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REGULAR Γ−INCLINE AND FIELD Γ−SEMIRING

M. Murali Krishna Rao1 and B. Venkateswarlu2

Abstract. We introduce the notion of Γ−incline as a generalization of
incline, which is an algebraic structure with an additional poset struc-
ture. We introduce the notions of regular Γ−incline, integral Γ−incline,
field Γ−incline, field Γ−semiring, simple Γ−semiring and pre-integral
Γ−semiring. We study their properties and relations between them. We
prove that if M is a linearly ordered regular Γ−incline, then M is a com-
mutative Γ−incline and M is a field Γ−semiring with an additional prop-
erty if and only if M is an integral, simple and commutative Γ−semiring.
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1. Introduction

The notion of a semiring was introduced by H. S. Vandiver [15] in 1934.
Semiring is a well known universal algebra. Semirings have been used for
studying optimization theory, graph theory, matrices, determinants, theory of
automata, coding theory, analysis of computer programs, etc.

The notion of a Γ-ring was introduced by N. Nobusawa [13] as a generaliza-
tion of the rings in 1964. M. K. Sen [14] introduced the notion of Γ- semigroup
in 1981. The notion of ternary algebraic system was introduced by Lehmer [7]
in 1932, Lister [8] introduced ternary ring. Dutta & Kar [4] introduced the
notion of ternary semiring which is a generalization of ternary ring and semir-
ing. In 1995, M. Murali Krishna Rao [11] introduced the notion of Γ- semiring
which is a generalization of Γ- ring, ternary semiring and semiring. After the
paper [11] was published, many mathematicians obtained interesting results on
Γ-semirings.

The concept of an incline was first introduced by Z. Q. Cao [3] in 1984.
Inclines are additively idempotent semirings in which products are less than or
equal to either factor. Products reduce the values of quantities and make them
go down therefore the structures were named inclines. Idempotent semirings
and Kleene algebras have recently been established as fundamental structures
in computer sciences. An incline is a generalization of Boolean algebra, fuzzy
algebra and distributive lattice and incline is a special type of semiring. An
incline has both the semiring structure and the poset structure. Every dis-
tributive lattice and every Boolean algebra is an incline but an incline need not
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be a distributive lattice. The set of all idempotent elements in an incline is a
distributive lattice. Von Neumann [12] introduced the concept of regular ele-
ments in a ring. A. R. Meenakshi and S. Anbalagan [9] studied regular elements
in an incline and proved that a regular commutative incline is a distributive
lattice. An incline is a more general algebraic structure than a distributive lat-
tice. Ahn, Jun and Kim [1] have proved that “Every prime ideal of the incline
M is equivalent to an irreducible ideal of M”. In an incline every ideal is a
k-ideal. A. R. Meenakshi and N. Jayabalan [10] have proved that every prime
ideal in the incline M is an irreducible ideal of M and every maximal ideal in
the incline M is an irreducible ideal. W. Yao and S. C. Han [16] studied the
relations between ideals, filters and congruences in inclines and it is shown that
there is a one to one correspondence between the set of ideals and the set of
all regular congruences. Z. Q. Cao et al. [2] studied the incline and its appli-
cations. Kim and Rowsh [5, 6] have studied matrices over an incline. Many
research scholars have researched the theory of incline matrices. Few research
scholars studied the algebraic structure of inclines. Inclines and matrices over
inclines are useful tools in diverse areas such as automata theory, design of
switching circuits, graph theory, information systems, modeling, decision mak-
ing, dynamical programming, control theory, classical and nonclassical path
finding problems in graphs, fuzzy set theory, data analysis, medical diagnosis,
nervous system, probable reasoning, physical measurement and so on.

In this paper, we introduce the notion of Γ−incline as a generalization of the
incline, which is simultaneously an algebraic structure and a poset structure.
We introduce the notions of regular Γ−incline, idempotent Γ−incline, integral
Γ−incline, pre-integral Γ−incline, mono Γ−incline, field Γ−incline and study
the relations between them and their properties. Also, we introduce the notion
of field Γ−semiring, simple Γ−semiring, pre-integral Γ−semiring and integral
Γ−semiring and we study the relations between them and their properties.

