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1. Introduction

The Malliavin derivative I, the Skorokhod integral § and the Ornstein-
Uhlenbeck operator R are three operators that play a crucial role in the stochas-
tic calculus of variations, an infinite-dimensional differential calculus on white
noise spaces [2, [4, BG, @2, @43, AR]. These operators correspond respectively to
the annihilation, the creation and the number operator in quantum operator
theory.

e The Malliavin derivative, as a modification of Gateaux derivatives, rep-
resents a stochastic gradient in direction of the white noise process [8,
36, 43]. Originally, it was invented by Paul Malliavin in order to provide
a probabilistic proof of Hérmander’s sum of squares theorem for hypo-
elliptic operators and to study the existence and regularity of a density
for the solution of stochastic differential equations [29], but nowadays it
has found significant applications in stochastic control and mathematical
finance [R, B0, &7].

e The Skorokhod integral, as the adjoint operator of the Malliavin deriva-
tive, is a standard tool in classical (L)? theory of non-adapted stochastic
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differential equations. It represents an extension of the It6 integral from
the space of adapted processes to the space of non-anticipative processes
[B, [2, 06]. Sometimes it is referred to as the stochastic divergence ope-
rator.

e The Ornstein-Uhlenbeck operator, as the composition of the stochastic
gradient and divergence, is a stochastic analogue of the Laplacian.

It is of great importance to manage solving different classes of equations
which involve the operators of Malliavin calculus. In particular, we consider
the following basic equations involving the operators of Malliavin calculus:

(1.1) Ru=g, Du = h, ou = f.

In the classical setting, the domain of these operators is a strict subset of the
set of processes with finite second moments [, 27, Bf] leading to Sobolev type
normed spaces. A more general characterization of the domain of these opera-
tors in Kondratiev generalized function spaces has been derived in [[9, 23, 24,
while in [25] we considered their domains within Kondratiev test function
spaces. The three equations in (), that have been considered in [21] and
[75] provide a full characterization of the range of all three operators. More-
over, the solutions to equations (IIl) are obtained in an explicit form, which is
highly useful for computer modelling that involves polynomial chaos expansion
simulation methods used in numerical stochastic analysis [9, 31, g&9].

After a short revision of the results on uniqueness of the solutions to equa-
tions (M) (Theorem B, Theorem B, Theorem B) obtained in [Z1] and [25]
we proceed by proving some properties such as the duality relationship be-
tween the Malliavin derivative and the Skorokhod integral (Theorem E) and
the chain rule (Theorem BEI) as well as many others such as the product rule
(Theorem B8, Theorem BH), partial integration etc.

A special emphasis is put on the characterization of Gaussian processes
and Gaussian solutions of equations (Ill). As an important consequence and
application of our results we obtain a connection between the Wick product
and the ordinary product (Theorem E@ and Theorem BT0). We also provide
several illustrative examples to facilitate comprehension of our results. These
examples can be considered as supplementary material to [21] and [25].

A recent discovery made in [33]-[85] made a nice connection between the
Malliavin calculus and Stein’s method, which is used to measure the distance
to Gaussian distributions. In Theorem 10 we review this relationship using
the chaos expansion method.

The method of chaos expansions is used to illustrate several known results
in Malliavin calculus and thus provide a comprehensive insight into its capabili-
ties. For example, we prove using the chaos expansion method some well-known
results such as the commutator relationship between D and 6 (Theorem B3R),
the relation between It6 integration and Riemann integration (Remark 659) as
well as the It representation theorem (Corollary B3).



Chaos expansion methods in Malliavin calculus: A survey of recent results 47

We strongly emphasize the methodology of the chaos expansion technique
for solving singular SDEs. This method has been applied successfully to several
classes of SPDEs (e.g. [P0, P2, 26, 24, PR, @0, 46]) to obtain an explicit form
of the solution. Therefore, we have chosen to write an expository survey with
detailed step-by-step proofs and comprehensive examples that illustrate the full
advantage of this technique. Some advantages of the chaos expansion technique
are the following;:

e It provides an explicit form of the solution. The solution is obtained in
form of a series expansion.

e It is easy to apply, since it uses orthogonal bases and series expansions,
applying the method of undetermined coefficients. Note that we avoid
using the Hermite transform [[3] or the S-transform [IZ], since these
methods depend on the ability to apply their inverse transforms. Our
method requires only to find an appropriate weight factor to make the
resulting series convergent.

e It can be adapted to create numerical approximations and model sim-
ulations (e.g. by stochastic Galerkin methods). Polynomial chaos ex-
pansion approximations are known to be more efficient than Monte Car-
lo methods. Moreover, for non-Gaussian processes, convergence can be
easily improved by changing the Hermite basis to another family of or-
thogonal polynomials (Charlier, Laguerre, Meixner, etc.).

2. Preliminaries

Consider the Gaussian white noise probability space (S'(R), B, u), where
S’(R) denotes the space of tempered distributions, B the Borel o—algebra
generated by the weak topology on S'(R) and p the Gaussian white noise
measure corresponding to the characteristic function

(2.1) /S'(R) ei<‘*”¢>d,u(w) = 67%‘|¢‘IQLQ<R>, ¢ € S(R),

given by the Bochner-Minlos theorem.
22 mn
Denote by h,(z) = (—1)"eZ 4 (e~

dx™

2

%), n € Ny, Ng = NU {0}, the family
of Hermite polynomials and &, (z) = <1F\/ﬁe_%hn_l(\/iar), n € N, the

family of Hermite functions. The family of Hermite functions forms a complete
orthonormal system in L?(R). For a complete preview of properties of h,, and
&, a comprehensive reference is [IM]. We follow the characterization of the
Schwartz spaces in terms of the Hermite basis: The space of rapidly decreasing
functions as a projective limit space S(R) = [y, Si(R) and the space of
tempered distributions as an inductive limit space S"(R) = J;cy, S—1(R) where

SIR) ={f = ar&: IfI} =D ai(2k)' < oo}, I € Z, Z=-NUN,.

k=1 k=1
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Note that S,(R) is a Hilbert space endowed with the scalar product (-, -),
given by
_ 0, k#1
Gk i = { lexl2 = 2k, k=1 > PEZ

Moreover, the functions & = &, (2k)~%, k € N, constitute an orthonormal basis
for S,(R). Indeed,

<§~ §~> = & 0, k?él c7
B Z &R = llPye =1, k=10 PSS

2.1. The Wiener chaos spaces

Let Z = (N}). denote the set of sequences of nonnegative integers which
have only finitely many nonzero components o = (a1, s, ..., m,,0,0...), a; €
No, i = 1,2,...,m, m € N. The kth unit vector e¢*) = (0,---,0,1,0,---), k€ N
is the sequence of zeros with the only entry 1 as its kth component. The multi-
index 0 = (0,0,0,0,...) has all zero entries. The length of a multi-index o € 7
is defined as |a = D00 .

Operations with multi-indices are carried out componentwise e.g. o + =
(a1 + B1,a0 + B2, ...), &l = aglasglag!-- -, (g) = ﬁlﬁ)' Note that o« > 0
(equivalently |a| > 0) if there is at least one component ay, > 0. We adopt the
convention that a — f exists only if a — 8 > 0 and otherwise it is not defined.

Let (2N)* = J[72, (2k)**. Note that _ .7(2N)"P* < oo for p > 1 (see e.g.
[

[3%)
~—

Let (L)? = L*(S'(R), B, 1) be the Hilbert space of random variables with
finite second moments. We define by

ﬁ ((w, &), a€Z,

the Fourier-Hermite orthogonal basis of (L)? such that ||Ha||%L)2 =al. In
particular, for the kth unit vector H,x) (w) = (w, &), k € N.

The prominent Wiener-1té6 chaos expansion theorem states that each ele-
ment F € (L)? has a unique representation of the form

w)chaH

a€cl

w € S'(R), ca € R, a € T, such that [|F[[?;). = 3 ,c7 i ol < o0.

Definition 2.1. The spaces

Me={Fe(L)’:F= Y caHa}, keN,
a€l,|a|=k

that are obtained by closing the linear span of the kth order Hermite polyno-
mials in (L)? are called the Wiener chaos spaces of order k.
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For example, H is the set of constant random variables, H; is a set of Gaus-
sian random variables, Hs is a space of quadratic Gaussian random variables
and so on. We will show that H; contains only Gaussian random variables and
the most important processes: Brownian motion and white noise belong to H;.

Each Hy, k € Ny is a closed subspace of (L)2. Moreover, the Wiener-Ito
chaos expansion theorem can be stated in the form:

(L)* = P M.
k=0

Hence, every F' € (L)? can be represented in the form F(w) = Y. Y cqoHa(w),

k=0 «a€ZT
|l|=k

we S'(R), where > co Holw) € Hg, k=0,1,2,....
la|=k

Theorem 2.2. All random variables which belong to H1 are Gaussian random
variables.

Proof. Random variables that belong to the space H; are linear combinations
of elements (w, &), k € N, w € S’(R). From the definition of the Gaussian mea-
sure (Z0) it follows that E,((w,&)) = 0 and Var((w, &) = E,((w, &)%) =
||fk||%2(R) = 1. Thus, from the form of the characteristic function we con-
clude that (w,&) : N(0,1), k¥ € N. Thus, every finite linear combination of

Gaussian random variables > aj (w, &) is a Gaussian random variable and
k=1

o0 n

the limit of Gaussian random variables > ag (w, &) = lm > ax (w, &) is
k=1 n—=too p=1

also Gaussian. O

After Example 13 it will be also clear that #; is the closed Gaussian space
generated by the random variables Bi(w), t > 0, where B; is Brownian motion
(see also [42]).

Remark 2.3. We note the following important facts:

1) Although the space (L)? is constructed with respect to Gaussian mea-
sure, it contains all (square integrable) random variables, not just those
with Gaussian distribution but also all absolutely continuous, singularly
continuous, discrete and mixed type distributions.

2) All elements in Ho @ H; are Gaussian (those with zero expectation are
strictly in ), but the converse is not true. In Example I8 we show
that there exist Gaussian random variables with higher order chaos ex-
pansions. Representative elements of Ho ® Hi @ Ho are for example
quadratic Gaussian random variables and the Chi-square distribution as
a finite sum of independent quadratic Gaussian variables.
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3) Discrete random variables (with finite variance) belong to @ Hy, ie.

k=
their chaos expansions forms consist of multi-indices of all lengths

4) All finite sums i.e. partial sums of a chaos expansion correspond to ab-
solutely continuous distributions or almost surely constant distributions.
There is no possibility to obtain discrete random variables by using finite
sums in the Wiener-1t6 expansion. This is a consequence of Theorem [CR.

In the next section we introduce suitable spaces, called Kondratiev spaces,
that will contain random variables with infinite variances.

2.2. Kondratiev spaces

The stochastic analogue of Schwartz spaces as generalized function spaces
are the Kondratiev spaces of generalized random variables.

Definition 2.4. The space of the Kondratiev test random variables (S); con-

sists of elements f = > 7 caHa € (L)?, co € R, € Z, such that

||f||§p = Z 2 (a)?(2N)P* < 0o,  for all p € Ny.
a€el

The space of the Kondratiev generalized random variables (S)_; consists of

formal expansions of the form F' =} 7 boHa, bo € R, a € Z, such that

1P|, _, =) b2(2N)P* < oo, for some p € No.
acl

Definition 2.5. The space of the Hida test random variables (S)§ consists of

elements f = .7 caHy € (L)?, co € R, a € Z, such that

||f||gp = Z 2 al(2N)P* < 0o,  for all p € Ny.
a€Z

The space of the Hida generalized random variables (S), consists of formal
expansions of the form F'= 3 _;boHa, ba € R, a € Z, such that

HFH&_F = Z b2al(2N)™P* < 0o,  for some p € Np.
ael

This provides a sequence of spaces (S),, = {f € (L)? : ||[fll,p < oo},
p€{-1,0,1}, p € Z, such that

(8)1.0 C (S)op S (L)* S (S)o,—p C (S)-1,-p:
($)1p € ()14 € (L)* S (8)-1,-q € (5)-1,—p»

for all p > ¢ > 0 and the inclusions denote continuous embeddings and (S)g,0 =
(L)2. Thus, (S); = Npen, (9)1,p and (S)d = Mpen, (9)o,p can be equipped with

the projective topology and (S)-1 = U, en, (S)-1,—p: ()0 = Upen, (S)o,—p as
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their duals with the inductive topology. Note that (S)1, (S)¢ are nuclear and
the following Gel’fand triples

(SN CL)PC(S)1, (9§ S (L) <C(9),

are obtained.
From the estimate ! < (2N)* it follows that

(2N) 7P < ol(2N)7Pe < (2N) (P~ De

thus
(8)=1,—(p-1) € (8)o,—p € (§)-1,—p, forall peN,

and similarly
(S)l,erl - (S)o,p - (S)l’p, for all p € Np.

We will denote by < -, - > the dual pairing between (S)g,_, and (S)g,p. Its
action is given by < A, B >=< 3" 7 0aHo, Y crbaHa >= 3 7 dlagba.
In case of random variables with finite variance it reduces to the scalar product
< A, B> y2= E(AB). For any fixed p € Z, (S)o,p, p € Z, is a Hilbert space
(we identify the case p = 0 with (L)?) endowed with the scalar product

0, a#p,
< Ha, Hp 2= { al@Npe, o =g,

extended by linearity and continuity to

CA,B>p=) alab, 2N, peZ
a€l

In the framework of white noise analysis, the problem of pointwise multipli-
cation of generalized functions is overcome by introducing the Wick product.
It is well defined in the Kondratiev spaces of test and generalized stochastic
functions (5); and (S)_1; see for example [T2, [3].

