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1. Introduction

Asymptotic analysis is a very much studied topic within generalized func-
tion theory and has shown to be quite useful for the understanding of structural
properties of a generalized function in connection with its local behavior as well
as its growth properties at infinity. Several applications have been developed in
diverse areas such as Tauberian and Abelian theory for integral transforms, dif-
ferential equations, number theory, and mathematical physics. There is a vast
literature on the subject, see the monographs [6, O, I, [2, 0] and references
therein.

The purpose of this paper is to present an elementary approach to asymp-
totic behavior in the Cesaro sense. The Cesaro behavior for Schwartz distribu-
tions was introduced by Estrada in [6] (see also [G]). The approach we develop in
this article uses Yosida’s algebra M of operators [[3], which provides a simpli-
fied but useful version of Mikusiniski’s operational calculus [8]. While Schwartz
distribution theory is based on the duality theory of topological vector spaces,
the construction of Yosida’s space M is merely algebraic, making only use of
elementary notions from calculus. That is why we call our approach to Cesaro
asymptotics elementary.
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The plan of the article is as follows. In Section B, we recall the construction
of Yosida’s space M. We study some useful localization properties of elements
of M in Section B. The asymptotics in the Cesaro sense is defined in Section @
and its properties are investigated. As an application, we conclude the article
with some Abelian and Tauberian theorems for Stieltjes and Laplace transforms
in Section B. It should be mentioned that Abelian and Tauberian theorems for
Stieltjes and Laplace transforms of generalized functions have been extensively
investigated by several authors, see, e.g., [[4, O, [0, 12, I4)].

2. Preliminaries

We recall in this section the construction of Yosida's space of operators M
and explain some of its properties. See [[3] for more details about M.

Let C7(R) denote the space of all n-times continuously differentiable func-
tions on R which vanish on the interval (—oc0,0). We write C(R) = C%(R).
For f,g € C+(R), the convolution is given by

(f *9)a /fa:—t

Let H denote the Heaviside function. That is, H(z) = 1 for x > 0 and zero
otherwise. For each n € N, we denote by H™ the function H * - -- % H where H
is repeated n times. One has H" € C'"?(R), n > 2. Note that if f € C(R),

then
mx f)(x) = _ ’ x—t)m!
"« @) = o [ @0

The space M is defined as follows,
f

%:%,ifandonlyime*f:

H™x g. Addition, multiplication (using convolution), and scalar multiplication
are defined in the natural way, and M with these operations is a commutative
2

Two elements of M are equal, denoted

H
algebra with identity 0 = ik the Dirac delta. We can embed Cy(R) into M.

H
Indeed, for f € C+(R), we set Wy = T*f Obviously, f — Wy is injective.

f
LetW:ﬁ

f
gk

€ M. The generalized derivative of W is defined as DW =
The product of z and W is given by

xf —kH x f

zW = I

(k> 2).

H *
In the last formula k& > 2 is no restriction because % = I* +ch.
definitions do not depend on the representative of W.

Clearly, these



An elementary approach to Cesaro asymptotics 113

Proposition 2.1. The generalized derivative and product by x satisfy:
(a) cWp =Wy, f e CL(R).
(b) DWy =Wy, f € CL(R).
(¢) D(aW) =W +2DW, W € M.

Proof. For (a),

a(H*+f) 2H*xf :tz*f+H2*xf_2H2*f

Wi =" H H? H? H
2] Hixxf 2H%xf
e H? H
H=xaf
— 20— .
H f

H+«f f Hxf
If fl S C+(R), we h?ve DWf = ? = E = H

(b). Next, let W = 7 € M. Then,

= Wy, which shows

W aDW = 2o+ (g — ) =

kE+1 k

O

Remark 2.2. Notice by identifying f € L} (RT) with

loc
L}, .(R*) can be considered a subspace of M. Also, for the construction of M,
the space of locally integrable functions which vanish on (—o0,0) could have

been used instead of C (R).

H
;f € M, the space

3. Localization

We discuss in this section localization properties of elements of M.

Definition 3.1. Let W = %

(a,b), denoted W(x) = 0 on (a,b), provided there exists a polynomial p with
degree at most k — 1 such that p(z) = f(x) for a < x < b. Two elements
W,V € M are said to be equal on (a,b), denoted W(x) = V(x) on (a,b),
provided W — V vanishes on (a, b).