2. Preliminaries

In this section we will recall some of the fundamental concepts and defini-
tions, which are necessary for this paper.

Definition 2.1. [2] A set S together with two associative binary operations
called addition and multiplication (denoted by + and ·, respectively) will be
called a semiring, provided

(i) addition is a commutative operation.

(ii) multiplication distributes over addition both from the left and from the
right.

(iii) there exists 0 ∈ S such that x+0 = x and x ·0 = 0 ·x = 0 for each x ∈ S.

Definition 2.2. [3] A commutative incline M with additive identity 0 and
multiplicative identity 1 is a non-empty setM with operations addition (+) and
multiplication (.) defined on M ×M → M satisfying the following conditions
for all x, y, z ∈ M
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(i) x+ y = y + x

(ii) x+ x = x

(iii) x+ xy = x

(iv) x+ (y + z) = (x+ y) + z

(v) x(yz) = x(yz)

(vi) x(y + z) = xy + xz

(vii) (x+ y)z = xz + yz

(viii) x1 = 1x = x

(ix) x+ 0 = 0 + x = x

(x) xy = yx

Definition 2.3. [13] Let M and Γ be additive abelian groups. If there exists
a mapping M ×Γ×M → M (images of (x, α, y) will be denoted by xαy, x, y ∈
M,α ∈ Γ) satisfying the following conditions for all x, y, z ∈ M,α, β ∈ Γ

(i) xα(yβz) = (xαy)βz

(ii) xα(y + z) = xαy + xαz

(iii) x(α+ β)y = xαy + xβy

(iv) (x+ y)αz = xαz + yαz.

Then M is called a Γ− ring.

Definition 2.4. [11] Let (M,+) and (Γ,+) be commutative semigroups. Then
we call M a Γ−semiring, if there exists a mapping M × Γ×M → M (images
of (x, α, y) will be denoted by xαy, x, y ∈ M,α ∈ Γ) such that it satisfies the
following axioms for all x, y, z ∈ M and α, β ∈ Γ

(i) xα(y + z) = xαy + xαz

(ii) (x+ y)αz = xαz + yαz

(iii) x(α+ β)y = xαy + xβy

(iv) xα(yβz) = (xαy)βz.

Every semiring R is a Γ−semiring with Γ = R and ternary operation xγy
defined as the usual semiring multiplication.

We illustrate the definition of Γ−semiring by the following example.
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Example 2.5. Let S be a semiring and Mp,q(S) denote the additive abelian
semigroup of all p × q matrices whose entries are from S. Then Mp,q(S) is a
Γ−semiring with Γ = Mp,q(S) and the ternary operation defined by the usual
matrix multiplication as xαy = x(αt)y, where αt denotes the transpose of the
matrix α; for all x, y and α ∈ Mp,q(S).

Definition 2.6. [11] A Γ−semiring M is said to have a zero element if there
exist an element 0 ∈ M such that 0 + x = x = x + 0 and 0αx = xα0 =
0, for all x ∈ M,α ∈ Γ.

Definition 2.7. [11] A Γ−semiring M is said to be a commutative Γ−semiring
if xαy = yαx, for all x, y ∈ M and α ∈ Γ.

Definition 2.8. [11] Let M be a Γ−semiring. An element a ∈ M is said to be
α idempotent if a = aαa; an element of M is said to be an idempotent of M if
it is α idempotent for some α ∈ Γ.

Definition 2.9. [11] Let M be a Γ−semiring. If every element of M is an
idempotent of M, M is said to be an idempotent Γ−semiring.

Definition 2.10. [11] Let M be a Γ−semiring. An element a ∈ M is said to
be a regular element of M if there exist x ∈ M,α, β ∈ Γ such that a = aαxβa.

Definition 2.11. [11] Let M be a Γ−semiring. If every element of M is
regular, then M is said to be a regular Γ−semiring.

