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PARTIAL REDUCTION FOR LINEAR SYSTEMS OF
OPERATOR EQUATIONS WITH SYSTEM MATRIX
IN COMPANION FORM"

Ivana Jovovié®?

Abstract. In this paper we will consider a partial reduction for non-
homogeneous linear systems of the operator equations with the system
matrix in the companion form and with different operators. As a result
of this method we will get an equivalent system consisting of the linear
operator equations having only one or two variables. Homogeneous part
of the equation in one unknown is obtained using generalized character-
istic polynomial of the system matrix. We will also look more closely at
some properties of the doubly companion matrix.
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1. Introduction

A common method for solving linear systems of the operator equations with
constant coefficients is to decompose it into several subsystems using Jordan
canonical form, and then to solve each of these subsystems separately. In
paper [G] the idea was to use the rational instead of the Jordan canonical form
to reduce a linear system of the first order operator equations to an equivalent
partially reduced system, i.e. to the system which consists of a higher order
linear operator equations having only one variable and the first order linear
operator equations in two variables. By the order of a linear operator equation
we mean the highest power of the operator in the equation. The reduction
process was divided into two steps. The first step was to reduce a linear system,
by using some basic properties of the rational canonical form, into a proper
system for a further study. More precisely, let K be a field and V' be a vector
space over K. For a positive integer n, let K™*™ be the set of all n x n matrices
over K and let V"*! be the set of all n x 1 matrices over V. Let ¢1 ¢ ... ©n
be given vectors in V and let A: V' — V be a linear operator on V. We write
1y ... Ty for an unknown vectors in V. If we assume that the system matrix
B = [b;;] € K™*™ is similar to the matrix C in the companion form, then the
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linear system of the first order operator equations in unknowns x1, xs2, ..., T
of the form

bi171 + bioxo + ... + bipTy + 01
bo1x1 + baoxa + ...+ bop Ty + @2

A(zy)
A(z2)

A(-rn) - bnlxl + bn2x2 +...+ bnnxn + ©n,

can be transformed to an equivalent system in unknowns yi, yo, ..., y, of the
form

A(yr) = Y2 + 11

A(y2) = Y3 + P2

A(yn—l) = Yn + V1

A(yn) = —dpy1 —dn—1y2 — ... — d1yn + U,
where the columns 7= [y; ... yn]T € V! and o = [ihy ... 1,]T € Vrx1

are determined by 7= P~ 'Z i @Z: P~13 for regular matrix P € K™ ™ such
that C = P~'BP and where dy,ds,...,d, are coefficients of the character-
istic polynomial of the matrices B and C. The second step of reduction is to
obtain the partially reduced system from the system in companion form. If we
write 511(03 A"k (ay), ..., A"*(4),)) for the sum of principal minors of order
k containing elements of the first column of the matrix obtained by substituting
column [A" (1)) ... A" F(1,,)]T € V™*1 in place of the first column of C' and
if we set Ac(A) = A" +di A" 1 +.. . +d,_1A+d,I, then the partially reduced
system is of the form

Ac(A)(y1) = D (~DFFE(C; A (@), ..., AR ()

k=1
Yo = A(y1) =1
Y3 = A(y2) —
Yn = A(yn—l) - ¢n—1-

In paper [5] we introduced a method for total reduction for linear systems of
the operator equations with the system matrix in the companion form, not
by a change of basis, but by finding the adjugate matrix of the characteristic
matrix of the system matrix. We also indicated how this technique may be
used to connect differential transcendence of the solution with the coefficients
of the system. In this paper we will replace single operator A with a sequence
of linear operators Ay, Ao, ..., A,, and concern more closely the second step of
the reduction process.
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Let C be a n x n matrix with coefficients in the field K in companion form, i.e.

0 1 0 0
0 0 0 0
C = : : : : e Knxm,
0 0 0 1
—-d, —dp—1 ... —do —di

Characteristic polynomial of the matrix C' is
AcN) =N+ di X"+ da N+ dy,

please refer to [3, p. 488]. Throughout the paper columns ¥ = [x1 22 ... ,]7 €
VXl and @ = [p1 92 - .. pn)T € V> will be called column of unknowns and
nonhomogeneous term, respectively. Vector operator A yrnxl o ynxl g
defined componentwise by A(Z) = [A;(z1) Az(a2) ... An(z,)]T. Matrix form
of the linear system of the operator equations with the system matrix in the
companion form and with different operators is

(1) AZ) = CZ+ @.

