δ

h
r ωk − gr k ωh)− Th

r j (δ
r
i ωk − gi k ωr)− Th

i r (δrj ωk − gj k ωr).(6.5)

Using ωh = ωtg
t h in (6.5), we get

∇k Th
i j −Dk Th

i j =T r
i j (δ

h
r ωk − gr k ωk gk h)− Th

r j (δ
r
i ωk − gi k ωk gk r)

− Th
i r (δrj ωk − gj k ωk g

k r).
(6.6)

Using gr k g
k h = δhr in (6.6), we have

(6.7) ∇k Th
i j = Dk Th

i j .

Now we propose:

Theorem 6.3. In a Riemannian manifold (Mn, g), (n > 2), equipped with
a semi -symmetric metric connection ∇ if the Ricci tensor is recurrent with
respect to the Riemannian connection then it will also be recurrent with respect
to the semi-symmetric metric connection.

Proof. The covariant derivatives of the Ricci tensor with respect to the con-
nections ∇ and D are given by

(6.8) ∇k Ri j = ∂k Ri j −Rr j Γ
r
i k −Ri r Γr

j k

and

(6.9) Dk Ri j = ∂k Ri j −Rr j { r
i k} −Ri r { r

j k}.

Subtracting (6.9) from (6.8), we get

(6.10) ∇k Ri j −Dk Ri j = −Rr j (Γ
r
i k − { r

i k} )−Ri r (Γr
j k − { r

j k} ).

Using (1.6) in (6.10), we get

(6.11) ∇k Ri j −Dk Ri j = −Rr j (δ
r
i ωk − gi k ωr)−Ri r (δrj ωk − gj k ωr).

Using ωh = ωtg
t h (6.11), we get

(6.12)
∇k Ri j −Dk Ri j = −Rr j (δ

r
i ωk − gi k ωk gr k)−Ri r (δrj ωk − gj k ωk g

r k) .

Using gi k g
j k = δji in (6.12), we have

(6.13) ∇k Ri j = Dk Ri j .
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Now the covariant derivatives of conformal curvatures tensor with respect
to connections ∇ and D are given by
(6.14)
∇l Ci j k h = ∂l Ci j k h − Cr j k h Γr

l i − Ci r k h Γr
l j − Ci j r h Γr

l k − Ci j k r Γr
l h,

and
(6.15)
Dl Ci j k h = ∂l Ci j k h −Cr j k h { r

l i} −Ci r k h { r
l j} −Ci j r h { r

l k} −Ci j k r { r
l h}.

Subtracting (6.15) from (6.14), we get

∇l Ci j k h −Dl Ci j k h =− Cr j k h (Γr
l i − { r

l i})− Ci r k h (Γr
l j − { r

l j})
− Ci j r h (Γr

l k − { r
l k})− Ci j k r (Γr

l h − { r
l h}),

(6.16)

using (1.6) in (6.16), we get

∇l Ci j k h −Dl Ci j k h =− Cr j k h (δrl ωi − gi l ω
r)− Ci r k h (δrl ωj − gl j ω

r)

− Ci j r h (δrl ωk − gl k ωr)− Ci j k r (δrl ωh − gl h ωr).

(6.17)

Using ωh = ωtg
t h and gi k g

j k = δji in (6.17), we have

(6.18) ∇l Ci j k h = Dl Ci j k h.

Thus we conclude:

Theorem 6.4. In a Riemannian manifold (Mn, g), n > 2, equipped with a
semi-symmetric metric connection, if the conformal curvature tensor is recur-
rent with respect to the Riemannian connection then it will also be recurrent
with respect to the semi-symmetric metric connection.
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