Definition 2.12. [11] A non-empty subset A of the Γ−semiring M is called a
Γ−subsemiring M if (A,+) is a subsemigroup of (M,+) and aαb ∈ A for all
a, b ∈ A and α ∈ Γ.

Definition 2.13. [11] An additive subsemigroup I of a Γ−semiring M is said
to be a left (right) ideal of M if MΓI ⊆ I (IΓM ⊆ I). If I is both a left and
right ideal then I is called an ideal of Γ−semiring M.

3. Regular Γ−incline

In this section, we introduce the notions of Γ−incline, zero divisor, unity
element, invertible element, regular element and idempotent element in Γ− in-
cline and also the concepts of regular Γ−incline, integral Γ−incline, idempotent
Γ−incline and field Γ−incline. We study their properties and relations between
them.

Definition 3.1. Let (M,+) and (Γ,+) be commutative semigroups. M is
called a Γ−incline if there exists a mapping M × Γ × M → M (images of
(x, α, y) will be denoted by xαy, x, y ∈ M,α ∈ Γ) such that it satisfies the
following axioms for all x, y, z ∈ M and α, β ∈ Γ

(i) xα(y + z) = xαy + xαz

(ii) (x+ y)αz = xαz + yαz
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(iii) x(α+ β)y = xαy + xβy

(iv) xα(yβz) = (xαy)βz

(v) x+ x = x

(vi) x+ xαy = x

(vii) y + xαy = y.

Every incline M is a Γ−incline with Γ = M and ternary operation xγy
is defined as the usual incline multiplication. In a Γ−incline define the order
relation such that for all x, y ∈ M,y ≤ x if and only if y + x = x. Obviously ≤
is a partial order relation over M.

Definition 3.2. An element 0 of Γ−incline M is said to be the zero element
if 0αx = xα0 = 0 for all x ∈ M,α ∈ Γ.

Definition 3.3. A Γ−incline M is said to be a commutative Γ−incline if
xαy = yαx for all x, y ∈ M, α ∈ Γ.

Example 3.4. Let M = [0, 1] and Γ = N and let + and the ternary operation
be defined as x + y = max{x, y}, xγy = min{x, γ, y} for all x, y ∈ M,γ ∈ Γ
then M is a Γ− incline.

Definition 3.5. A Γ−subincline I of a Γ−incline M is a non-empty subset of
M which is closed under the Γ−incline operations.

Definition 3.6. Let M be a Γ−incline. An element a ∈ M is said to be α
idempotent if a = aαa; an element of M is said to be an idempotent of M if it
is α idempotent for some α ∈ Γ.

Definition 3.7. LetM be a Γ−incline. If every element ofM is an idempotent,
M is said to be an idempotent Γ−incline.

Definition 3.8. Let M be a Γ−incline. An element a ∈ M is said to be a
regular element of M if there exist x ∈ M, α, β ∈ Γ such that a = aαxβa. The
existing x is called generalized inverse of a, or g−inverse of a, or 1−inverse of
a. a[1] denotes the set of all g−inverses of a.

Definition 3.9. Let M be a Γ− incline. If every element of M is regular, M
is said to be a regular Γ−incline.

Definition 3.10. Let M be a Γ−incline. If x ≤ y for all y ∈ M then x is
called the least element of M and denoted as 0. If x ≥ y for all y ∈ M then x
is called the greatest element of M and denoted as 1.

Definition 3.11. Let M be a Γ−incline, a, x ∈ M. If a is 1−inverse of x, x is
called a 2−inverse of a. An element a ∈ M is called anti regular if there exists
x ∈ M which is a 2-inverse of a. a[2] denotes the set of all 2-inverses of a.
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Definition 3.12. Let M be a Γ−incline, a, x ∈ M. If x is a 1−inverse and
2−inverse of a, then x is called a 1, 2−inverse of a. a[1, 2] denotes the set of all
1, 2 inverses of a.

Definition 3.13. A Γ−incline M is said to be linearly ordered if for all x, y ∈
M, we have x ≤ y or y ≤ x, where ≤ is the incline order relation.