Definition 2.6. Let F,G € (S)_; be given by their chaos expansions F(w) =
Y acr JaHa(w) and G(w) = ZﬂeI gsHp(w), for unique f,,gs € R. The Wick
product of F' and G is the element denoted by FOG and defined by

FOGW) =Y | > fags | Hy(w)
YEL \a+p=y

= Z Z fa 98 Hatp(w).

a€l BeT

The same definition is provided for the Wick product of test random variables
belonging to (5);.

Note that the Kondratiev spaces (5); and (S)_1 are closed under the Wick
multiplication [I3], while the space (L)? is not closed under it.
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Example 2.7. The random variable defined by the chaos expansion F' =

> ﬁHns(n) belongs to (L)? since ||F||7,). = 377, 1 < oo, but FOF is
not in (L)?. Clearly,

e e] n 1 2
IFOFIly = Z<Zk(nk) k!(nk)!> "

vV
(]2
N
x>
3
=
S
‘ —
=
~
[\v]
|
8

The most important property of the Wick multiplication is its relation to
the It6-Skorokhod integration [I2, @3], since it reproduces the fundamental
theorem of calculus. This fact will be revisited in Remark BJ.

In the sequel we will need the notion of Wick-versions of analytic functions.
For this purpose note that the nth Wick power is defined by F¢" = FO=1¢F,
FO0 = 1. Note that H,. = Hg" for n € Ng, k € N.

Definition 2.8. If ¢ : R — R is a real analytic function at the origin repre-
sented by the power series

o(z) = Zan 2", xeR,
n=0
then its Wick version ¢ : (S)_; — (§)_; is given by
O (F) =) an FO", Fe(S).
n=0

2.3. Generalized stochastic processes

Let X be a Banach space endowed with the norm | - || ¢ and let X’ denote
its dual space. In this section we describe X —valued random variables. Most
notably, if X is a space of functions on R, e.g. X = Ck([a,b])), —co<a<b<
oo or X = L%(R), we obtain the notion of a stochastic process. We will also
define processes where X is not a normed space, but a nuclear space topologized
by a family of seminorms, e.g. X = S(R) (see e.g. [39]).

Definition 2.9. Let f have the formal expansion f =} _; fo ® Hqa, where
fa € X, a € Z. Define the following spaces:

X = {f: Iflxew),, = Ee;a!zllfalli(m)p“ < oo},
X®S)-1-p = {f+ Iflkew) ., = ze,;llfalli(m)’m < oo},
X@(Sop = {f: Iflxesn, = zejza!\\fallﬁ(?N)”“ < oo},
X@ S = {f: Mlkesp_, = D alfalk@N) 7 < oo},

a€l
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where X denotes an arbitrary Banach space (allowing both possibilities X = X ,
X =X').
Especially, for p =0, X ® (5)o,0 will be denoted by

X @ (L ={f: Iflkecs,_, = D llfallk < oo}

o€l

We will denote by E(F) = fq,0,0,.) the generalized expectation of the
process F.

Definition 2.10. Generalized stochastic processes and test stochastic pro-
cesses in Kondratiev sense are elements of the spaces

X® (S)—l = U X® (S)—l,—;m X® (S)l = m X® (S)l,;m
pEN peN

respectively.
Generalized stochastic processes and test stochastic processes in Hida sense
are elements of the spaces

X@(8)y =JX®(So—p X@E)F=[)X(op

peN peN
respectively.

Remark 2.11. In this case the symbol ® denotes the projective tensor product
of two spaces i.e. X' ® (S)_; is the completion of the tensor product with
respect to the m-topology.

The Kondratiev space (S); is nuclear and thus (X ® (5);) = X' @ (S)_1.
Note that X’ ® (S)_; is isomorphic to the space of linear bounded mappings
X = (S)_1, and it is also isomporphic to the space of linear bounded mappings
(S)41 — X’. The same holds for the Hida spaces, too.

In [@4] and [45] a general setting of S’-valued generalized stochastic process
is provided (we restrict our attention to the Kondratiev setting): S’(R)-valued
generalized stochastic processes are elements of X ® S'(R) ® (S)_1 and they
are given by chaos expansions of the form

(2.2) f:ZZaa,k@){k@Ha:Zba®Ha=ZCk®fk,

a€Z keN o€ keN

where b, = ZkeN ok @& €X® S'(R), ¢, = Zaez oy @ Hy € X ® (S)-1
and aq ; € X. Thus,

X®S_1(R) ® (5)-1,-p

=</ ||f||§(®s,,(n§)®(3),1,,p:z laa,k % (2k) 7(2N) 7P <00
a€T keN
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and
XS R)@(S)-1= ] XS5 1(R)® (5)-1,-p.
p,leN

The generalized expectation of an S’-valued stochastic process f is given

by E(f) = > a,0,..)x @& = bo,,..)-
keN
In an analogue way, we define S-valued test processes as elements of

X ®S(R)® (S)1, which are given by chaos expansions of the form (E2), where
bo = ZkENaavk ®§k cX® S(R), Cp = ZaeIa(%k ®H, € X® (S)l and
aok € X. Thus,

X@S(R)®(S)1p=1f: ”f”%(@SL(R)@(S)Lp: Z a!Z||aa,k||§((2k)l(2N)pa<00
€T keN

and

X@SR)@(S)= ) X@S(R)® ()1,

p,leN

One can define the Hida spaces in a similar way. Especially, for p =1 = 0, one
obtains the space of processes with finite second moments and square integrable
trajectories X ® L?(R) ® (L)2. It is isomporphic to X ® L?(R x Q) and if X is
a separable Hilbert space, then it is also isomorphic to L?(R x €; X).
Remark 2.12. In the sequel we will use the notation Hj, k € Ny, to denote not
just (L)-random variables, but also generalized stochastic processes and test
processes which have a chaos expansion of the form (E22) only with multi-indices
of length |a| = k.

Example 2.13. Brownian motion as an element of S’(R) ® (L)?, is defined by
Bt(w) = <w7’i[0,t]>7 w € S/(R)v

where K[g 4 is the characteristic function of the interval [0, ], ¢ > 0. It is a Gaus-
sian process with zero expectation and covariance function E,(B;(w) Bs(w)) =
min{¢, s}. The chaos expansion of Brownian motion is given by

Bt(w)zz /ﬁk(s)ds H_ ) (w).
k=1 \}

¢
For all k € N, its coefficients [ & (s)ds are in C>(R).
0

Singular white noise is defined by the chaos expansion

Wi(w) =Y &) Heow (w),
k=1

and it is an element of the space Si(R) ® (S)_1,—p for k,p > 1. With weak
derivatives in the (S)_; sense %Bt = W,; holds. Both Brownian motion and
singular white noise belong to the Wiener chaos space of order one.
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2.4. Multiplication of stochastic processes

We generalize the definition of the Wick product of random variables to
the set of generalized stochastic processes in the way as it is done in [20, 40|
and [d7]. From now on we assume that X is closed under multiplication, i.e.
z-y € X forall z,y € X.

Definition 2.14. Let F,G € X ® (5)+1 be generalized (resp. test) stochastic

processes given by chaos expansions f = > .7 fo ® Hay 9 = D0 c7 9a @ Ha,
where fu,go € X, @ € Z. Then the Wick product F'QG is defined by

(2.3) FOG =Y | Y. fags|®H,.

YEZ \a+B=vy

Theorem 2.15. Let the stochastic processes F' and G be given in their chaos

expansion forms F = )" fo ® Ho and G = ) go ® H,.
acl acl

1. IfFeX®(S)-1,—p, and G € X ® (S)_1,—p, for some p1,p2 € Ny, then
FOG is a well defined element in X ® (S)_1,—q, for ¢ > p1 + p2 + 2.

2. IfFeX®(S)1,p, and G € X @ (S)1,p, for p1,p2 € No, then FOG is a
well defined element in X @ (5)1,4, for ¢ < min{py,p2} — 2.

Proof. 1. By the Cauchy-Schwartz inequality, the following holds

IFOGXss) ..,

= 1D fagslk @N)7

YEL atpB=vy

< DI Y fagslk )"
YEL a+pf=vy

< DU D falZ @)D lgslli (2N) P2 |(28N) 7
YELR+B=y a+B=y

< (D N> (Z ||fa||§((2N)p1“> > llgsllx (28) P27
YEZL a€l BeT

= M- ||F||§(®(S),1,,p1 'HGH%(@(S),L,I,2 < 00,

since M = Z%I(QN)*27 < oo by the nuclearity of (S)_;.
2. Let now F € X ® (S)1,p, and G € X ® (5)1,p, for all p1,p2 € Ng. Then the
chaos expansion form of FOG is given by (E3) and
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1F0GI e s,
= YYD fagslk GNP (2N (2N)

= a+B=y
- q+2
= 2NN AMags(N)
vez a+pB=y
_ X e
= Z(QN) 2A{|| Z a!B(2N) +Bfagﬁ(2N) £2( +ﬁ)”§(
yeEL a+B=n
SM(Z a!2||fa||§(<2N>2<%“+1>a) 3 B2 gsll% (2N +D7
acT Ger

IN

M (Z a!2||fa||§((2N)pla) > B2lgsl% (2N)72

=, BeT
= M- ||F||§(®(S)1,p1 : ||G||*2><®(S)1,,,2 < oo,

if g <p; —2and g < ps—2. We used beside the Cauchy-Schwartz inequality

the estimate (o + 8)! < a! B! (2N)**+# for all o, 3 € T. O
Applying the well-known formula for the Fourier-Hermite polynomials (see
[r3])
@
(2.4) H,-Hg = Z 7! (’y) (5) Hotp—2y

y<min{o,B}

one can define the ordinary product F'- G of two stochastic processes F' and G.
Thus, by applying formally (E4) we obtain

F -G = > fa®Hy Y gs®Hg

€L BET
= szagﬁ(gHa'Hﬂ
a€l BeT
a\ (B
= Z Z fags ® Z 7! Hoyp-2y
a€l BeT 0<y<min{a,8} T/NY
- FOG+ Z Z fags ® Z 7! <a) <B> Haip—2y
a€T BET 0<y<min{a,B} TINY
alp!
= FOG+Y > D fass D g g B
T€Z a€Z BET ¥>0,6<7 v

YT —8=B 5=

For example, for Brownian motion we have

Btl 'Btz :Bt1<>Bt2 +min{t1?t2}’ Bt2 :Bt<>2+t
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Note also that, E(FOG) = fogo = EF - EG, without the assumption of
independence of F' and G as opposed to E(F - G) # EF - EG.

Particularly, it is clear that the following identities hold for the Fourier-
Hermite polynomials:

Hk.Hz{H25<k>+1 , k=1 { Hﬁ%)—i—l » k=1
e Hew H.per , k#1 H.wOH.y , k#l

In Section 4 we will use the Malliavin derivative operator to express the
difference between the ordinary product and the Wick product of a generalized
stochastic process from X ® (S)_; and singular white noise W; (Theorem £).
Here we state some general cases when the ordinary product is well defined.

Theorem 2.16. The following holds:

1. If F,G € X ® (9)1 then the product F - G is a well defined element in
X ®(S)1. Moreover, for every m € Ny there exist r,s € Ny and C(m) > 0
such that

IF - Gllxo8),m < CM)|Flxes),. 1Glxews),.
holds.

2.If F e X®(S); and G € X ® (S)_1 then their product F - G is well
defined and belongs to X ® (S)_1.

The proof is similar to the one for multiplication of Schwartz test functions
and multiplication of tempered distributions with test functions.

Note, for F,G € X ®(L)? the ordinary product F-G not necessarily belongs
to X ® (L)2.

2.5. Operators of the Malliavin calculus

In [B, [@, 26, 27, 36, &3] the Malliavin derivative and the Skorokhod integral
are defined on a subspace of (L)? so that the resulting process after application
of these operators necessarily remains in (L)2. We will recall of these classical
results and denote the corresponding domains with a ”zero” in order to retain
a nice symmetry between test and generalized processes. In [[U, 20, 23, 24]
we allowed values in (S)_; and thus obtained larger domains for all operators.
These domains will be denoted by a "minus” sign to reflect the fact that they
correspond to generalized processes. In [25] we introduced also domains for
test processes. These domains will be denoted by a ”plus” sign.

Definition 2.17. Let a generalized stochastic process u € X ® (S)_1 be of the

form u = Y uy, ® H,. If there exists p € N such that
o€l

(255) D laf ual5 (2N) P < oo,
acl
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then the Malliavin derivative of u is defined by

(2.6) Du = Z Z Ok Ue @ & @ Hy_ o,

a€T keN

where by convention o — £(®) does not exist if a; = 0, i.e.

— 07 A =0
Haew _{ Hq,, 0,0,.), o =>1

for a = (1,09, ..., Ok 1, Ok, A4 1, ey Ay, 0,0,...) € L.