€ M. W is said to vanish on an open interval

The support of W € M, denoted supp W, is the complement of the largest
open set on which W vanishes. The degree of a polynomial p will be denoted
by degp in the sequel.

2

Example 3.2. Recall § = ek Notice that H?(z) = x on the open interval

(0,00). Thus, 6(z) = 0 on (0,00). Also, H?(x) = 0 on (—o0,0). So, d(z) =0
on (—00,0). Therefore, supp d = {0}.
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Proposition 3.3. Let W € M.
(a) If W(z) =0 on (a,b), then DW(z) =0 on (a,b).
(b) If DW(xz) =0 on (a,b), then W is constant on (a,b).
Proof. Part (a) follows immediately from definitions. See [0, Thm. 4.1] for
(b). O
Proposition 3.4. Let W € M.
(a) If W(z) =0 on (a,b), then 2W(z) =0 on (a,b).
(b) Suppose W (z) =0 on (a,b). Then,
(i) W(xz) =0 on (a,b), provided 0 ¢ (a,b).
(i) W(z) =0 on (a,0) U (0,b), provided 0 € (a,b).

Proof. Let W = % eM(k>2).

Part (a). Since W(x) = 0 on (a,b), there exist ag,as,...,ax—1 € C such that
flx) =ag+aix+--+ap_128 1 for a < x < b. Now, there exists A € C such
that

wf(x) — k(H * f)(z) =

A+ap(l—k)x+ a; 1—ﬁ 224t apo 1—L zF 1,
2 k—1
xf —kH x f

I , the above yields 2W(z) = 0 on

for a < ¢ < b. Since zW =

(a,b).
Part (b). Suppose zW(z) =0 on (a,b).

(i) If a < 0, then the conclusion is clearly true. So assume a > 0. Now, there
exists a polynomial p with degp < k — 1 such that

zf(x) —k/omf(t)dt =plx) fora<az<b.

Thus, f € C(a,b) and zf'(x)+(1—k)f(x) = p'(z) for a < x < b. Solving
this differential equation, it follows that f(x) = ¢(z) for a < 2 < b, where
q is a polynomial with degq < k — 1. Therefore, W(z) = 0 on (a, b).

(ii) Since for all W € M, we have W(x) = 0 on (—o0,0), we only need to
show that W (z) =0 on (0,b). Since 0 € (a,b), one has

(3.1) af(z) — k:/oz FB)dt =0

for a < & < b, in particular, for 0 < z < b. Similarly as in the proof of
part (i), we obtain f(x) = Ax*~! for 0 < 2 < b, where A € C. Thus,
W(z) =0 on (0,b). Therefore, W(z) =0 on (a,0) U (0,d).
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Proposition 3.5. Let W € M.

(a) If W (x) =0 on (—o00,0), then W = «ad for some o € C.
/ - n
(b) If W = e (k> 2) and W(z) =0 on (0,00), then W = Zﬁ:?) 6™,

for some a,, e C, n=0,1,2,...,k— 2.
f

Proof. Let W = e (k>2).

Part (a). Suppose zW(x) = 0 on (—o0,00). Similarly as in the proof of
Proposition B2(b), we obtain (8) on (—oc, 00). It follows that f(z) = Bz*~!
on (0, 00), for some 3 € C. Since f is continuous on R and vanishes on (—oc0, 0),
we have f(x) = fz¥~1 on [0,00). Therefore,

W:%:(k—l)!ﬁ

Hk
r = ad  where a = (k —1)I8.
Part (b). Suppose W (z) = 0 on (0,00). Then, f(z) = ap+ajz+---+as_125!
on (0,00), where ag,a1,...,ax—1 € C. Since f is continuous and vanishes on
(—00,0), we obtain ag = 0. Thus,

2 3 k

H
—|— 2!&2

H
W:al ﬁ+...

H*
= a1 0% D £ 20ay 0%V 4 (k= 1) ag_1 0.

4. Asymptotics in the Cesaro sense

We now introduce and study asymptotics in the Cesaro sense for elements
of M. As usual, I" stands for the Euler Gamma function and o stands for the
little o growth order symbol of Landau [G, Chap. 1].

Definition 4.1. Let W € M. For o € R\{—1,—-2,...}, define

vz

VO T

(@),

if and only if there is k € N such that W = % with

Na+k+1)f(x) —p(x)
zoﬁ»k

(4.1) =7, T =00,
where p is some polynomial with degp < k — 1. That is,

D(a+k+1)f(z) = p(x) + vz +o(xz*TF),  asz — oo.
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Remark 4.2. If a > —1, then the polynomial p is not needed.