Definition 3.14. Let M be a Γ−incline. An element 1 ∈ M is said to be an
unity if for each x ∈ M there exists α ∈ Γ such that xα1 = 1αx = x.

Definition 3.15. In a Γ−incline M with unity 1, an element a ∈ M is said to
be an invertible if there exist b ∈ M,α ∈ Γ such that aαb = bαa = 1.

Definition 3.16. A nonzero element a in a Γ−incline M is said to be a zero
divisor if there exist a nonzero element b ∈ M and α ∈ Γ such that aαb =
bαa = 0.

Definition 3.17. A Γ−incline M with a zero element and unity is said to
be field Γ−incline, if it is commutative and every nonzero element of M is
invertible.

Definition 3.18. A Γ−incline M with unity 1 and zero element 0 is called
integral Γ−incline if it has no zero divisors.

Definition 3.19. A Γ−incline M with zero element 0 is said to satisfy the
cancellation law if for all a, b, c ∈ M,α ∈ Γ we have that a ̸= 0, aαb = aαc and
bαa = cαa implies b = c.

Definition 3.20. A Γ−incline M with unity 1 and zero element 0 is called a
pre-integral Γ−incline if M satisfies the cancellation law.

Example 3.21. If M = [0, 1],Γ = {0, 1}, binary operation + is maximum,
ternary operation aαb is the usual multiplication for all a, b ∈ M,α ∈ Γ, then
M is Γ−incline with unity 1.

Theorem 3.22. Let 0 be a zero element of a Γ− incline M. Then 0+x = x =
x+ 0 for all x ∈ M and 0 is the least element of M.

Proof. Let M be a Γ− incline with the zero element.

We have 0 + x = 0αx+ x = x, for all α ∈ Γ.

x+ 0 = x+ xα0 = x, for all α ∈ Γ.

Therefore 0 + x = x+ 0 = x.

⇒ 0 ≤ x, for all x ∈ M.

Hence 0 is the least element of M.

Theorem 3.23. If 1 is an unity of the Γ−incline M, it is the greatest element
of M.
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Proof. Let M be a Γ−incline with unity 1 and x ∈ M. By definition of unity,
there exists α ∈ Γ such that x = xα1 ≤ 1. Hence 1 is the greatest element of
M.

Corollary 3.24. If a Γ−incline has an unity and a zero element, they are
uniquely determined.

The following theorem follows from Theorems 3.22 and 3.23

Theorem 3.25. Let M be a Γ−incline with unity 1 and zero element 0. If
a ∈ M then 0 ≤ a ≤ 1.

The following theorem is a straightforward verification.

Theorem 3.26. Let M be a Γ−incline with a 0 element and a, b, c ∈ M. Then

(i) If a ≤ b then a+ c ≤ b+ c, aαc ≤ bαc and cαa ≤ cαb for all α ∈ Γ.

(ii) a ≤ a+ b, b ≤ a+ b.

(iii) aαb ≤ a, aαb ≤ b for all α ∈ Γ.

(iv) a+ b = 0 if and only if a = 0, b = 0.

Theorem 3.27. Let M be a Γ−incline with unity and a ∈ M. a is an idem-
potent if and only if a is regular and 1 is a g−inverse of a.

Proof. Let M be a Γ−incline with unity 1. Suppose a is α idempotent and 1
is the unity. There exists β ∈ Γ such that aβ1 = 1βa = a.
a = aαa = aα(1βa) = aα1βa. Hence a is regular and 1 is a g−inverse of a.

Conversely suppose that a is a regular element of the Γ−incline M. Then
there exist α, β ∈ Γ, x ∈ M such that a = aαxβa = aα(xβa) ≤ aαa ≤ a.
Therefore a = aαa. Hence a is an idempotent of the Γ−incline M.

Theorem 3.28. Let M be a Γ−incline. A regular element a ∈ M is the
smallest g−inverse of itself and a[1, 2] = {a}.