The set of generalized stochastic processes u € X ®(.5)_; which satisfy (E73)
constitutes the domain of the Malliavin derivative, denoted by Dom_ (D). Thus
the domain of the Malliavin derivative is given by

Dom_(D) = U Dom_,(D)

peEN
= {u EX®(S)-1: Y |af? lualf (2N) P> < oo} .
peEN a€l

A process u € Dom_(D) C X ® (S)_1 is called a Malliavin differentiable
process. Note that (Z8) can also be expressed in the form

(2.7) Du = Z Z (o + 1) Upyetm @ & @ Hy.
a€Z keN

For stochastic test processes from X ®(S); the Malliavin derivative is always
defined i.e.

Dom,(D) ={ue X ®(9);: Z !? Jua || % (2N)PY < 00} = X @ (9)1,,-
a€l

In order to retain symmetry in notation, we denote

Dom (D) = ﬂ Dom,(D) = m (X @ (9)1p) =X @ (-
peEN peN

In the classical literature it is usual to define the Malliavin derivative only
for the (L)? case:

Definition 2.18. Let a square integrable stochastic process u € X ® (L)? be

of the form u = Y u, ® H,. If the condition
a€l

(2.8) > lalal lualx < oo
a€cl
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holds, then u is a Malliavin differentiable process and the Malliavin derivative
of u is defined by (23). All processes u satisfying condition (28) belong to the
domain of D denoted by Domg(D), i.e. the domain is given by

Domy(D) = {u €eX®(L)*: Z laf ol Jua |3 < oo} .
acl
Theorem 2.19. (|19, Z35])

a) The Malliavin derivative of a generalized process v € X ® (S)_1 is a
linear and continuous mapping

D: Dom_,(D) - X®S_,(R)® (S)-1,—p,
forl>p+1andpeN.

b) The Malliavin derivative of a test stochastic process v € X ® (S)1 is a
linear and continuous mapping

D: Domyp(D) — X @ S(R)® (S)1,p,
forl<p—1andpeN.

¢) The Malliavin derivative of a square integrable process u € Domg(D) is
a linear and continuous mapping

D: Domy(D) - X @ L*(R) ® (L)*.

Proof. a) Let u be as in Definition ZT4. Then,

= —p(a—e®)
IDullXes ,@os) 1, = 20D ckta ®&lkgs, (2N) PO
acZ k=1
= i lluall% (2k) 7" | (2k)P(2N) 7P
kll%all X
a€Z \keN
< Y lallluallk 2N) P Y (2k) 71
acl keN
< O o flual% (2N) 7P < oo,
o€l

where >, (2k) 7P = C < oo for | > p+ 1. We also used the generalized
Minkowski inequality to obtain that

doak@R)rTt < (Qoab)E Yo (2kp

keN keN keN

and the fact that (3 o) < 32 a2 < (X ax)? = |af%
keN keN keN



60 Tijana Levajkovié, Stevan Pilipovi¢ and Dora Selesi

b) Let v =) va®Hy € X ®(5)1, forall p > 0, i.e. let the condition
a€l

> Jlvall) a!? (2N)P* < oo hold. Then, from (Z8) and
a€l

e
Dol X e ®)@(s):, = DD akva ® &llxgs @ (@—e®)1? (@N)PE—)
a€Z keN

=33 af (@ — )12 |k (2k) (2N)Pes")

a€Z keN

=303 al? ol (20) 7 (2N

a€T keN

<O Y ol uallk @M = Clolkgs),, < oo
a€l

the assertion follows, where C' = Y (2k)!™? < oo for p > [ + 1. We also used
keN

ar(@—e®) =al k€N, a €T and (2N)* " = (2k), k € N.
¢) Let u € Domg(D) , ie. > |a|a!||luq||% < 0o. Then,

(o)

a€l
k
HDU||X®L2(R ®(L)?2 = Z Z (o — 2 ) ! wall%
a€T keN
=Y > aral fwallk =) lala! walk < oe.
a€Z keN a€cl

Note that Dom,(D) C Domg(D) € Dom_, (D) for all p € N. Therefore
Dom4 (D) C Domy(D) € Dom_(D).

Moreover, using the estimate |a| < (2N)® it follows that

D luallZ@N) 7P < Y o llualk (2N) P < D fluallk (2N) 729 e,
acT acT acl
X8 (S)-1- (2 C Dom_p(D) € X & (S)_1ps p>3
Remark 2.20. For w € Dom (D) and u € Domg(D) it is usual to write

Dtu = Z Z AL Uy (24 gk(t) ® Ha,;.:(kh

a€l keN

in order to emphasise that the Malliavin derivative takes a random variable
into a process i.e. that Du is a function of ¢t. Moreover, the formula

Do F(w) = lim + (Fw+ h-rpon) — FW)), w € S'(R),
h—0 h

justifies the name stochastic derivative for the Malliavin operator. Since gen-

eralized functions do not have point values, this notation would be somewhat

misleading for v € Dom_ (D). Therefore, for notational uniformity, we omit

the index ¢ in D; that usually appears in the literature and write .
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The Skorokhod integral, as an extension of the It6 integral for non-adapted
processes, can be regarded as the adjoint operator of the Malliavin derivative
in (L)?-sense. In [1U] we have extended the definition of the Skorokhod inte-
gral from Hilbert space valued processes to the class of S’-valued generalized
processes.

Definition 2.21. Let F = > f,® Hy € X ®5'(R)®(S)_1, be a generalized
a€l
S’(R)-valued stochastic process and let f, € X ® S’(R) be given by the expan-

sion f, = EkeN foe ® &k, far € X. Then the process F' is integrable in the
Skorokhod sense and the chaos expansion of its stochastic integral is given by

(2.9) S(F) =" fak ® Hoyot,

a€Z keN
In [21] we proved that the domain Dom_ () of the Skorokhod integral is
Dom_(0) = X @ S'(R) ® (S)_1
= U Domip@) = |J (X®S4R)®(S)1,).

(I,p)eN? (I,p)eN?

In [Z5] we characterized the domains Dom (6) and Domg(d) of the Sko-
rokhod integral for test processes from X ® S(R) ® (5); and square integrable
processes from X ® L?(R) ® (L)?. The form of the derivative is in all cases
given by the expression (29).

The domain Dom (§) of the Skorokhod integral is

Dom (6) = ﬂ Domy; ) (9),
(1,p)eN?

Domy ) (8)= {F EXRS(R)D(S)1p: Y > (o + 1)20‘!2||fa,k||§((2/€)l(2N)pa<oo} ,

a€TkeN
For square integrable stochastic processes T € X ® L*(R) ® (L)? of the form

T=>3 > tar @& @ Hy, tor € X, the classical definition is:
a€l keN

Domyg(6) = {T EXRLAR)® (L) :+ Y > (o + Dalltalk < oo} :
o€l keN
Theorem 2.22. (|19, 235])

a) The Skorokhod integral 6 of an S_;(R)-valued generalized stochastic pro-
cess is a linear and continuous mapping

§: XS R)®@(S)o1,p > X®(S)21,q, q>p, g>1+1,1€N.
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b) The Skorokhod integral & of a S;(R)-valued stochastic test process is a
linear and continuous mapping
J: Dom(l,p)((s) —- X Y (S)l,(p q S min{lap}7
for alll,p € N.

¢) The Skorokhod integral § of an L?(R)-valued stochastic process is a linear
and continuous mapping

§: Domy(d) — X @ (L)%
Proof. a) Let F be as in Definition 2221. Clearly,
a(ate®
I8P xaes) oy = 21D farli(@N)7aleF=™)

a€l keN
- Z | Zfa,k(%)_%”%((gN)—qa
a€Z keN
2
: Z<Z lf“"“(%)_é@@_(%w> (2N)~%
a€Z \keN
< Z(Zlfau (2k) 71 "(2k) (0™ ”) (2N) 79
€T kel keN
S Z ||fa||2,l(2N)_po‘ . Z(2k)_(q_l)
€l =

< M IFxes  ®es) 1, < O

for ¢ > p, where we used the Cauchy-Schwarz inequality and the fact that
M =3, n(2k)~07D < oo, for ¢ > 1+ 1.

b) Let U = Z e7 ta ® Hq € X ®@Si(R) ® (8)1,p, UQZZ;ilua,k(X)ka
X @ Si(R), uqr € X, for p,l > 1. Then we obtain

adge®
6 Faisy, = 2 2 luarli (a+e®) | @N)2eta)

o€l keN

= 3 fuaslk ol (o + 1) (2k)7 (M)
a€Z keN

< T Wb, (8) < 00

for g <p,qg <l
c)Let T= > > tor ®& ® Hy € Domg(0). Then,

a€Z keN
16X @2 =D D Itarli (a+ O
acZ keN
- Z Z ”ta,kH%((Olk +1) al < oo,
a€Z keN

where we used (a4 e*)! = (o, + 1) a!, for a € Z, k € N. O
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Using the estimate oy +1 < 2|al, which holds for all « € 7 except for a = 0,
we obtain

SO Al [fanlZ NP <3S (an + 1%l okl (2) (2N

acZ keN el keN
<D IoslR@R) +4 30 3 lafal| fo k% (26) (2N
keN a>0 keN
< Molkosim T4 D ol ol (20 2N
a>0 keN
<

4 Fl% g5,®)9(S)1ps0°
Thus,

X @ Si(R) ® (S)1,p42 € Dom)(0) € X @ SiI(R) ® (S)1p, pEN.

The third main operator of the Malliavin calculus is the Ornstein-Uhlenbeck
operator. We describe the domain of the Ornstain-Uhlenbeck operator for
different classes of generalized stochastic processes.

Definition 2.23. The composition of the Malliavin derivative and the Sko-
rokhod integral is denoted by R = d o D and called the Ornstein-Uhlenbeck
operator.

Therefore, for a generalized process v € X ® (S)_1 given in the chaos
expansion form u = ) wu, ® H,, the Ornstein-Uhlenbeck operator is given by

acl
(2.10) R(u) = Z ||ty @ He,.
aEl
Let
Dom_(R) = U Dom_,(R)
peEN
= {u EX®(S)-1: Y laf ualf (2N) 7P < oo} :
peEN a€l
For test processes, we define
Dom4(R) = ﬂ Dom,(R)
peN
= ﬂ {U EX® (5 : Z a2 o) |Jvallk (2N)PY < oo} i
peN aEL

For square integrable processes the classical definition is:

Domg(R) = {w EX®(L)?: Y alla]’wal}k < oo} :
a€el
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Theorem 2.24. ([23], [24])
a) The operator R is a linear and continuous mapping
R:Dom_p(R) = X ®(S)-1,_p, pEN.
In this case the domains of D and R coincide, i.e. Dom_(R) = Dom_(D).

b) The operator R is a linear and continuous mapping
R: Domp(R) = X @ (S)1,p, p€eN.

In this case the domains of the operators D and R do mot coincide, i.e.
Dom4 (D) 2 Dom4(R).

¢) The operator R is a linear and continuous operator
R: Domg(R) — X @ (L)

In this case the domains of the operators D and R also do not coincide and
Domgy(D) 2 Domg(R).

Proof. a) Let u= > uq ® Hy € X ® (S)_1,_p, for some p € N. Clearly,
a€l

IRullX ey s, = D lluallk laf® @N) 7% = |lullb, )y < oo
acl
b) Let a stochastic process v = > va @ Hy € X ® (5)1,p, for all p € N, ie.

a€el
3 lvall) a!? (2N)P? < oo, for all p € N. Then,
a€l

IRv[% ), = 2 Ivallk lal® @ @NP* = [0]0m, ) < o0,
acl

and the statement follows.

¢) Let w= > w, ® Hy € Domg(R). Then R(w) = Y |a|ws @ Hy and
a€cl a€l

IR 5 sz = Y laf* [walk < oo,
a€l

by the assumption w € Domg(R). O

Note also that

D alllual3 NP <Y allal(lua| i (NPT <Y ol [lual[5 (2N) PFD9,
acl acl acl

ie, X ® (S)1p+2 € Domp(R) C X ®(S)1,p, peN
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Remark 2.25. Note that D : Hp — Hi_1 reduces the Wiener chaos space order
and therefore Malliavin differentiation corresponds to the annihilation operator,
while § : Hj — Hp41 increases the chaos order and thus Skorokhod integration
corresponds to the creation operator. Clearly, R : Hy — Hj and the Ornstein-
Uhlenbeck operator corresponds to the number operator in quantum theory.

In the following sections we prove that the mappings D : Dom (D) —
XRS5 R)®(S)+1,d: Domy(6) > X ®(S)+1, R: Doms(R) - X ®(5)+1,
given in this section are surjective.