The matrix form can be rewritten in the following system companion-like form

Aq (1) = T2 + 1
As () = T3 + P2
(2) :
An—l(xn—l) - Ty + Pn—1
An(:r'n) = —dpr1 —dp_122 — ... —diz, + ©n-

As we have already mentioned, the main topic of the paper is reduction of the
linear system (B) to the partially reduced system. In fulfilling this task we will
get some auxiliary results on doubly companion matrices.

2. Properties of Doubly Companion Matrix

Butcher and Chartier in [0, p. 274] introduced the notion of the doubly
companion matrix of polynomials a(\) = A" + a; A"t + ...+ an_1 A+ a, and
BA) = A"+ by A" L+ ..+ b, 1\ + b, as an n X n matrix over the field K of
the form

—a1  —ap —Qp—1 —ap — by
1 O 0 _bn—l
C=(a,B) :
0 0 0 —bsy
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If by = by = ... = b, = 0, we obtain the companion matrix of the polynomial
a(A) =N+ a1 A"t + ...+ ap_1A + ay, of the form

—a1 —Aaz ... —Qp—1 —an
1 0o ... 0 0
Cla) = : 0 |-
0 0 0 0
0 0 1 0
and if a; = as = ... = a, =0, we get matrix
00 ... 0 -b,
1 0 ... 0 —bp_1
cB)=|:+ :
0 0 ... 0 —by
0 0 1 —b

with the characteristic polynomial () = A" + by A"t + ... + b, 1\ + by,.
Wanicharpichat in paper [0, p. 262], inspired by paper [0], defined the notion
of the lower doubly companion matrix as a matrix

—by 1 0 0

—bo 0 1 0

—bn_1 0 0 1
—b, —a, —Qp-1 —Qp—2 ... —a1

which is for us more convenient to follow.

Butcher and Wright in [B, pp. 363-364], and Wright in [@] used the doubly
companion matrix as a tool for analyzing various extension of classical meth-
ods with inherent Runge-Kutta stability. Wanicharpichat in [8] proved that the
doubly companion matrix is nonderogatory and calculated its minimal polyno-
mial. In Wanicharpichat’s paper [Il] we can find eigenvectors formulas for the
doubly companion matrix and in paper [d] explicit formula for a determinant
and an inverse formula of the doubly companion matrix were proved.

Butcher and Chartier in paper [, Lemma 1.] asserted that the character-
istic polynomial of C(«, ) is given by omitting the negative powers of A in
A7"a(A)B(N). Wanicharpichat in paper [8, pp. 367-368] gave a direct calc-
ulation for finding the characteristic polynomial A (o g) = det(A —C(a, 3)) by
performing an elementary row and column operation on the matrix A\I—C(«, ).

Lemma 2.1. The characteristic polynomial of the doubly companion matriz

by 1 0 ... 0
b 0 1 ... 0
brn—1 0 0 1
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s polynomial

Ap(N) = N — (by 4+ a)N\" 7+ (bray — by —ag) A" 4.
A blan_l + bQ(ln_Q + ... bn—lal — bn,

i.e. for the coefficients dy of ¥ in the characteristic polynomial Apr(N) of the
matriz M following equality holds

k—1
dk = E bjak_j — bk — ag,
Jj=1

where 1 < k <n and a, = 0.

Let M be an arbitrary n x n matrix over the field K. Let us denote by & (M)
the sum of principal minors of the matrix M of the order k and by (5,16(M )
the sum of the principal minors of the matrix M of the order k containing
the first column, 1 < k < n. Coefficients of the characteristic polynomial
Apr(A) = A" +di A" +. . .+d, of the matrix M can be expressed in the terms
of sums of its principal minors. More precisely we have dj, = (—1)*d, (M), for
1 <k <n (please see [, p. 203]).