Proof. Let x ∈ a[1]. There exist α, β ∈ Γ such that a = aαxβa ≤ aαx ≤ x.
Since a is idempotent, a ∈ a[1]. Hence a is the smallest g−inverse of a. Let x ∈
a[1, 2]. There exist α, β, γ, δ ∈ Γ such that a = aαxβa and x = xγaδx ⇒ a ≤ x
and x ≤ a. Therefore a = x. Hence a[1, 2] = {a}.

Theorem 3.29. Let M be a Γ−incline and α, β ∈ Γ. If a, b ∈ M are α, β
idempotents, respectively, then a, b, a+ b are α+ β idempotents.
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Proof. Suppose a, b ∈ M are α, β idempotents, respectively. Then we have
aαa = a, bβb = b.

a(α+ β)a = aαa+ aβa

= a+ aβa

= a.

Similarly, b(α+ β)b = b.

(a+ b)(α+ β)(a+ b) = aαa+ aαb+ aβa+ aβb+ bαa+ bβa+ bαb+ bβb

= a+ aαb+ aβa+ aβb+ bαa+ bβa+ bαb+ b

= a+ aβa+ aβb+ bαa+ bβa+ b

= a+ aβb+ bαa+ b = a+ b.

Therefore a+ b is α+ β idempotent of Γ−incline. Hence the theorem.

Theorem 3.30. Let M be a Γ− incline. An element a ∈ M is an idempotent
if and only if a = xαaβa for some x ∈ M,α, β ∈ Γ.

Proof. Let a ∈ M,a = xαaβa for some x ∈ M,α, β ∈ Γ.
Now a = xαaβa ≤ xαa ≤ a ⇒ a = xαa.
a = xαaβa = (xαa)βa = aβa. Therefore a is a β idempotent.

Conversely suppose that a ∈ M is an α−idempotent.
Now a = aαa = aα(aαa). Hence the theorem.

Theorem 3.31. Let M be a Γ− incline. If a ∈ M, and aαxβa = a for some
x ∈ a[1], α, β ∈ Γ then aαx, xβa are idempotents.

Proof. Let a ∈ M,a = aαxβa for some x ∈ a[1], α, β ∈ Γ.
a = aαxβa ⇒ aαx = aαxβaαx. Therefore aαx is a β idempotent. Similarly
we can prove xβa is an α idempotent.

Theorem 3.32. Let M be a Γ− incline. If a is a regular element of M then
there exist x ∈ M,α, β ∈ Γ such that a = aαx = xβa.

Proof. Suppose a is a regular element of M then there exist x ∈ M,α, β ∈ Γ
such that a = aαxβa ≤ aαx ≤ a.
Therefore aαx = a.
Now a = aαxβa ≤ xβa ≤ a. Therefore a = xβa.
Hence a = aαx = xβa.

Theorem 3.33. Let M be a Γ−incline, a ∈ M an α−idempotent and a ≤ b
for some b ∈ M. We have a = aαb = bαa.
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Proof. Let a, b ∈ M and a ≤ b.

a ≤ b ⇒ a+ b = b

⇒ aα(a+ b) = aαb

⇒ aαa+ aαb = aαb

⇒ a+ aαb = aαb

⇒ a = aαb

and a ≤ b ⇒ aαa ≤ bαa

⇒ a ≤ bαa ≤ a

⇒ a = bαa

Hence a = aαb = bαa.

Corollary 3.34. Let M be a regular Γ−incline. If a, b ∈ M,a ≤ b then there
exists α ∈ Γ such that a = aαb = bαa = aαa.

The following theorem follows from Corollary 3.34.

Theorem 3.35. Let M be a regular Γ−incline. Then a ≤ b ⇔ a + b = b ⇔
aαb = a for some α ∈ Γ, a, b ∈ M

Theorem 3.36. If M is a linearly ordered regular Γ−incline, M is also a
commutative Γ−incline.

Proof. Let a, b ∈ M,γ ∈ Γ and a ≤ b. We have bγa ≤ a. Let a and bγa be
δ and β idempotent, respectively. By Theorem 3.29, a and bγa are δ + β
idempotents. Putting δ + β = α, by Corollary 3.34, we have

(bγa)αa = aα(bγa), aαb = a = aαa

⇒ bγ(aαa) = (aαb)γa

⇒ bγa = aγa

a ≤ b ⇒ aγa ≤ aγb.