The next theorem tells us that Definition BT is consistent with the choice
of representatives.

Theorem 4.3. If W = % € M is such that (Z-1) holds, then the continuous
Hm
function H™ x f in the representation W = Hkijmf (m € N) satisfies

Dla+k+m+1)(H™ * f)(x) —q(x)
moz—&-k’-&-m

— 7, T — 00,

for some polynomial q of degree at most k +m — 1.

Proof. Suppose that (E) holds for some polynomial p with degp < k — 1.
Consider
p(t)

na+k+mé$@ﬁy—na+k+n)ﬁ+K,

with K a constant to be determined.
Case 1. Suppose a+k < —1 = 22T* € L}(1,00). So, (4.1) implies f —p/T'(a+
k+1) € L'(0,00). Therefore there exists a constant K such that

Thus, using L’Hospital’s rule and (ET)

Tla+k+2) [y (f(t)—%) dt + K

lim

T—00 xa+k+1
o Ttk D)~ pla)
T—00 gjo‘+k

Let q(z) = (o + k+1) [ p(t)dt — K. Then ¢ is a polynomial with degq < k.
Moreover,

DNa+k+2)(H* f)(x) —g(x)
xa+k+1

— 7y, asx —>oo.

Case 2. Suppose « + k > —1. Assume v # 0. Then (E) implies
/ T(a+Ek+1)f(t) —p(t))dt - £oo, asz — oo.
0
Using L’Hospital’s Rule and (2T),

D(a+k+2) [y (f(t) - %) dt
xa+k+1

:(a+k+nﬂﬂ3i;ﬁ+nﬂ®fpm)%vv
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as x — 00. For the case v = 0 (and a+k > —1), we set g(x) = I'(a+k+1) f(z)—
p(z). It is well known that if 2= *g(z) — 0, then 2=*~*=1 [F g(t)dt — 0 (see
e.g. [B, Chap. 1]).

The above shows that the claim is true for m = 1. By using induction, the
result follows. 0

Unless otherwise stated, we assume from now on a € R\{-1,-2,...}.
The following provides an alternative to Definition .
Let W € M and v € C. Then

e

yx

m (C), T — 0

(4.2) W(x) ~

if and only if there exist n € N with a +n > 0, g € C(R), and b > 0 such
that W(x) = D"g(z) on (b,00) and g(z)/z*™™ — v/T(a+n+1) as z — oo.
We leave the verification of this fact to the reader.

Theorem 4.4. We have:

(a) If f € CL(R) such that f(x) ~ yz® as x — oo, then Wy(z) ~yx* (C),
T — 00.

(b) Let W € M satisfy (B2). Then,

(4.3) DW (z) ~ % (©), z— o0
and

,yanrl
(4.4) aW(z) ~ Tt D (@), z— 0.

Proof. We only prove (E4) since the other parts of the theorem follow from the
definitions. We first assume a stronger condition on the polynomial p. Suppose
V=-"2L eM(n>2) with
H’I‘L
Ma+n+1)g(z) — p(x)

JZO‘+"

(4.5)

— v  asx — 00,

for some polynomial p with degp < n — 2. Then there exists a polynomial g
with degq < n — 1 such that

(o +n+2)zg(z) — q(z)
xa+7z+1

—(a+n+1)y as x— oco.

Therefore,
g (a4n41)yzet!
H" Ia+2)

(@), z— o0
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Also, from (B3) it follows that

—ng —nyzotl
Hn—1 INa+2)

(C), z— 0.

Thus,
,Yon»l

IMNa+1)

We now remove the stronger condition that degp < n —2 and complete the

xV(z) ~ (C), x— o0

proof of the theorem. Let W = % € M such that (E2) holds. That is, there
exists ag, ay,...,ax—1 € C such that
T k+1 - _qxhl
(4.6) (atk+1)f(@) = (a0 tkalz +otaar ) —7v asT — o0
:I;oc
1)~ gt _ f
Let V = gk € M, where = ap_1/T'(a+ k+1). Then, from (E3)
it follows that,
V(zx) 7zt (@), z— o0
MNa+1) ’ '
And, by the first part of the proof,
a+1
v
V ~ —— C .
xV(x) Mot 1) (@), z—o0

Since, W = zV + B(k — 1)lzd = 2V, it follows that

’}/(EOH_I
O
By Theorem B4, we obtain the following theorem.
vz ayz®
Th 4.5. If (H =W ~ — (C), th w ~ —_—
eorem f (H «+ W)(x) Mot D) (C), then (zW)(x) Tla+ D)

(C),  — .