3. The Ornstein-Uhlenbeck operator

Theorem 3.1. ([Z0, 25]) Let g have zero generalized expectation. The equation
Ru =g, Fu =1y € X,
has a unique solution u represented in the form
o + Z % ® H,.
a€Z,|a|>0
Moreover, the following holds:
1. If g€ X ®(S)-1,—p, p €N, then u € Dom_,(R).
2. Ifge X®(S)1p, p €N, then u € Dom,(R).
3. If g€ X @ (L)?, then u € Domg(R).
Proof. Let us seek for a solution in form of u = Y u, ® H,. From Ru = g it

o€l
follows that

j£:|04uaé9fﬂx::jz:gacal1aa
acl a€l
e, uy = Ia\ for all @ € Z, |a] > 0. From the initial condition we obtain
U(0,0,0,0,..) = Fu = to.
1. Assume that g € X ® (S)_1,—p. Then, u € Dom_,(R) since
il om_ =) = D lalPllualf@N) % = > llgallx (2N)
|a|>0 || >0

=llglike(s) -, < oo

2. In this case u € Dom,(R) since
el om, ) = D ? [af [Jua% (2N)"
|a| >0

= 3 0 lgal¥ QNP = | fZas),, < oo
la|>0
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3. If g is square integrable, then u € Domg(R) since

[l Domory = D Il allluallk = D alllhalk = [Alxew): < oo
[a|>0 [a|>0

O

Remark 3.2. Note that Ru = v if and only if u € H; i.e. Gaussian processes
with zero expectation and first order chaos are the only fixed points for the
Ornstein-Uhlenbeck operator. For example, R(B;) = B; and R(W;) = W;.

Also, it is clear that H,, is the eigenspace corresponding to the eigenvalue
m (m € N) of the Ornstein-Uhlenbeck operator.

Remark 3.3. If Eu = 0, one can define the pseudo-inverse R ™! as in [33, B8],
given by

R lu=R"1 Z Uy ® Hy | = Z ta ® Hy,.
a€Z,|a|>0 a€Z,|al>0 |a|
Thus,
(3.1) RR Yu)=u and R'R(u) = u.

In general case, for Fu # 0, we have
RR *(u—FEu)=u and R 'R(u)=u.

Corollary 3.4. Each process g € X ® (S)+1, resp. g € X ® (L)?, can be
represented as

for some u € Dom+(R), resp. w € Domgy(R).
Proof. The assertion follows for u = R~!(g — Eg). O

Remark 3.5. We note that if a stochastic process f belongs to the Wiener chaos
space @;", H; for some m € N, then the solution u of the equation Ru = f
belongs also to the Wiener chaos space @:’;0 H;.

4. The Malliavin derivative

Theorem 4.1. (|21, P35]) Let a process h have a chaos expansion representation

1,
h=>"5 hor®& @ Hy. Then the equation
a€Z keN

Du = h,
(41) { Eu = ug, ug € X,

has a unique solution u represented in the form
~ 1
(4.2) u= up + Z Tl Z ho_etr p @ Ha.
a€Z,|al>0 keN

Moreover, the following holds:
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1. Ifhe X®S5_p(R)® (S)-1,—¢, p,q €N, then u € Dom_4(D).
2. Ifhe X ® L*(R) ® (L)?, then u € Domg(D).
3. Ifhe X ® Sp(R) ® (S)1,4, p,q €N, then u € Domy(D).
Proof. 1. Applying the Skorokhod integral on both sides of (E=) one obtains
Ru = 6(h),

for a given h € X ® S'(R) ® (S)—1 = Dom_(d). From the initial condition it

follows that the solution w is given in the form u =ug+ Y, u,® H, and
a€Z,|al>0
its coefficients are obtained from the system

(43) |Oé| Uq = Z ha—a(k)7ka |O[‘ > 07
keN

where by convention o — e*) does not exist if oy, = 0. Hence, the solution u
is given in the form (E2). Now, we prove that the solution u belongs to the
space Dom_4(ID). Clearly,

om0y = D lal luallk (2N)7

a€l

= > D e sl (2N) 7

€T,|a|>0 kEN

= Z ” Z ha,k”g( (QN)*qa (2N),q€(k)

acZ keN
2
_z 72 —qo
< > (Z 1 heckllx (2k)~% (2k)~ > (2N)~7
a€Z \keN
< DD lhaulk (k)77 2N)79 Y (2k) 077
acl keN keN

= Clhlkes ,@es) 1., < 0
since C = Y (2k)~(47P) < oo, for ¢ > p+ 1.

keN
2. In this case we have that

ol
llpomemy = D lalauali = D al 1D Poco il

acl a€Z,|a|>0 keN
(o + )1
= > ”ZhakHX ot e®|
a€Z keN +E( )l
< 55 lhaslial
a€l keN

= D dlfalker:m = Iflkerzmew: < oo
o€l
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7(04 +e®)! <al
la+e®)] —

3. Clearly, ¢ can again be applied onto h, since h € X ® Sp(R) @ (S)1,4 C
Domyy, q—2y(0). It remains to prove that the solution u given in the form (£2)
belongs to Domgy(ID). Clearly,

We have made use of the fact

[ullDom,my = D ol [lualk (2N)*
a€l
= Z | |2 ||Zha e(k)k”X (2N)
a€Z,|a|>0 keN
(o 4 k)12 . ge*
= ST el SR e o
a€Z keN
< DY haklk @ (2N)% (2k)°
a€Z keN
= Y1 han(2h) al(2N)™
ac€l k=1
= > ||Zhak (2k)2 (2k) 2" || o!?(2N) 7
ac€l k=1
oo 00
< YD Hhanlk (2k)P D (2K)TP al?(2N)*
a€Z k=1 k=1

= C-|MlXgs,®os)., < O
since C' = Y (2k)97P < oo, for p > ¢+ 1. In the fourth step of the estimation

keN
(o 4 ()

< al Il
o +e®] =

we used again that

Corollary 4.2. If D(u) =0, then u = Eu i.e. u is constant almost surely.
In other words, the kernel of the operator D is H,.

Corollary 4.3. For everyh € X®@ 5" (R)®(S)+1, resp. h € X ® L}(R)®(L)?,
there ezists a unique w € Domy (D), resp. u € Domy(D), such that Eu = 0
and h = D(u) holds.

Proof. The assertion follows for u = R~™1(5(h)). O
Example 4.4. Let t > 0. Consider now the following examples which illustrate
the results of Theorem B

1, telo,t)
07 t € [07 tO]
interval [0,29]. It is an element of L?(R) and thus its expansion repre-

sentation is kg )(t) = D ( Oto §k(t)dt) &k(t). Consider the initial value
k=1

1. Denote by kg, = { the characteristic function of the
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problem
(44) Du = K[0,to] (t), Eu= 1~L0.

Recall that Hgo,.) = 1 and then we may regard h in (E) as
h = K1) (t) € L*(R)®Hg. Therefore, u € L*(R)®(Ho®H1). From (E3)
we obtain the form of the coefficients of the solution

Uewy = hop = fo &r(t) dt. Then the solution of the equation (EH) is
of the form

(t07 _UO+Z / dtH(k)(w) :HO+Bt0(w)7

i.e. it is Brownian motion with drift parameter .
2. Consider the equation
(4.5) Du = dy,(t), Eu=uo,

where dy,(t) denotes the Dirac delta function concentrated at ¢y, repre-
sented in the chaos expansion form

di, (t) Z &(to) &k (t) Z & (to) &k (t) Ho(w).

The solution to (B73) belongs to the space S’(R) ® (Ho © Hi1) because
di, (t) € S'(R) ® Ho. The chaos expansion form of the solution is given
by

u=g+ Y &lto) Hew (w) = To + Wiy (),
k=1

i.e. it represents singular white noise.
3. Consider now an equation with singular white noise
Du = Wi(w), FEu=0.

W} belongs to the Wiener chaos space of order one and (since we assumed
Eu = 0) the solution u will belong to the Wiener chaos space of order
two. From W; = Z;’;l & H ) it follows that h, , =1 only for a = e(k)
and hq = 0 for all o # ) Thus, ho—ctw) ) = hewr p, = 1 only for
a = 2¢%) and is equal to zero for all other a € Z. Thus, with |a| = 2 we
obtain u, from (E23), and the form of the solution is

1 oo
=3 > Hyoon ()
k=1
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4. Consider the equation

Du = By, (w)Kjo,) (1), Eu =0.

The chaos expansion of the right hand side is

oo o0

By (w)kpo (1) = > Z (/to < OtO §k(8)d8> §j(t)dt> & () Hoaw (W)

k=1

22 (["eors) ([ ei0s) s 0o

This implies hoo ; = (fo (s ) (fo &(s ds) Again, h,_.w; is
nonzero only for a of the form a = e® + ) and in this case we have
with || = 2 that

== ([ i) ([ ).

Thus, the solution belongs to the space L?(R) ® Hs and is of the form

% ii </0t0 §k(t)dt) (/Oto Ez(S)dS) Heo 4o (W)

Note that the solution can be represented in terms of the Wick product

1
= §Bt0 (w)??

. Consider now the equation

D(u) = Btlﬂ[o,tz](t), Eu=0.

Similarly as in the previous case it can be shown by symmetry of ¢; and
to that it is equivalent to the equation

]D)(u) = BtQH[O,h](t)a Eu= Oa

and that both equations have the solution

1 1 .
u = §Bt1<>Bt2 = §(BtlBt2 — Inll’l{tl,tg}).

. Similarly to the previous cases, u = %W OW4, solves the equation

Du = Wi, (w)dy, (t) = Wi, (w)dr, (),

while u = % Wi, (w)©? is the solution to the equation

Du = Wto ((.L))dto (t)
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Remark 4.5. If a stochastic process h belongs to the Wiener chaos space
@D.", Hi for some m € N, then the unique solution u of the equation (E)

belongs to the Wiener chaos space @mH ‘H;. Especially, if the input function
h is a constant random variable i.e. an element of Hg, then the solution u to
(E0D) is a Gaussian process.

Theorem 4.6. ([]) Let h € X @ (S)_1 and W, B, denote white noise and
Brownian motion respectively. Then,

h - Wi — hOW; = D(h),
i.e. &(h- By —hOB;) =D(h) in weak S'(R)-sense.

Proof. Let h be of the form h = Y 7 haHy and Wy = 307 & () H n) .
Then,

hROWe =Y Y habalt) ZZ’% e én(t)

YEL ate(m) =~ YEZ n=1

and

h- Wy = Z Z ha_s(")gn(t)Ha—s(")Hs(")'

a€Z n=1

Now applying the well-known formula (24) for Hermite polynomials one

obtains
H,_ . Hoy =Hy+ (a — E(n))nHa_Zs(n),

where we used (_{,) = ax, k € N. Hence,

heWe =" ha—con&n(t)(Ha + (an — DHy o),

a€Z n=1

which implies

heWe=hOWy = > g con&n(t)(an — 1) Hy oo

a€Z n=1

= Z Z ha+5(ﬂ)§n an + ]-)

aceZ n=1

= D(h),

using (EZ4). Thus the assertion follows. O

Remark 4.7. Note that if h € X ® (S)_1,_p, then D(h) € X ® S_;(R) ®
(S)—1,—(p+2), [ > p+ 1. Thus, apart from the Wick product hOW; being well-
defined, the ordinary product is also well-defined in the generalized sense as an
element of X ® S’(R) ® (S)_1 and it is given by h - W; = hOW; + D(h).
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Example 4.8. Let X = S’(R) and h = Wy,. Then
(4.6) Wiy - Wi = Wi, QW3 4+ D(Wy, ) = Wi, OW; + diy, (1)

holds in S'(R) ® S'(R) ® (S)—_1. Note that (E0) is well defined for all (¢,¢g) €
R? except for ¢t = to where the Dirac delta distribution dy, (t) = d(t — to) €
S'(R) @ S’(R) has its singularity. It is possible to give meaning to dy,(to) =
>0 &nlto)? as the point value of a distribution in the sense of Colombeau
generalized numbers. Thus, in Colombeau sense, it will be possible to define
W2 = W% 4+ d,(t). For the Colombeau theory we refer to [5, IT].

The previous theorem states that the Malliavin derivative indicates the
speed of change in time between the ordinary product and the Wick product.

A generalization of Theorem EH can be obtained by replacing white noise
with an arbitrary process of first chaos order, i.e. considering f € H; and
comparing the difference between h - f and hQ f. This will be done in Theorem
b0 in the next section.

Remark 4.9. Note that if a stochastic process h belongs to the Wiener chaos
space @;10 ‘H; for some m € N, then the unique solution u of the equation

D(u) = h belongs to the Wiener chaos space EBZZJBI H;.

Remark 4.10. It is easy to check that if ¢ € S_;(R) is given by ¥ = >~ ¥:&;,
then 8(¢) € (S)_1,—; and it is given by d(¢)) = > =, ¥;H.»). Moreover, one
can define the Wick version of the stochastic exponential:

> §())OF o = )
exp® 6(¢)) = kz: (ZIZ;)' = z;zilHa, where ¥® = 1_[11??
=0 ac =

In [T9] we have proven that the stochastic exponentials are eigenvectors of
the Malliavin derivative corresponding to the eigenvalue 1, i.e. the process
u = 1y ®exp® () € X ® S_(R) ® (S)_1,—; is the unique solution to the
equation
Du =17 ®u, Y e S'(R)
{ Fu= ﬂo, ug € X ’

5. The Skorokhod integral

Theorem 5.1. ([0, 25]) Let f be a process with zero expectation and chaos

expansion representation of the form f = > fo ® Ha, fo € X. Then the
a€l,|a|>1

integral equation

(5.1) o(u) = f,
has a unique solution u given by
fa+s(’€)
(5.2) u= (ap +1) — = ® & ® H,.
T e

Moreover, the following holds:
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1 Iffe X®(S)-1,—p,peN, thenu € X®S5_;(R)®(S)—1,—p, forl > p+1.
2. If fe X ®(S)1p, p €N, then u € Dom 4,)(5), forl <p—1.
3. If f € X ®(L)?, then u € Domg(9).