Therefore bγa ≤ aγb.

We have aγb ≤ a. Let a be an α−idempotent and aγb be a β−idempotent. By
Theorem 3.29, a and aγb are α + β idempotents. Putting α + β = δ and by
Corollary 3.34, we have

(aγb)δa = aδ(aγb) and aδb = bδa = a

⇒aγ(bδa) = (aδa)γb

⇒aγa = aγb

a ≤ b ⇒aγa ≤ bγa.

Therefore aγb ≤ bγa. Hence aγb = bγa, M is a commutative Γ−incline.

Theorem 3.37. Let M be a Γ−incline, a, b ∈ M. If there exist α, β, γ, δ ∈ Γ
and x, y ∈ M such that a = aαxγa, b = bβyδb and aαM = bβM then a = b.
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Proof. Suppose a and b are regular elements of a Γ−incline M and there exist
α, β, γ, δ ∈ Γ and x, y ∈ M such that

a = aαxγa, b = bβyδb

a = aαxγa ≤ aαx ≤ a

⇒aαx = a ⇒ a ∈ aαM

⇒a ∈ bβM

⇒a = bβz for some z ∈ M

⇒a ≤ b.

Similarly we can prove b ≤ a. Hence a = b.

Theorem 3.38. Let M be a Γ−incline. M is a regular Γ−incline if and only
if M is an idempotent Γ−incline.

Proof. Suppose M is a regular Γ−incline. Suppose a ∈ M then a is a regular
element. Since a is a regular element, there exist x ∈ M,α, β ∈ Γ such that
a = aαxβa. By Theorem 3.32, a = aαx = xβa.
Now a = aαxβa = aαa and a = aαxβa = aβa.
Therefore a is α−idempotent and also β−idempotent. Hence M is an idempo-
tent Γ−incline.

Conversely suppose that a ∈ M is an idempotent, a = aαa = aαaαa. Hence
M is a regular Γ−incline.

Theorem 3.39. If M is a regular Γ−incline with 1 being its greatest element,
then 1 is the unity.

Proof. Suppose M is a regular Γ−incline with 1 being the greatest element of
M. Let a ∈ M. Since a is regular, by Theorem 3.38, there exists α ∈ Γ such
that aαa = a.

We have a ≤ 1

⇒a+ 1 = 1

⇒aα(a+ 1) = aα1

⇒aαa+ aα1 = aα1

⇒a+ aα1 = aα1

⇒a = aα1

Therefore a = aα1.

Similarly, we can prove 1αa = a. Hence 1 is the unity element of M.

Theorem 3.40. Let M be a Γ−incline and α, β ∈ Γ. If b, c ∈ M are α, β
idempotents, respectively, then bαc = bβc.

Proof. Suppose b, c ∈ M are α, β idempotents, respectively; then we have bαb =
b, cβc = c. bαc = (bαb)α(cβc) = bα(bαc)βc ≤ bβc. Similarly we can prove
bβc ≤ bαc. Hence bαc = bβc.
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Theorem 3.41. Let M be a Γ−incline and α, β ∈ Γ. If b, c ∈ M are α, β
idempotents, respectively, a ∈ M, a+ b = a+ c and bαa = aβc then b = c.

Proof. Suppose b, c ∈ M are α, β idempotents, respectively; a ∈ M,a+b = a+c
and bαa = aβc. Then we have bαb = b, cβc = c. By Theorem 3.40, bαc = bβc.

a+ b = a+ c ⇒ bα(a+ b) = bα(a+ c)

⇒ bαa+ b = bαa+ bαc

⇒ b = aβc+ bβc

⇒ b = (a+ b)βc

⇒ b = (a+ c)βc

⇒ b = aβc+ cβc

⇒ b = aβc+ c

⇒ b = c.

Hence the Theorem.