The proofs of the next proposition and corollary follow from the definitions.

0

Proposition 4.6. If V has compact support, then V(x) ~ mx
@

“ (0,

T — 00.
Asymptotics in the Cesaro sense is a local property.

Corollary 4.7. Let W,V € M. Suppose that W has Cesaro asymptotics (E2)

and W(x) =V (x) on (a,00). Then, V(x) ~ e

il (@), z— 0.
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5. Applications

In this last section we give some Abelian and Tauberian theorems for Stielt-
jes and Laplace transforms of elements of M.

We start by defining the Stieltjes transform [I0]. Let » > —1 and suppose
W = % € M, where z7""*+7 f(z) is bounded as x — oo for some o > 0.
The Stieltjes transform of W of index r is given by

AW (2) = (r+ 1) /OOO (1;4_];(;)4-k+1dx’ z € C\(—o00,0],

where (r 4+ 1) = % =(r+1)(r+2)...(r + k). Notice that A, W(z) is
holomorphic in the variable z, as one readily verifies.

The following is a classical Abelian theorem for the Stieltjes transform.
Theorem 5.1 ([B]). If f € C+(R) such that 27V f(z) - A as x — oo, with
v > —1, then for p > v,

Do+ 1S, ()

lim = A,
| arg ;\2090<7r/2 F(p a V)F(V + 1)
where S,f(2) = [;° % dx.
Theorem 5.2. Let W € M and r > —1. Suppose W (z) ~ % (0),

x — 0o. Then:
(i) If r > a > —1, then A, W (z) is well-defined and has asymptotic behavior
lim P Flgr—i- DA W (2) .
|arg z|<O<m/2 (T - Oé)

(i) If a < =1, a ¢ {—2,-3,—4,...}, then A,W(z) is well-defined and there

are constants Ay, ..., A such that
k
. 2" eT(r+1) A;j
(5.1) lim — | AW (2) — Z T_f_, = .
| arg ;\2090<7r/2 F(T o Oé) j=1 z

f

Proof. (i) Let a > —1 and W = Tr € M such that

Mla+k+1)f(z)
$Ol+k?

— 7  asx — o0.

It follows that for » > «, f(2)x~ "+ is bounded as z — oo for some o > 0.
Now, by substituting r + k for p, a + k for v, and for A in the above
classical Abelian theorem, we obtain

270 (r+ k+ 1)Sr1if(2)
I(r—a)

. T
T(a+k+1)

lim
z— 00
|arg z|<O0<m/2

:"y.
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Now, using the fact that A, W (2) = (r + 1) Sy4rf(2), the result follows.

(ii) Suppose that W = % € M with k£ + « > —1 and that f can be

written as f(x) = p(z) + g(z), where g € O (R) satisfies lim, ,, 27 *g(z) =
v/T(a+k+1) and p(z) = Zf;é a;zd. It follows that | f(z)| < Ca*~! for some
constant C and thus f(z)z~""¥*7 is bounded for any 0 < ¢ < 1 +r. Observe
that

k—1 i
oo .TJ
S’r+k f(Z) = S,,-+k; g(Z) + E_ a; ‘/0 m dzx

= JIT(r+k—j)

= Srig(z +Zfr+k+1zﬂ+k‘” =k

By Theorem B, we have that 2" =S,k g(z) — % as z — 0o on sectors

largz| < 0 < §. Since A,W(z) = (r + 1)1 Syyx f(2), we obtain (E) with

Aj = ( —j) (’I" + 1)j,1ak,]-. O

We illustrate our ideas with the ensuing example, a deduction of Stirling’s
formula for the Gamma function.

Example 5.3. (Stirling’s formula) Recall that the digamma function ¢ is
defined as the logarithmic derivative of I'. By using the product formula for I,
namely,
vz -1,
I'(z) = ¢ (1+E> en,
z n

n=1

one has

w<z):¥((j)) :—W+n§_:o<nil —nJer) zeC\{0,-1,-2,...},

where 7 is the Euler-Mascheroni constant. We define W = where f(z) =

7t
H?’
Jo (lt] —t+3)dt (here || stands for the integer part of x).