Proof. 1. We seek for the solution in Range_ (D). It is clear that u € Range_ (D)
is equivalent to uw = D(u), for some u. This approach is general enough, since ac-
cording to Theorem B, for all u € X ®S5'(R)®(S5)_1 there exists u € Dom_ (D)
such that u = D(u) holds. Thus, equation (1) is equivalent to the system of

equations
{ u = D(u),
R(u) = f.
The solution to R(u) = f is given by
L fa
U= ug + Z — ® Hom
a€Z, |a|>1

where 7 9,0,0,...) = o can be chosen arbitrarily. Now, the solution of the initial
equation (B) is obtained after applying the operator D i.e.

Z Zak*@@fk@ e®

a€Z, |a|>1 keN

ZZ ak+1 fa+€(()|®£k®H

a€l keN

u = D ()

It remains to prove the convergence of the solution (B2) in X ® S’'(R) ®
(S)—1. Under the assumption f € X ® (S)_1,_,, for some p > 0 first we prove
that @ € Dom_,(D). Clearly,

il o = D ol laallk (2N) 77
acT
1fall3
= > laf o |2X (2N)~P
a€Z, |a|>0
= > lfalk @N)P < oo
a€Z, |a|>0

Hence, the convergence of the solution u in the space X ® S_; ® (S)_1,—p, for
[ > p+1 follows from

Ozk+]. _
les o0 = 2 2 (e o e Il 2207
a€Z keN
_ (e
< Y Y Il en T e
a€Z, |a|>0 keN
< MY lfall ON) P < oo,

aEl
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since M = Y (2k)P~! is finite for [ > p + 1.
kEN
2. The form of the solution (52) is obtained in a similar way as in the previ-

ous case. We prove the convergence of the solution u in the space Dom; ,(0).
First we prove that & € Dom,(D) and then u € Domy; ,)(d) for appropriate
[ € N. We obtain

@l Dom, @) = D o luallk 2Ny

a€l

B NTALS

= Y arleEene

a€Z,|al>0

< > aPlfalk N = | flkas),, <
a€Z,|al>0

and thus u € Dom4 (D). Now,

||fa 5(’“)”
lalBom, ) = 2 D ot (e +1) ﬁ (2k)' (2N)

a€Z keN |

_ Z Z ”fOzHX (2k_) (QN) p(a—eP)

o€, |al>0 keN

S Z a'Q ||fa||X 2N be Z ak| | 2k) (2k)_p

o€, |al>0 keN
<C ||f||§<®(5)1,p < 00,

since C = Y (2k)"™P < oo for p > [+ 1. In the second step we used that
kEN

(a —e®) a? = al ay, and in the fourth step we used aj < |a.
3. In this case we have

~  Ifall3
1@ Domemy = D lalatualk = D> lala! |QIQX
a€l @€, a|>0
< Y alfalk = 1flkew: <o
a€Z,|a|>0

and thus u € Domg (D). Also,

[ farem 3 Hfall
il = 3 3ol on 41 G = 30 Soatad Sogt

a€Z keN a€Z,|a|>0 keN

= ) (Z ol ) 1 fall% < 11k sry < o0
a€Z,|a|>0 keN
Yooy (X )’
keN keN

since for |a| > 0 the estimate <
|af? |o?
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Remark 5.2. If a stochastic process f belongs to the Wiener chaos space
@.", H; for some m € N, then the solution u of the equation (61) belongs to
the Wiener chaos space @;’;61 H;. Especially, if f is a quadratic Gaussian ran-
dom process, i.e. an element of Hs, then the solution w to (61) is a Gaussian
process.

Corollary 5.3. Each process f € X ® (S)41, resp. f € X @ (L)?, can be
represented as

f=Ef+du)
for someu € X @ S'(R) @ (S)41, resp. u € X ® L*(R) ® (L)?.

Proof. The assertion follows for u = D(R™(f — Ef)). O

Note that the latter result reduces to the celebrated It6 representation the-
orem (see e.g. [I3, @2]) in case when f is a square integrable adapted process.

Remark 5.4. In [A8] a more general formula appears for the f € (L)? case, which
is equivalent to the classical Wiener-Ité chaos expansion. For f € (L)? there
exist ug, k € N, such that each uy is a square integrable function symmetric in
all arguments,

F=EBf+Y 6" (uy),
k=1
and uy are given by

1
up = HE(I[»Uf)f).

Moreover, if f is given by the chaos expansion f = > _; foHa, then
up = Z|a\:k fal®2 where £8o = P& -+ and @ denotes the sym-
metric tensor product.

Remark 5.5. Since Gaussian processes play an important role in white noise

analysis, we elaborate the explicit form of solutions in special cases for m = 2
and for m = 3.

1. First, assuming that the process f has zero expectation and a chaos
expansion in the Wiener chaos space of maximal order two, i.e.

f: Z fa®HaEH1@H27 fan,

a€Z,1<|a|<2

the solution u of the equation (B) belongs to the Wiener chaos space of
order one u € Ho ® Hi, i.e. it is a Gaussian process. Clearly, from (62)
we obtain the coefficients uq, i, for lengths |a| <1 and k € N. Therefore,
for a = (0,0, ....) the coefficients are

(5.3) U(0,0,..)k = fetw,
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and for @ = ), j € N the coefficients are

f25(j)7 k= ]
(54) 'U/E(j),k =
L fergewr, k#]

Note that the coefficients of the solution are symmetric, i.e.
UeG) g = Ugh) j = %fa(j)+€(k), k # j, k,j € N. Thus the solution of
(BM) is given by

oo 1 o0 oo
u=uo+ Y fotn ®& @ Heip) + 5 SN feorpew ®&® Ho
k=1 j=1 k=1

with the generalized expectation

o0
Uy = Z fory ® &

k=1

2. If f € HiPH2BH3 then the solution u belongs to the Wiener chaos space
of maximal order two Hg ® Hq @ Hs, i.e. can be expressed in terms of
multi-indices of length zero, one and two. The coefficients of the constant
part of the solution (the generalized expectation), obtained for |a| = 0,
are given by (63) and of the Gaussian part of the solution, obtained for
|a] = 1, are represented in the form (64). For |o| = 2 two cases may
occur, @ = 2¢W, i € Nor o = ¢ +¢0U)_ j £ j. Then, the coefficients are
represented by

JERO) k=1
Uge( ) = 277 ki keN, and
5 focrqerr, kF1
2 .
2 foc et k=i
U pe) k = §  5Je12:0), k=j , keN.

s ferteirpemr, kF#ik#]

3. In general, for any o € Z, |a| = n the coeflicients are given in the form
Un—1)ek) &k = fna(k>a and ug(i1)+5(i2)+m+5(in—1)’k =

g fg(”l)+€(1r2)+.”+6(1’n71)+€(k) 7k ¢ {7’17 12, .. Zn—l}
gfgg(il)+5(i3)+m+5(in_1)+5(k) k=i & {7/27 ~-~7'Ln—1}
= n fgg(il)+6(i4)+m+€<z‘71_1>+6(m k=i =ix & {l?n ---aln—l}

—1 . . . .
nT f(n_1)g(z‘1)+5k Jk=td1=da= .=ty o 7é In—1

for k,i1,i2, veisip—_1,m € N.

Example 5.6. We provide some examples as illustrations for the integral
equation (B).
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1. The solution of the equation
ou = By, (w)

belongs to the Wiener chaos space of order zero and it is obtained in the

form
Z/ E(b)dt () = o)1),

keN

i.e. it is the characteristic function of the interval [0, to].
2. Consider the equation with singular white noise

(5.5) ou = Wi, (w),

where Wi (w) = > &e(to) Howy. It is clear that Wy, belongs to the
k=1

Wiener chaos space_of order one. Hence the solution of (53) belongs to
the Wiener chaos space of order zero. From (62) we obtain the chaos
expansion form of the solution

u(t) = Z u(0,0,...),k Sk (t) Ho(w)

keN

S 6lto) &u(t) = diy (1),

keN

which is the Dirac delta function concentrated at tg.

3. Let 0u = 3 Hy.» (w). The solution belongs to the Wiener chaos space
j=1

of order one. From (B) we obtain the form of the coefficients

o 0, Jj#k _ [0, j#k
€@k focns J=k 1, j=k

Thus the solution is obtained in the form

Z u. ; &i(t) Heoy = Z &(t) Hoy = Wi(w)

JEN JEN
and represents singular white noise.
4. Consider the equation

1
ou = 3 Bgf(w),

with right hand side Bt%z(w) = 3 (B} (w) — to) in the Wiener chaos
space of order two. The solution will belong to the chaos space of order
one, i.e. it will be a Gaussian process. Since

32)2— ZZ(/ Ei(t dt) </ &i(s dS) ) 4e)

k=11=1
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by symmetry of the coefficients it follows that

to to
few ety = fotor ey = % ( fk(t)dt> < &(s)ds) .
0 0

By partial integration we obtain

[ ([ toras) attrie= ([ etras) ([ esras)

to t
- / ( / &(s)ds) eu(t)dt,
0 0
i.e. by symmetry of k and I:

[ ([ asras)atoi= [ [ aas) o
([ st ([ )
Now, for each j € N, by (53) we obtain

Ua(j),kZ%(famrew) + fewiem) = % (/Oofk(t)dt> (/Oofj(S)dS)

- | ! (f t £(5)ds ) (0.

Thus,

u(t,w)

ii </Ot (/Ot Ej(S)dS> ék(t)dt> ® & (1) ® Ho) (W)

=1 k=1

<
Il

I
NE

(/Ot §j(3)ds> 0,001 (1) © H.) ()

<.
I

—~ =

= B W)’f[o,to] (t)

Note that the Skorokhod integral coincides with the It6 integral for which
it is well-known that [1° B, dB, = 3 (B2, (w) — to).

. Similarly to the previous case, the equation

has the solution
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Remark 5.7. Note that the operators D and § are not inverse operators. From
the previous examples we have seen, e.g. that for Z = Y 7 | Hy vy we have
D(}Z) = Wy, while §(W;) = Z. Also, D(1Bf?) = By, k0.4,), while 6(Bt, k(0 .1,))
= Bi,0(K0,]) = Bfo = Bgf + tg. The ”disturbing” factor % is a consequence
of the fact that Z and Bt<> 2 belong to the Wiener chaos space Ha.

It is also clear that R(1Z) = 6(D(32) = §(W;) = Z and R(%Bgﬁ) =
6([D>(%Bt?)2)) = 6(Bi, k) = BE, = Bt<>02 + to, which are both in compliance
with R(H,) = |a|H, and Theorem Bl

The operators D and § do not commute, which can easily be seen from

D(3(W;)) = D(Z) = 2W, and §(D(W,)) = 8(ds) = Wi,

Theorem 5.8. Let u € X @ S'(R) ® (S)-1. If u € Dom_(D), then 6(u) €
Dom_(D) and the following relation holds:

(5.6) D(ou) = u + §(Du).

Proof. Let u be of the form v = > > uqr @ & ® Hy. Then, §(u) =

a€l k=1
> > Uak ® Hyy oo and consequently
a€l k=1
D(5(u)) = Z Z Ua,k Z +e®); ® & ® Hypetwr o

acl k=1

=3 ) ek [+ D) @GO Ha+ Y 00 @& @ Hyp ot oo

a€T k=1 i#k
=3 D Uk @GR Ha+ YD Y 0ita s @& @ Hypotor o
Q€T k=1 a€T k=1 i=1
=u+ 06(D(u)).

The latter equality follows from D(u Z Zaz <Z Ug, ke & §k> ® & ®

acZ i=1
H,_ . € X® S5 (R)®S(R)® (S)_1 which implies

ZZZO‘ Uak @& Q@ Hy oy petr)-

a€el i=1 k=1

Since u € Dom_(D), from Theorem P19 it follows that Du € Dom_(6).
Theorem 2722 ensures that the result remains in X ® S'(R) ® (5)_1, thus the
right hand side of (E8) is well defined and belongs to X ® S’(R) ® (5)_1. This
means that the left hand is also an element in X ® S'(R) ® (S)_1, thus d(u)
must be in the domain of D. 0
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Remark 5.9. Note that if u € X ® L?(R) ® (S)_1, then

0(u) :/UOWt dt,
R

where the right hand side is interpreted as the X-valued Bochner integral in the
Riemann sense. This is in accordance with the known fact that It6-Skorokhod
integration with the rules of It integration (Itd’s calculus) generates the same
results as integration interpreted in the classical Riemann sense following the
rules of ordinary calculus, if the integrand is interpreted as the Wick product
with white noise. For example,

/ BtdBt = 6("{/{0,150] (t)Bt) = / BtOWtdt = BtQBédt
[0,t0] [0,t0] [0,t0]
1B<>2_1(B2 _tO)
27t e '

The general case follows easily from the definition of the Skorokhod integral.
Hu=3 crua®Ho =3 c7 > peqliar @& @ Hy isin X @ L2(R) ® (5)_4
then uq,k = [ ta(t)&(t)dt for all a € Z, k € N. Thus,

2 D) INTLASNES 3) 3 EACCICCEY AN

a€l k=1 o€l k=1

/ <Zzua fk ®Ha+€(k)> dt
a€cl k=1

[(eren)e ()
acl

R

The following theorem extends the result of Theorem B8 and reflects a nice
connection between the Wick product and the ordinary product if one of the
multiplicands is a Gaussian process from H;.