Theorem 3.42. A pre-integral Γ−incline is an integral Γ−incline.

Proof. Let M be a pre-integral Γ−incline. Suppose a, b ∈ M,α ∈ Γ, aαb =
0, b ̸= 0 ⇒ aαb = 0αb ⇒ a = 0. Hence M is an integral Γ−incline.

Theorem 3.43. Let M be a Γ−incline and x ∈ M be a regular element.
There exist α, β ∈ Γ such that for all y ∈ M, xαy is regular if and only if
yβxαy = xαy.

Proof. Let x ∈ M be a regular element. Then there exist a ∈ M,α, β ∈ Γ
such that x = xαaβx. By Theorem 3.38, x is α idempotent and β idempotent.
Suppose xαy is regular. Then there exists δ ∈ Γ such that (xαy)δ(xαy) = xαy.

We have xαyδx ≤ y

⇒ y + xαyδx = y

yβ(xαy) = [y + xαyδx]β(xαy)

= yβxαy + xαyδxβxαy

= yβxαy + xαyδxαy

= yβxαy + xαy

= xαy.

Conversely, suppose that yβxαy = xαy.
xα(yβxαy) = xα(xαy) = (xαx)αy = xαy. Hence the Theorem.

Theorem 3.44. Let M be a field Γ−incline with unity 1. Then 1 is the only
one element which is an invertible.
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Proof. Let M be a field Γ− incline with unity 1. Let 0 ̸= a ∈ M. By Definition
3.14 there exists α ∈ Γ such that aα1 = a and there exist b ∈ M,β ∈ Γ such
that aβb = 1 = bβa. We have aα1 = a ⇒ a ≤ 1.

We have a+ aβb = a

⇒a+ 1 = a

⇒1 ≤ a.

Therefore a = 1. Hence the Theorem.

The proof of the corollary follows from Theorem 3.44.

Corollary 3.45. Let M be a field Γ−incline. Then M = {0, 1} or M has only
one element (which is both zero and unity).

4. Field Γ−Semiring

In this section, we introduce the notion of unity element of Γ−semiring,
invertible element of Γ−semiring, field Γ−semiring, simple Γ−semiring, integral
Γ−semiring, pre-integral Γ−semiring and we study the relations between them.

Definition 4.1. Let M be a Γ−semiring. An element 1 ∈ M is said to be an
unity if for each x ∈ M there exists α ∈ Γ such that xα1 = 1αx = x.

Definition 4.2. In a Γ−semiring M with unity 1, an element a ∈ M is said
to be left invertible (right invertible) if there exist b ∈ M,α ∈ Γ such that
bαa = 1 (aαb = 1).

Definition 4.3. In a Γ−semiring M with unity 1, an element a ∈ M is said
to be invertible if there exist b ∈ M,α ∈ Γ such that aαb = bαa = 1.

Definition 4.4. A Γ−semiring M is said to be a simple Γ−semiring if it has
no proper ideals other than the zero ideal.

Definition 4.5. A nonzero element a in a Γ−semiring M is said to be a
zero divisor if there exist a nonzero element b ∈ M and α ∈ Γ such that
aαb = bαa = 0.

Definition 4.6. A Γ−semiring M is said to be a field Γ−semiring if M is
a commutative Γ−semiring with unity 1, zero element 0 and every nonzero
element of M is invertible.

Definition 4.7. A Γ−semiring M with unity 1 and zero element 0 is called
an integral Γ−semiring if it has no zero divisors.

Definition 4.8. A Γ−semiring M with zero element 0 is said to satisfy can-
cellation law if for all a, b, c ∈ M,α ∈ Γ we have that a ̸= 0, aαb = aαc and
bαa = cαa implies b = c.

Definition 4.9. A Γ−semiring M with unity 1 and zero element 0 is called a
pre-integral Γ−semiring if it satisfies the cancellation law.
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Example 4.10. Let M and Γ be the additive semigroup of all non-negative
rational numbers and the additive semigroup of all positive rational numbers,
respectively. Define the ternary operation M×Γ×M → M by (a, α, b) → aαb,
using the usual multiplication. Now M is a field Γ−semiring.