The following result can be also found in paper [B]. In this paper we give
an elegant proof using previous lemma.

Lemma 2.2. If matrix M has the form

by 1 0 0
by 0 1 0
M= :
bn—1 0 0 1
n Ap—1 Ap—2 aq

then it follows
L k—1
L) = (_1)k(2bjak_j—bk) (1<k<n).
j=1

Proof. For the coefficients of the characteristic polynomial
AyN) =N +d X"+ dy N+ d,

of the matrix M the equality di = (—1)¥d; (M) holds .
By deleting the first row and column of the matrix M we obtain (n—1) x (n—1)
matrix
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The matrix M is the companion matrix of the polynomial
aN) = N N2 oA — a1,

and hence its characteristic polynomial is a(\). Consequently it follows that
—ag = (=1)*8p (M), for 1 <k <n—1.

The sum of all principal minors of the matrix M of the order k can be expressed
as the sum of its principal minors of the order k£ containing the first row, and
consequently the first column, and the sum of those which do not. Therefore,
we get connection between sums of principal minors of the order k of matrices
M and M which states 04 (M) = 511(M) + 0,(M). Lemma EZI provides that

dj, = 25;11 bjak—; — by, — ax and by assuming that a, = 0, we conclude

k—1
1 —

k = - = (=D*dy + (=1)*ar = (- jak—j — Ok |
Op(M) = 04(M) = 0x(M) = (=1)"dy + (~1)*ar = (=1)* [ Y b b

for1 <k<n. - O

3. Main Result

In this section we are returning on the reduction process of the system
(2). We write M*(v1,...,v,) for the matrix obtained by substituting column
v = [v1...0v,]7 € V™1 in place of the first column of M. As we mentioned
above, it is convenient to use 5,%(M;v1, ceyUp) = (5,%(M1(v1, ..., Up)) for the
sum of principal minors of the order k containing the first column of the matrix
M (vy,...,v,).

Theorem 3.1. The linear system of the operator equations

Aq(z1) = T2 + 1

A (1) = T3 + P2

An—l(xn—l) = Tp + Pn—1

An(gjn) = 7an1 - dn—le e T dlzn + ©n,

can be transformed into partially reduced system

L(A)(:m)

Z k+1(51 C; Ap—kt10...0A2(p1),.. ., Ap_go...0A1(pn))
— ——

n—k n—k
ro = A1) — @1
r3 = Ax(r2) — @2

Tp—1 A
Tp = An—l(xn—l) — Pn—1,
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where
L(/T)(xl) = A,o0A,_10...0A(x1)+d1Ap_10A,_20...
...0 Al(Il) +...+ dn—lAl(xl) +dpz
and where

5;(0;/17,,_;64_10. . .OAQ((pl), ey An—ko~ . OAl((pn))

s the sum of principal minors of the order k containing the first column of

matric

[ Ay goAn gk o...0A3(p1) 1 0o ... 0 0 0
Anfk+20Anfk+lo~ . .OA3(g02> 0 1 0 0 0
ApoAn_q0...0Ak(¢k) 0 0o ... 1 0
AIOATL O--~0Ak+2(¢k)+1) 0 0 0 1 0
Ag 0A1 O.. ~0Ak-+3(§0k+2) 0 0 ce 0 0 1
An—k—l OAn—k—QO- . .OAn((pn_l) 0 0 AN 0 0 0

_An—k OAn—k—lo- . OAl(SOn) *dn—l *dn—2- . -*dn—k *dn—k—l *dn—k—2- D

1

d

Proof. From the first equation of the system we have x4 = A;(z1) — ¢1. Sub-
stituting this expression into the second equation we get x5 = Ag(x2) — 2 =
As 0 Ay(x1) — Az(p1) — w2. So each zy, 2 < k < n, can be expressed as a

function of x; in the following way

k—1
T = Ak—l @) Ak_g O0...0 Al(l‘l) — ZAk_l @) Ak_g O0...0 Aj_;,_l((pj).