Theorem 5.10. ([Z1])

(a) Let f € X®(S)_1 be an element of Ho @ H1 of the form f = pe o feHoo0 -
Then, for any h € X @ (S)_1 of the form h =} 7 haHa,

(5.7) hef =hOf =3 hepew frlax +1)Ha

a€T keN

holds, where the right hand side is an element in X ® (S);1 if only finitely
many of its coefficients are nonzero, otherwise it is understood as a formal
(not necessarily convergent) expansion.Some special cases under which it
is a convergent expansion in X ® (S)_1 are provided below:
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(b) Especially, if g € X @ S(R), where g denotes the unique solution to

5(g) = f, then
h-6(g) — h0d(g) = (D(h), g)

holds in X ® (S)_1
(¢) Especially, if h € X®(S)1 and g € X®S'(R), where g denotes the unique
solution to 6(g) = f, then
h-6(g) — h0d(g) = (g, D(h))
holds in X ® (S)_1

(d) In case g € X @ S(R) and D(h) € X ® L*(R) ® (S)_1, as well as in the
case g € X @ L*(R) and D(h) € X @ L*(R) ® (S)1, formula (622) reduces
to

h-6(g) — hOd(g) = / o(t) - D(h)(t) dt.

Proof. (a) Assume E(f) = fo = 0. Then, according to Theorem B there exists
a unique g such that §(g) = f and moreover this g is given by g = >, fi&k
as an element of X ® S’(R). Thus,

hOf = hod(g Zzh et fuHy

yeEZ n=1
and

(o)
- Z Z hafg(“') ana7€(7l) HE(")

acZ n=1
=222 haeon fa(Ha o+ (n = ) Hogen):
acZ n=1

This implies

h-6(g) —hOd(g) = ZZha con (o = 1) Hy oo

a€Z n=1

= Z Z ha+a(“)fn(an + 1)Ha.

a€Z n=1

Now, for arbitrary f let f = f — E(f) and g such that f = E(f) + 4(g).
Since for constants the Wick product and the ordinary product coincide, we
have

h-f—=hof

h-E(f) +h-5(g) = hOE(f) — h04(g) = h-6(g) — h0A(g)

DN hageon fulan + 1) H,

acZ n=1
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Convergence of the series on the right hand side of (5Z4) can be proven
only in the special cases (b), (¢) and (d). For example, if (b) holds, then

g= kaék and fr = (&, 9), k € N, which reduces to fr = [ g(t)&(t)dt in
k=1

case of g € L?(R) and since D(h) = Z Z hggen (i +1)€, Hy, we may write
acZln=1

the right hand side of (B22) as

Z Z htetm (O‘n + 1)<§n»g>Ha <Z Z hggetm (an +1)énHa, g)

ac€ln=1 acZn=1

= (D(h), 9)-

Assume that h € X ® (5)_1,—p for some p > 0 and that g € X ® S;(R) for
all [ > 0. Then h-6(g) —hOd(9) = X pez Domet hafnnH, o is well defined
in X ®(S)_1,—4 for ¢ > p+ 2. This follows from the fact that || < (2N)* and
thus

- —q(a—e™
S hallRll fall5 lom]*(2N) 7 )

a€In=1

= 3D hall X fallx [ |*(28) 79 (20)
a€In=1

< Y BalZ@N) 72NN | fo[5 (20)°
aEel n=1

[eS)

< Y BalZ@N) TP (1 fal% (2n) <00

a€el n=1

for ¢ — 2 > p and ¢ < I. Since [ is arbitrary this holds for all ¢ > p + 2.
The proof of (c) and (d) is similar. O

Remark 5.11. Especially, if f;, fo are both Gaussian processes such that
fi = 6(gl)a gi € X® L2(R)a i = 1a25 then
S(g1)  B02) ~ 802)08(02) = [ or(t)ga(t)a.
R

This is in compliance with the (L)?-result from [I3].

Example 5.12. For example if g = d; (the Dirac delta distribution) we have
f=46(dy) =Wy, {(d, D(h)) = D(h)(t) and thus retrieve the result of Theorem
8.

From (67) it follows that

B2 =57 = [ w0 (DB e)ds = [ wo(s)mioa(s)ds = .
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Remark 5.13. One might define a new type of ”scalarized” Wick product con-
taining in itself an integral operator, i.e. the scalar product in L*(R) or the
dual pairing (-, -) of a distribution in §’(R) and a test function in S(R). Thus,
ifa=3 cr0aHs € L*(R)®(S)-1, b= 3.7bsHp € L*(R) @ (S)_1, then
a#b € (S)_; is defined by

a‘bzz Z (aq,bg)H,

YEL atB=vy

Similarly, ifa € S'(R)®(S)_1, b € S(R)®(S)_1, the result will be a4b € (S)_1
Now, the right hand side of (BZ4) can be rewritten as D(h)4D(f). Clearly,

D(R)D(f) =D > hpew (ak + DEHa® Y | fréuHo0,0...)

aE€Z keN keN

=3 harewlon + )&, Y il H

vye€Z keN leN

= Z Z Poyeto (ap 4+ 1) fr.H

~€ET keN

since (£x,&) = 1 only for k =1 and (£, &) =0 for k # 1.
Thus, Theorem E10 b) - d) state that

h-f=hOf +D(h)#D(f).
2

In [IH, B2] a more general formula appears in the f,g € X ® (L)* case,
where the Wick product scalarizes through the n-fold integral:

(68 h-f=hof+3 LOIHDO() = 3 LD 0D,

neN n! n€eNy

under suitable conditions that ensure the convergence of the latter sum.

In a very similar manner to (B8) it is possible to express the Wick product
through the ordinary product. This has been proved in [[5] and used also in
[38]. For f,g € X ® (L)? it holds that

(5.9) hOf = Z D™ (h), DM (£)),

neNy

where (-, -) denotes the scalar product in L?(R)®".

Both identities: (BR) and (BH) can be generalized to the case when
f € Domy (D) and h € Dom_(D) or vice versa. In this case we interpret
(-,-) as the dual pairing between S’(R)®" and S(R)®"

6. Properties of the Malliavin operators

The following theorem states the duality between the Malliavin derivative
and the Skorokhod integral in form of (6), which is also called the integration
by parts formula.
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Theorem 6.1. (Duality) Assume that either of the following holds:

(a) F € Dom_(D) and v € Dom(9)

(b) F € Domy(D) and u € Dom_(9)

(¢) F € Domy(D) and u € Domg(9) .
Then the following duality relationship between the operators D and & holds:
(6.1) E(F-6(u)) = E((DF, u)) ,

where (B) denotes the equality of the generalized expectations of two objects
in X ® (S)_1 and (-,) denotes the dual paring of S'(R) and S(R).

Proof. First we note that Theorem ETI8H implies that in all three cases (a), (b)
and (c), the product on the left hand side of (E0) is well defined and F - §(u)
is an element in X ® (S)_1. Also, the application of the dual pairing in S’(R)
will make (D, u) also an element in X®(S5)_1. Now we prove that both objects
have the same expectation.

Let u € Dom(d) be given in its chaos expansion form v = ) Y ug; ®

BEL jeN
§ @ Hg. Then 0(u) = > > up; @ Hg .. Let F' € Dom(D) be given as
BEL jeN
F=73% fao®H, Then D(F)= 3> > (o +1) foict ®& ® Hy. Therefore
a€Z a€T keN
we obtain
=222 faup;® Ha- Hyyot
a€T BeT jeN
a\ (B+eW)
DI ICTALIND SRS | (R ARSI
a€Z BeT jEN y<min{a,B+e()} " "

The generalized expectation of F - §(u) is the zeroth coefficient in the pre-
vious sum, which is obtained when o+ 5+ el =2y and v < min{a, B+ },
i.e. only for the choice 8 = a —eV) and v = a, j € N. Thus,

EF-5w)= > 3 fattgcor; ol =3 foremrtay - (ateD).

a€Z,|a|>0j€EN a€Z jeN

On the other hand,

= Z Z ZZ (ak + ]‘) fa-l—e("') uﬁ,j <£k7§j>Ha : HB

€T BET kEN jEN

=2 2 D (D) farcrup; Y A <:> (f) Hatp-2v

a€Z BeT jeN y<min{«,3}
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and its generalized expectation is obtained for & = 8 = . Thus

E(DF),u) =Y > (@ +1) faretntia -l

a€l jeN

= ZZ Fatewtia; - (a+e9)!

a€T jEN
= E(F-5(u)).

O

The next theorem states a higher order duality formula, which connects the
kth order iterated Skorokhod integral and the Malliavin derivative operator of
kth order, k € N.

Theorem 6.2. Let f € Dom. (D®) and w € Dom_ (6%)), or alternatively let
f € Dom_(D®) and u € Dom, (§)), k € N. Then the duality formula

E(f-6Mw) =B (0 (1), w)

holds, where (-,-) denotes the duality pairing of S'(R)®* and S(R)®*.

Remark 6.3. The previous theorems are special cases of a more general identity.
It can be proven, that under suitable assumptions that make all the products
well defined the following formulae hold:

(6.2) Fé(u) = 6(Fu) + (D(F),u),
k
(6.3) Fs®(u)=Y" (’;) SEI (DY F W), keN.
=0

The special case of (B3) when u € Domg(d) i.e. when u is square integrable
has been proven in [84]. Taking the expectation in (62) and using the fact that
d(Fu) = 0, the duality formula (6) follows.

Example 6.4. Let ¢ € L?(R). In Remark B0 we have shown that the
stochastic exponentials exp®{§(1))} are eigenvalues of the Malliavin derivative
i.e. D(exp®{6(¢))}) = 1 - exp®{(¢))}. We will prove that they are also eigen-
values of the Ornstein-Uhlenbeck operator. Indeed, using (62) we obtain

R(exp®{8(¥)}) = 0(¢ - exp®{8())=0(1) exp®{(4))} — (D(exp®{8(4)}), ¥)
= 6(v) exp®{5(y)} — (¢ - exp®{3()}, )
= (8(¢) = 19l Z2z)) exp®{d(¥)}-
In the next theorem we prove a weaker type of duality instead of (B)

which holds if F' € Dom_(D) and u € Dom_(0) are both generalized processes.
Recall that <, -, - >, denotes the scalar product in (S)g,.
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Theorem 6.5. (Weak duality, [25]) Let F' € Dom_,(D) andu € X ®(S)—1,—4
forp,q € N. For any ¢ € S_,(R), n € N, it holds that

< (DF,@)_r,u>_, =< F,6(pu) >_,,
forr>1+max{q,p+1,n+1}.

Proof. Let F =37 7 faHo € X®(S)-1,—p, u = pcrttaHo € X ®(S)_1,-4
and ¢ = >y @rék € S_n(R). Let r > 14 max{q,p+ 1,n 4 1}. Then, for
k>p+1,DF € X®S_k(R)®(S)-1,-p CX®I_(—1)(R) ® (5)-1,—(r-1) C
X @85 (R)® (S)o,—r. Also, pu € X @ S_,(R) ® (S)_1,—4 implies that for
w > maX{gan+ ]-}7 5(@”) €EX® (S)—l,—w c X® (S)—l,—(r—l) - X® (S)O,—r~
Clearly, ¢ € S_,(R) C S_,(R). Thus,

<DF7 §0>—r <Z Z(ak + 1)fa+a(k)H06 ® fkv Z ¢k£k>—r

keNael keN

= D ek Y (o + D forer Ha (2k)77,

keN acl

and consequently

< (DF, ) r,u>_,
- <<Z Z (,Ok(()ék + 1)fa+6(k) (2]{7)77‘Ha7 Z U Hy >_,

a€Z keN a€T
= Z alug Z gok(ak + 1)foé+5(k) (Qk)_T(QN)_ra
o€l keN

On the other hand,

ou = Z Zuasﬁkfk ® Hy

a€Z keN

d(pu) = Z Z Upy— (&) Pl H o

a>0 keN

and

Thus,

< F7 5(90u) >>—T = K Z faHaa Z Z Ua_a(k)QDkHa >>—r
a€l a>0 keN

= Z Oé!fa Z Up—e(k) Pk (QN)_TQ

a>0 keN

= Y Y B+ s e uppr(2N) T

BET keN

= > D BBk + 1) fprewuspn(2k) T (2N) 77,

BET keN

which completes the proof.
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The following theorem states the product rule for the Ornstein-Uhlenbeck
operator. Its special case for F,G € Domg(R) states that F - G is also in
Domg(R) and (B3) holds; the proof can be found e.g. in [I7].

Theorem 6.6. (Product rule for R)

a) Let F € Domy(R) and G € Dom_(R), or vice versa. Then F -G €
Dom_(R) and

(6.4) R(F-G)=F -R(G)+G-R(F)—2-(DF,DG),
holds, where {-,-) is the dual paring between S'(R) and S(R).
b) Let F,G € Dom_(R). Then F -G € Dom_(R) and

(6.5) R(FOG) = FOR(G) + R(F)OG.