Set g(x) = L:Ej x+ and note that g is periodic with period 1, |g(z )| < ifor
all z € R, and f x)dx = 0 for all n € N. This implies that Uo dt’ < %
for all z > 0. Consequently, W(z)~0-279 (C), x—ooforany0 <o < 2.
Theorem 4 now yields (from the proof it is clear that the constants 47 = A3 =0
in this case because f is bounded)

(5.2) lim 27N W(z) =

zZ—> 00
|arg z|<O<m/2

for any 0 < o < 2. From now on we will work with 1 < ¢ < 2. We compute an
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explicit expression for AW (z),

By CELEL IS
0

(z+2)?

Lo /N d|z] N N /N da
= — im — —
2z Nooo\Jy z+2z N4+2z N+z 0o THz

N
=1 — li —InN
nz+ +Ng>noozn z "

=Inz+ o~ ()

=lnz+ -~ z).
The limit (62) then yields
(5.3) P(z)=lnz+ ! + ! —

. z)=1In — i
it ootol ), 2= 0o

for z in the sectors |arg z| < 6 < 5. Note that integration of (5=3) implies for
any 0 < 7 <1,

T

1 1
lnF(z):z(lnz—l)+2lnz+C—|—o< >, Z — 00

on |argz| < 6 < T, which is Stirling’s asymptotic formula for the Gamma

function except for the evaluation of the constant C. The constant is of course
well known to be C = v/2w. We refer to [G, p. 43] for an elementary proof of
the latter fact.

f

We now consider the Laplace transform [0]. If W = % € M, where

f(x)e™ % is bounded as x — oo for some o € R, then the Laplace transform
of W is given by

LW (z) = zk/ e~ f(z)dz, Rez > o.
0
ya

Theorem 5.4. Let W € M. Assume that W(x) ~ Tla+1)

(C), x — oo.
Then W s Laplace transformable and
(i) If « > —1, then
lim 22TULW (2) = .

z—0
|arg z|<O<m/2
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(i) Ifa < —1, a ¢ {—2,-3,...}, then there are constants Ay, ..., Ax_1 such
that

k-1

: a+1 _ LI =

(5.4) llil(l] z LW (z) E . Ajz ¥
j=

|arg z|<O<m/2

Remark 5.5. In the terminology of finite part limits ([B, Sect. 2.4]), the limit
(B) might be rewritten as

F.p. lim 22TLLW (2) = .

z—0
|arg z|<O<m/2
Proof. (i) Let « > —1 and W = % € M such that
r k+1
(atk+1)f(z) —7 as T — 00.
xa-&-k:

It follows that there exists o > 0 such that f(z)e °% is bounded as z — oo.
Now, by a well known classical Abelian theorem for the Laplace transform [4],
we obtain

Y
|azg Zz|§3<ﬂ/2 Pla+k+1) T(a+k+1)
So,
lim 22TILW (2) = lim 2R F(2) = .
z—0 z—0
|arg z|<O<m/2 |arg z|<O<m/2
f

(ii) Suppose W = TE € M with £ + a > —1 and that f can be written as
f(z) = p(z) + g(z), where g € C(R) has asymptotic behavior

lim gz~ %
xTr—r00

Y
9@ = s TR

and p(z) = Z?;& ajzi. Note that W = W; + Wa, where W; = I and

Ok
Wo Exactly as above, one verifies that

P
= %
lim 22TLLW (2) = 7.

| arg zz|§3<7r/2

It remains to observe that LW (z) = Zf;& A2, with Aj = ag—j1/(k —j —
1l O

Theorem 5.6. (Tauberian Theorem) Let W = % € M, where in addition

to f € CL(R), f is real-valued and nonnegative. If LW (s) ~ vs~ 71 s — 0F

(for some o > —1), then W(x) ~ T
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Proof. Tt follows that

(5.5) Lf(s) ~rys~ @tk g 0F,

Also,

(5.6) Lf(s) = / T et  « (), 5> 0.
0

Since H * f is nondecreasing, by (63) and (68) and the Hardy-Littlewood-
Karamata Tauberian Theorem [B, [4], it follows that

N v atk+1
(H * f)(z) F(a+k—|—2)x , T — 00.
That is,
Do+ (E+1)+1)(H* f)(x)
gy -7y, T — 0.
. Hx f . vy
= ——, th 1 ~— .
Since W TR the above yields W (x) Tat 1) (@), = O
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