j=1

k—1—j
Hence substituting these expressions into the last equation yields

ApoA, q10...0A(x) — anl ApoAn_10...0A4;41(pj) =

j=1
—dpz1 — dn—l(Al(l‘l) - 901) - dn—Q(AQ o A1($1) - A2(<P1) - %02) — ...
—d; (An,1 o An,Q 0...0 Al(l'l) — Z;l;ll An,1 o An,Q 0...0 AjJrl((le)) + ©n

ie,

-,

L(A)(z1) = (An oA, 0. .0 Ag(cpl))

+ (An 0An_10...0A3(p2)+d1Ap_10A, 20...0 A2(<p1)>

+ (An(@nfl)+d1Anfl (Pn-2)+doAn_2(ons)+.. ~+dn72A2(§01))

+ Pn + dl@n—l + d2§0n—2 + ...+ dn—2§02 + dn—1§01> .
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We have

‘LT )(z1) szk i An—ktj o An—krj—10...0 Aj1(p)),
k=1 j=1

n—k

where do = 1.
Lemma 22 leads to 01 (CiAn_pyr10...0Ax(p1),..., A o...0Ai(pn)) =
(- )’”12 18— An—ktj © Ap—kyj—10...0 Aj11(p;), and in consequence

L( )( ) - Zk:l( )k+15]};(07‘4n—k:+10--~OA2(<)01)3-~-aAn—k:O--~oA1(<pn))a
which completes the proof. O

The following construction was motivated by [6]. Operator L can also be
obtained by using generalized characteristic polynomial of the system matrix
C. Generalized characteristic polynomial of matrix C is defined by

A1 -1 0 0
0 )\2 0 0
A (X) AC()\L)\Q,...,)\ ): .
0 0 )\nfl —].
dn dnfl d2 A + d1

Let us denote by L(X) = L(A\1, A2, ..., Ay) polynomial
AAn—1--- A +didpadns ... A1 +... +dpar + d,.
Multiplying the last column of determinant Ac(X) by A,_; and adding it to

the penultimate, then multiplying obtained column with A\,_o and adding to
the previous one, and continuing in this fashion, we obtain

0 -1 ... 0 0
0 0 0 0
Ac(N) =] : . : :
0 0 0 -1
L) EA=d Nt didectdy A+ ds

The Laplace expansion along the first column of the previous determinant yields
AcN=L(N).

4. Acknowledgement

The author is very grateful to the anonymous referee for useful comments
and suggestions which inspired the improvement of the manuscript.



Partial reduction for linear systems of operator equations 9

References

1]

Butcher J. C., Chartier P., The effective order of singly-implicit Runge-Kutta
methods. Numerical Algorithms 20 (1999), 269-284.

Butcher J. C.; Wright W. M., Applications of doubly companion matrices, Ap-
plied Numerical Mathematics 56 (2006), 358-373.

Dummit D. S., Foote R. M., Abstract Algebra, third edition. Hoboken: Johan
Wiley & Sons, 2004.

lantmaxep ®. P., Teopus wmarpun, m3manwe duerBeproe, Hayka,
Mocxksa, 1988.

Jovovié 1., Total Reduction of Linear Systems of Operator Equations with the
System Matrix in the Companion Form. Publications de I'Institut Mathématique
93(107) (2013), 117-126.

Malesevi¢ B., Todori¢ D., Jovovié 1., Telebakovi¢ S., Formulae of Partial Reduc-
tion for Linear Systems of First Order Operator Equations. Applied Mathematics
Letters 23 (2010), 1367-1371.

Wright W.M., General Linear Methods with Inherent Runge-Kutta Stability.
PhD thesis, University of Auckland, 2003.

Wanicharpichat W., Nonderogatory of Sum and Product of Doubly Companion
Matrices. Thai Journal of Mathematics Volume 9 (2011), 361-372.

Wanicharpichat W., Explicit Inverse of a Doubly Companion Matrix. Thai Jour-
nal of Science and Technology 1 (2012), 55-60.

Wanicharpichat W., Explicit Eigenvectors Formulae for Lower Doubly Compan-
ion Matrices. Thai Journal of Mathematics 11 (2013),261-274.

Received by the editors June 15, 2012



	Introduction
	Properties of Doubly Companion Matrix
	Main Result
	Acknowledgement