Proof. a) First let us note that according to Theorem P8, F - R(G) and
G-R(F) are both well defined and belong to X ®(.5)_1. Similarly, (D(F), D(G))
belongs to X ® (S)_1, thus the right hand side of (63) is in X ® (S)_1, which
means that F'- G € Dom_(R) according to Theorem Bl

Nowlet F = > fo®Hy € Domy(R)and G= Y gs®@Hg € Dom_(R).

o€l BeT
Then, R(F) = Y |o| fa ® Hy and R(G) = Y |B|gs ® Hp.
acl BET

The left hand side of (E2) can be written in the form

RGO =R(E St X () (7) tusoan

a€l BeT y<min{a,S}
o\ (B
=D 3D ST DI 9 1 (4 TR LA
a€Z BET vy<min{a,3} v v
o\ (B
=S Y o X (0)(7) tal+ 181 - 20D Hosa,
a€l BET y<min{«,[} v v

On the other hand, the first two terms on the right hand side of (63) are

60 R 6= Y fe S () () ol oo,

a€T BeT y<min{a,B}
and
a\ (8
6.7) F-RG)=> > fags® > 4 ( )( ) |B|Havtp—2+-
ael Bel y<min{a,8} TNY

Since F' € Dom4(R) C Dom4 (D) and G € Dom_(R) = Dom_ (D) we have
D(F) =Y ner 2 ken ¥ fa ®E @ Hy_ vy and D(G) = Zﬁel Z]‘GN Big9s®E®
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Hg_ .. Thus, the third term on the right hand side of (63) is

(D(F),D(G) = (D D rfa @@ Hocwr, Y > Bigs®& @ Ha o)

la|>0 kEN 18>0 jEN

=3 S 3D e By fags (€& ® Haew - Hy_oii

|a|>0|B8]>0 kEN jeN

— ) — e
-3 S Sekns 5 ) Y

|a|>0 |B]>0 keEN y<min{a—e(k) f—e(k)}

where we used the fact that (£,§;) = 0 for k # j and (&,¢;) =1 for k = j.
Now we put # = v 4+ £*) and use the identities

— (k) — (k)
a—¢ a—¢ !
and 6y, - (8 — )1 = g!. Thus we obtain

CORTES 95 9) SFYD DI CEEL O | (4 e

a€Z BeT keN O<min{w,B}
=33 fags Y, 60! (3) (g) Hoyp-26
a€l BeL keN 0<min{«,B}
=D fags D (Z 9k> 6! (3) (§> Hop—26
a€Z BeT 0<min{a,B8} \k€N
=S fugs Y 1) 9!(3) (5) Hesp—20.
a€Z BET 0<min{«a,8}

Combining all previously obtained results we now have

RE-G =Y fagr X (0)(7) e+ 18120 farpoar

a€l BeET y<min{a,B}
a\ (B
ST denn T (5) (0) bl Huss
€T BET y<min{a,3} A
a\ (B
£ o S ot (2) () 181 e,
a€Z BET y<min{«,B} K 7
a\ (B
=2) > fags v ( ) Hotp—2v
a€l BeT 'y<mm{a,5} 7 7

=R(F)-G+F-R(G) —2- (D(F),D(G))

and thus (632) holds.
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b) If F,G € Dom_(R), then R(F),R(G) € X ®(S)_1. From Theorem EI3
it follows that R(F)0G,R(G)OF € X ® (S)—_1. Thus, the right hand side of
(B3) is in X ® (S)_1 i.e. FOG € Dom_(R).

From
GOR(F) =Y > l|alfags Hy,
YEL a+pB=y
FOR( Z Z foz|ﬂ|gﬁ %)
vET a+p=v

it follows that

GOR(F) + FOR(G) =3I Y fags Hy = R(FOG).

~yeET a+p=vy

O

Corollary 6.7. Let F € Dom4(R) and G € Dom_(R), or vice versa (includ-
ing also the possibility F,G € Domg(R)). Then the following property holds:

E(F-R(G)) = E ((DF,DG)).

Proof. From the chaos expansion form of R(F'-G) it follows that ER(F-G) = 0.
Moreover, taking the expectations on both sides of (E8) and (622) we obtain

Now, from Theorem B8 it follows that
=2F (F-R(G)) — 2E((DF,DG)),
and the assertion follows. O

In the classical literature ([B0, BA]) it is proven that the Malliavin derivative
satisfies the product rule (with respect to ordinary multiplication) i.e. if F, G €
Domy(D), then F' - G € Domo(D) and (638) holds. The following theorem
recapitulates this result and extends it for generalized and test processes, and
extends it also for Wick multiplication [f].

Theorem 6.8. (Product rule for D)

a) Let F € Dom_(D) and G € Dom, (D) or vice versa. Then F -G €
Dom_(D) and

(6.8) D(F-G)=F-DG + DF -G.

b) Let F,G € Dom_(D). Then FOG € Dom_(D) and

D(FOG) = FODG + DFOG.
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Proof. a)
D(F-G)=D(> faHa - Y gsHp) =
acl BeT
o\ (B
D Z Zfoégﬂ Z ’Y'( > ( )H&+,32’Y =
a€l BeT y<min{a,S} v v
o\ (B
SN fags D, A (o + B — 27k) & Hoy poy—c0
a€Z BEL keEN y<min{a,B} v v

On the other side we have

F]D)(G) = Z faHa : Z Zﬁk gﬂfk Hﬂfg(k) =

a€T BET keN
a\ (B —e®

S Y s Y A ( )( B EeHors vy

a€Z BeET keN ~y<min{a,f—e(*)} v v

and

_ (k)
G-DEF)=D D> fags Y, (a © ) (5) o §pH o p0y—ctn

o€l BeT keN 'ygmin{afg(k)7ﬁ} ’y

Summing up chaos expansions for F'-D(G) and G - D(F) and applying the
identities

a— ek (o —e®) al
ak( o ) T P T ey s L)

(o
By (5 _f(k)) - (f ) (B —w),

for all a, 8 € Z, k € N and v € Z such that v < min{«, §} and the expression
(ax —vk) + (Bx — k) = ai + Br — 27y, we obtain (63).

From Theorem PR it follows that all products on the right hand side
of (63) are well defined, thus the right hand sifde of (EX) is an element of
X®S5(R)®(S)-1. Thus, F -G € Dom_(D).

b) By definition of the Malliavin derivative and the Wick product it can be
easily verified that

and

XD anfagsHy+ D> > BrfagsH,

YET k=la+f—e(k) = VET k=la+tf—e(F) =y

=D > > wfagsHy_cw = D(FOG).

YETL k=1 a+p=y

D(F)OG + FOD(G)
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If F,G € Dom_(D), then D(F),D(G) € X® 5 (R)®(S)_1. From Theorem
213 it follows that D(F)OG and FOD(G) both belong to X @ S'(R) ® (5)_1.
Thus, FOG € Dom_(D).

U

A generalization of Theorem B8 for higher order derivatives, i.e. the Leib-
nitz formula is given in the next theorem.

Theorem 6.9. Let F,G € Dom_(D®), k € N, then FOG € Dom_(D*)) and
the Leibnitz rule holds:

D® (FOG) =

M-

I
o

: (§)pocrontie)

where DO (F) = F and D)(G) = G.
Moreover, if G € Dom (D®)) | then F - G € Dom_(D"*)) and

k
(6.9) DM (FG) = (’:) D (F)DE=D(@).
=0

Proof. The Leibnitz rule (69) follows by induction and applying Theorem E=.
Clearly, (E39) holds also if F, G € Domg(D®). O

Theorem 6.10. Assume that either of the following hold:
o FFe Dom_(D), G € Dom4 (D) and v € Dom_(0),
e G € Dom (D) and u € Dom_(9),
e F,G € Domo(D) and u € Domg(9).
Then the second integration by parts formula holds:
(6.10) E(F(DG,u))+ E(G(DF,u)) = E(F G §(u)).

Proof. The assertion (E10) follows directly from the duality formula (E1) and
the product rule (EX). Assume the first case holds when F € Dom_(D),
G € Dom4 (D) and u € Dom(9). Then F - G € Dom_(D), too, and we have

E(FGo(u)) = E(D(F - G),u)) = E(F - D(G) + G - D(F), u))
= E(F (D(G),u)) + E(G (D(F),u)).
The second and third case can be proven in an analogous way. O

The next theorem states the chain rule for the Malliavin derivative. The
classical (L)2-case has been known throughout the literature and its Wick-
version was introduced in [1].

Theorem 6.11. (Chain rule) Let ¢ be a twice continuously differentiable func-
tion with bounded derivatives.
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1. If F € Domy (D) (resp. F' € Domo(D)), then ¢(F) € Domy (D) (resp.
¢(F) € Domy(D)) and the chain rule holds:

(6.11) D (6(F)) = ¢(F) - D(F).
2. If F € Dom_(D) and ¢ is analytic, then ¢°(F) € Dom_ (D) and
(6.12) D (¢°(F)) = ¢"*(F)OD(F).

Proof. First we prove that (61) holds true when ¢ is a polynomial of degree
n, n € N. Then we use the Stone-Weierstrass theorem and approximate a
continuously differentiable function ¢ by a polynomial p, of degree n, and
since we assumed that ¢ is regular enough, p], will also approximate ¢'.

(i) Denote by ¢,(z) = 2™, n € N and let p(x) = Y. arqr(z) = 3. ap2* be a
k=0 k=
polynomial of degree n with real coefficients ag, a1, ... , an, and a,, # 0. By
induction on n, we prove the chain rule for ¢,, i.e. we prove
(6.13) D (pa(F)) = p,(F) - D(F), neN.
For n =1, ¢1(x) = « and (B33) holds since
D(qi(F)) =D(F) = 1-D(F) = ¢ (F) - D(F).
Assume (EL3) holds for k € N. Then, for g1 = 2**! by Theorem E= we have

D(g+1(F)) = D(F*!) = D(F - F¥)
=D(F)-F*+ F-D(FF) =D(F) - F* + F - kF*=1 . ID(F)
= (k+ )F* - D(F) = g41.1(F) - D(F).

Thus, (EI3) holds for every n € N.
Since D is a linear operator, (EI3) holds for any polynomial p,, i.e.

F)) =" axD(qe(F)) = Y arg;(F) - D(F) = pl,(F) - D(F).
k=0 k=0

(ii) Let ¢ € C*(R) and F € Dom,,(D), p € N. Then, by the Stone-Weierstrass
theorem, there exists a polynomial p,, such that

|6(F) = pn(F)llxe(s),., = [l6(F ZakF | x®(S)1.0
and

16" (F) = pn’ (F) | x@ (), = I6'(F ZakkF Hixe(s), =0
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h T(N_g (C;:r.lote by X, = X ® S|(R) ® (S)1,p. From (E13) and the fact that D
is a bounded operator (Theorem ZT9) we obtain (for [ < p —1)

ID(A(F)) = ¢'(F) - D(F) | xo5:®)0(5)1,, = D(S(F)) = ¢'(F) - D(F)]|x,

= [D(¢(F)) = D(pn(F)) + D(pu(F)) — ¢'(F) - D(F) | x,,

<D(S(F)) = D(pa(E)llx, + IDEa(F)) = ¢'(F)D(F)] 2,

= ID(¢(F) = pu(F))llae,, + [1Pa"(E)D(F) = &' (F)D(F)|

<A (@) = pu(F)xes),, + Pn (F) = ¢ (F)] - IDE) I xes),, = 0,

as n — oo. From this follows (EI0) as well as the estimate

IDGFN)xes@e), < 16/ (F)lxes),  IPE)xes@es),, <

and thus ¢(F') € Dom, (D).
(791) The proof of (B12) for the Wick version can be conducted in a similar
manner. According to Theorem B8 we have

D(FOF) = k FOCE—DOD(F).

If ¢ is an analytic function given by ¢é(z) = Yo arz®, then
¢ (x) = 352, arka®~1, thus
:ZakFok, /<> ZakkFO(k 1)
k=0
Thus,

— i arD(FOF) = f: arkFOF=DOD(F) = ¢/ (F)OD(F).
k=

k=0
O
Example 6.12. For example, D(B?) = 2By, - D(By,) = 2By, - Kjo,t,)(t),
D(BP?) = 2By, - Kjo,,)(t) and D(WL?) = 2W,, OD(Wy,) = 2Wy, - dy, (¢), since
the Wick product reduces to the ordinary product if one of the multiplicands
is deterministic. This is in compliance with Example B4 and Example 0.
Also, D(exp®(Wy,)) = exp® (W, ) - dy, (t), or more general D(exp® §(h)) =
exp® §(h) - h for any h € S'(R), which verifies once again that the stochastic
exponentials are eigenvectors of the Malliavin derivative (see Remark E11).

Example 6.13. Geometric Brownian motion is defined by
Gy = G - =37 )toto By
for some constants u, o > 0. Then,
DGy, = Go- =37t . D(e?Bro) = Gy - =30t L 5. 7By . D(By,)
— Qg3 5. 7By K(0.10) (1) = 0 - Gy - Kp0.10 (£)

o o - Gt(” t S [O,to]
a 0, t¢10,to] -
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7. Applications of the Malliavin calculus

One of the first and most important applications of the Malliavin calculus
concerns the existence and smoothness of a density for the probability law of
random variables. Other, more recent applications in finance (|2, B0, B7]) have
been developed for option pricing and computing greeks (greeks measure the
stability of the option price under variations of the parameters) via the Clark-
Ocone formula. A few years ago it was also discovered that Malliavin calculus
is in a close relationship with Stein’s method and can be used for estimating
the distance of a random variable from Gaussian variables.

In this section we provide an overwiev of some applications and capabilities
of the Malliavin calculus.

For simplicity we will assume that X = R.

7.1. Measurability and densities

Let A € B be a Borel set in S'(R). Denote by 4 its indicator function i.e.
the random variable k4(w) = 1 for w € A and ka(w) = 0 for w € A°. Then
KA = Y g7 GaHo, where aq = E(ka - Hy), a € Z. Especially, ap = E(ka) =
P(A).

Proposition 7.1. ([B6]) k4 € Domo(D) if and only if P(A) =0 or P(A) = 1.

Proof. Since E(k4) = P(A), the chaos expanasion of the indicator function is
ka=P(A)+ > 20 0aHa, o = E(Haka)

Assume first that P(A) € {0,1}. Then k4 = const a.e. (it is either 0 or 1
a.e.), thus a, = 0 for all & > 0. Clearly, (23) is satisfied and k4 € Domg(D).

It remains to prove the other direction, that > g |a|a!|aq|? cannot be
finite unless a, = 0 for all o > 0.

Assume k4 € Domg(D). Let ¢ € CS(R) be such that ¢(t) = t? for

€ [-1,1]. According to Theorem BT we have

D(¢(ka)) = ¢'(ka)D(ka).
Since ¢(ka) = k%4 = Ka, it follows that
]D)(HA) =2 RA - D(I{A).

Thus both for w € A and for w € A° we obtain D(k4) = 0. Now, from Corollary
B2 it follows that k4(w) = const for a.e. w € 2. For the chaos expansion of
k4 this means that k4 = E(ka) = P(A) a.e. and a, = 0 for all & > 0 and
const = P(A). This implies that P(A) is either zero or one. O

Remark 7.2. If P(A) € (0,1), then k4 ¢ Domg(D). For example, f(w) =
K{B,(w)>0} & Domg(D) since P{B; > 0} € (0,1).

On the other hand, k4 € Dom_(D) regardless of the value of P(A). This
follows from a, = E(ka Hy) < E(H,) < 1, thus

kAl Dom @y < Y [ (2N)7P* < " (2N)" 72 <00, p>3.

a>0 a>0
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Remark 7.3. Let A be a closed subspace of S'(R). Denote by o[4] the sub-o-
algebra of B generated by A. A random variable f is measurable with respect
to o[A] if and only if D(f) =0 a.e. on A°.

In particular it can be proven ([B, [®, BA]), that if a stochastic process f; is
adapted to the Brownian filtration A; = o[B; : s < t], then supp D(f:) = [0, ¢]

ie. Dfy = ZaeI EkeN g fo(t) @ &k(s) ® Hy_ .y = 0 for s > t.
Remark 7.4. Let h € L*(R) and

S 1 S
M(s) = exp® (o)) = oxp ( / h(t)B, — / h2(t)dt) s3>0,
0 0

be the stochastic exponential of hkjg . According to Remark BT it is an
eigenvector of the Malliavin derivative, thus D(M (s)) = h(t)x[o,s)(t) M (s), i.e.

D(M(s)) = h(t)M(s), for te]0,s].

It is known ([2, BB]) that M(s) is a martingale with respect to the Brownian
filtration, thus for 0 < ¢ < s we have

E(DM (s)[Ar) = E(h(t)M(s)|Ar) = h(t) E(M(s)[Ar) = h(t) M(t).

E(M)+ 6(u) for
= R(M(s)), it

On the other hand, from Corollary 53 it follows that M (s) =
u=D(R™(M — EM)). Since d(h(t)rp, M (s)) = 6(D(M(s)))
follows that u = h(t)r[o, g M(s), i.e

M(s) / h(t) M (t)dB,
- E(M)+/ E(DM(s)|A,) dB,.

Since the stochastic exponentials are dense in (L)? it follows that the latter
formula can be extended to all M € Domg(ID). This result is known as the
Clark-Ocone formula.

Theorem 7.5. (Clark-Ocone formula) Let F' € Domg(D) be adapted to the
Brownian filtration. Then,

F(s) :E(F)+/ E(DF(s)|A¢) dB;.
0
Example 7.6.
T T T
B} = T+/ E(DB?|A;)dB; = T+/ E(2Brkjo,1)|At)dBy = T—|—2/ B.dB;,
0 0 0

by the martingale property of Brownian motion.
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Remark 7.7. For the stochastic exponential M it also holds that

D(E(M(s)|Ar)) = D(M(t)) = h(x)r)0,qM(t)
= h(x)r)o g E(M(s)|At) = Kjo,q E(h(x)k[o,s M (s)|Ar)
H[o,t]E(DM(S) \At)7

for 0 <t <s. This result extends to all adapted processes: if F' € Domg(D) is
adapted, then E(F|A;) € Domg(D) and

D(E(F(s)|Ar)) = ko, E(DF (s)| Ay).

In the sequel we are going to show that absolutely continuous distribu-
tions can be characterized via the Malliavin derivative and there exists an
explicit formula for the density of the distribution. For this purpose we note
that ||}D)FHL2(]R (DF,DF)2(r) is an element in (L)?. If F is of the form

2
F= ZaeI faHa, then ”DF”L2 (R) — ZkeN (Zae[ fa+s(k‘> (O‘k + I)Ha) .

Theorem 7.8. ([18]) Let F' € Domo(D) be such that |DF||p 2wy # 0 a.e. and
HDFH2 € Domg(d). Then for every ¢ € CZ(R),

/ — %
(7.1) B(¢/(F)) = E (W )8 <||DF||L2<R>>> |

Moreover, F' is an absolutely continuous random variable and its density ¢ is
given by

DF
(7.2) o(t) = (H{F>t} 0 (HD)FW)) .

Proof. Using the chain rule (Theorem BI) and the duality relationship
(Theorem BEl) we obtain

B@(F) = (g wDR) = £ ((om #(F)DF))

= 5 (gm0 = £ (5 (g ) o0)

holds for any u € Domg(d). Especially, for u = DF we obtain (IT).

Putting ¢(z) = [*_ K(ap(s)ds, ¢'(z) = Kp)(z) into (D) (in fact we
approximate k(4 ) with a sequence of smooth functions) we obtain by Fubini’s
theorem that

F DF
P{Cl < F < b} = E (/ K/(a,b) (S)dS (HM”
—0 L2(R)
b DF
Kipas 0| ——— | | ds,
/a ( = (DF||L2<R>
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which proves (2).
O

Example 7.9. Let F' € (L)? be a standardized Gaussian random variable in
Hy with chaos expansion F = >3 fiH.», Y5~ |fj|> = 1. Then DF =
>oioq fi€ € Ho and ||]D)F||2L2(R) = 1. Also, §(DF) = R(F) = F since
it is a fixed point of the Ornstein-Uhlenbeck operator. Thus, by (Z2) the
density is given by ¢(t) = E(k{p>¢ F). Indeed, it is easy to verify that

[ w2 e Fdr = e
t VoXs — Ver :

7.2. Gaussian approximations

In this section we present some results obtained by combining the Malliavin
calculus with Stein’s method as recently investigated in [85]. It is well-known
that a random variable N has N(0,1) distribution if and only if

E(N-F(N)—F'(N)) =0,

for every smooth function F. Thus, according to Stein’s lemma [d], one can
measure the distance to N ~ N(0,1), for an arbitrary random variable Z by
measuring the expectation of Z - F(Z) — F'(Z). We will show using Malliavin
calculus that

E(Z F(Z))=E(F(Z)(DZDR ' Z))

holds for every F € C?(R). Thus, in order to measure the distance to
N ~ N(0,1), one needs to estimate

(7.3) E|l — (DZ,DR™* Z)|,
where E|1 — (DZ,DR~! Z)| = 0 if and only if Z ~ N(0,1).

Theorem 7.10. Let f € Domy (D) or f € Domg(D) such that E(f) =0 and
let F € C*(R). Then

E(f-F(f)) = E(F'(f)- (Df,DR™" f)).
Proof. Since Ef = 0 from (B1) it follows that RR~!f = f. Therefore, by the
duality formula (E11) and Theorem B0 we have
E(f-F(f))=E(RR™'(f) F(f)) = E(DR™'(f) - F(f))
= E ((DF(f),DR™' f)) = E (F'(f) - (D(),DR™' (f))) .
g

An immediate consequence of Theorem 10 and Stein’s lemma is the fact
that (Df,DR~1f) = 1 implies that f ~ A(0,1). Moreover, we can prove that
in this case f belongs to the first order chaos space.

Theorem 7.11. Let f € Domy (D) or f € Domg(D) such that E(f) =0 and
(Df,DR™'f) = 1. Then f € Ha, |flI};): =1 and f ~ N(0,1).
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Proof. Let (Df,DR~!f) = 1. Assume that f has chaos expansion representa-

tion f =3 7 faH.
From Theorem B0 follows that the equation 6(u) = f, for Ef = 0 has a

unique solution v = DR~ f and it is of the form (62).
Thus,

1= (Df,DR" f)
= (3 1) futs 68 Ha 365+ 1) S € 6 )

€1 keN BET jEN
fa4e® a\ (B
_Z Z Z Ak + 1 fa+5(k) |BB+6 ‘ (ﬁ + ]‘) Z ’Y' Ha+6—2ry.
a€T BET keN y<min{a,5} Y Y

The latter expression can be equal to one if and only if its expectation is equal
to one, and all higher order coefficients in the chaos expansion are equal to
Zero.

Thus, E(Df,DR~! f)) = 1 implies (for a = 8 = 7) that

ak+1 (o + 1) k 2
Sy e = Y S

a€Z keN a€T keN
= TX e
aeIkeN
-y (zak>f2 > ol
aEI keN a€l
= ||fH(L)2:1'

On the other hand, all higher order coefficients have to be equal to zero,
which leaves only the possibility that

fayew =0, forall |af >0,
ie. fo =0 for all |a| > 2. Thus, f € H;. According to Theorem I this
implies that f is Gaussian. O
Corollary 7.12. Let f € Dom(D) or f € Domo(D) such that E(f) =0 and
(Df,DR-Lf) =02 Then f € Hy, ||f||%L)2 =02 and f ~ N(0,0?).

We extend the previous theorem also for generalized random variables (e.g.
the white noise process at a fixed time point). These processes have an infinite
variance (infinite (L)? norm) and they can be regarded as elements of the Kon-
dratiev spaces. Recall that (-,-)_, denotes the scalar product in the Schwartz
space S_,(R).

Theorem 7.13. Let f € Dom_,(D) and E(f) =0. Assume that

<]D)f7 ]D)R_lf>*17 = C(p)
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for some constant C(p). Then f € Hi, C(p) = ||f|\%s)_1._p and f has a
generalized Gaussian distribution. '

Proof. Similarly as in the proof of Theorem [T we assume that f is of the
form f =3 .; faHa. From

C(p) = (Bf, DR f) -,
=Y D (kD) oo Ha D (B + éﬂf({jn 5 (6265

€T keN BET jEN

=30 50 S (e D 32 (6 020 S () (Ve

a€Z BeT keN y<min{«,8}

follows that

op) = Yy et 2 ool (2h)

o€l keN |OL + 8
al [eS)
= Z mfgzak(Qk)ip
a€l k=1

and f, =0 for all || > 21ie. f € H;. Thus,

Clp) = Z E (] fZo Z5kj(2k)_p = fou)@j)_p
k=1 =1

—pe@
fou)(?N) P = sy, -
j=1

where §;; = 0, &k # j and 6;; = 1, kK = j is the Kronecker symbol. Thus,
f € Hy and by Theorem P2 it follows that f is Gaussian.
O

Example 7.14. White noise is a generalized Gaussian process. For each fixed
time point ¢y we have ||Wt0||%5)71 L= POy € (t0)]?(2§) 7P < oo, for p > 1 by

boundedness of the Hermite functions: sup,cp |&.(t)| < Cn~12,n €N,

Remark 7.15. Although all elements in Hy @ H; are Gaussian, the converse
is in general not true. Gaussian random variables or processes can have a
chaos expansion involving higher order chaotic coefficients as shown in the next
example. This is in compliance with the central limit theorem that ensures that
partial sums of various distributions may converge to a Gaussian distribution.
Therefore it is of great importance to measure the distance to Gaussianity
which is successfully done by combining the Stein method and the Malliavin
calculus.
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Example 7.16. The process X; = fot sign(B;)dBs is Gaussian by Lévy’s char-
acterization of Brownian motion, but it has a chaos expansion involving in-
finitely many components from #;, j > 2. This was proven in [I4].

Theorem 7.17. ([33]) Let Z € Domy(D) or Z € Domo(D) be such that
E(Z) =0 and Var(Z) =1. Then the expectation (I3) satisfies

E(1-(DZ,DR ' Z)|) < /Var (DZ, DR~ Z)).
Proof. The assertion follows directly from E(Y)? < E(Y?), ie. E(Y) <

Var(Y) and from Var(1 —U) = Var(U). O

Thus, in order to measure how close is Z to being normally distributed,
one has to estimate how close is Var ((DZ,DR~! Z)) to zero. This quantity is
larger than the Kolmogorov distance, but nevertheless still a good approxima-
tion.
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