Theorem 4.11. A commutative Γ−semiring M with unity and zero is a field
Γ−semiring if and only if for any nonzero elements a, b ∈ M, there exist x ∈
M,α, β ∈ Γ such that aαxβb = b.

Proof. Let M be a field Γ−semiring. Let a, b be nonzero elements of M. Then
there exists β ∈ Γ such that 1βb = b and there exist α ∈ Γ, x ∈ M such that
aαx = 1.

Now aαx = 1

⇒ aαxβb = 1βb

⇒ aαxβb = b

Conversely, suppose that for any nonzero elements a, b ∈ M, there exist x ∈
M,α, β ∈ Γ such that aαxβb = b. Let 0 ̸= x ∈ M. Then there exist α, β ∈
Γ, y ∈ M, such that xαyβ1 = 1 ⇒ xα(yβ1) = 1. Hence M is a field
Γ−semiring.

Theorem 4.12. Let M be a Γ−semiring in which nonzero elements are in-
vertible, with unity and zero, satisfying the identity a+ aαb = a, for all a, b ∈
M,α ∈ Γ. Then

(i). a+ 1 = a, for all a ∈ M \ {0}.

(ii). M is an idempotent Γ−semiring.

(iii). M is additive idempotent.

Proof. Suppose M is a Γ−semiring in which nonzero elements are invertible,
with unity and zero, satisfying the identity, a+aαb = a, for all a, b ∈ M,α ∈ Γ.

(i). Let a ∈ M \ {0}. Then there exist a−1 ∈ M,α ∈ Γ such that aαa−1 = 1.
We have a+ aαa−1 = a ⇒ a+ 1 = a. Hence (i).

(ii). From (i), a + 1 = a, a ∈ M. Since a ∈ M there exists γ ∈ Γ such that
aγ1 = a.

a+ 1 = a

⇒ aγa+ aγ1 = aγa

⇒ aγa+ a = aγa

⇒a = aγa.

Hence M is an idempotent Γ−semiring.
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(iii). We have

a+ aαb = a for all a, b ∈ M,α ∈ Γ

⇒ a+ aα1 = a, for all a ∈ M,α ∈ Γ

⇒ a+ a = a, for all a ∈ M.

Hence M is an additive idempotent Γ−semiring.

Corollary 4.13. A field Γ−semiring with the identity aαb + a = a for all
a, b ∈ M,α ∈ Γ is a field Γ−incline

Theorem 4.14. If M is a Γ−semiring with unity and a ∈ M is a left invertible
then a is regular.

Proof. Let M be a Γ−semiring with unity 1. Suppose a ∈ M is left invertible,
there exist b ∈ M,α ∈ Γ such that bαa = 1. Since 1 is unity there exists δ ∈ Γ
such that aδ1 = 1δa = a.

aδ1 = a

⇒aδ(bαa) = a.

⇒aδbαa = a.

Hence a is a regular element.

Corollary 4.15. If M is a Γ−semiring with unity and a ∈ M is invertible
then a is regular.

Theorem 4.16. If M is a field Γ−semiring then M is a regular Γ−semiring.

Proof. Let M be a field Γ−semiring. Then each nonzero element is invertible.
By Corollary 4.15, each nonzero element is regular; since 0 = 0αaβ0 for all
α, β ∈ Γ and a ∈ M, the zero element is also regular. Therefore M is a regular
Γ−semiring.

Theorem 4.17. Let M be a Γ−semiring with unity 1. If a, b ∈ M, a is left
invertible, aδb is an idempotent, where 1δb = b, δ ∈ Γ then b is a regular
element.

Proof. Let a, b ∈ M,a be left invertible and aδb be β−idempotent. There exist
d ∈ M,γ ∈ Γ such that dγa = 1.

dγa = 1 ⇒ dγaδb = 1δb

⇒ dγaδb = b.

Since aδb is β − idempotent, we have

aδbβaδb = aδb

⇒ dγaδbβaδb = dγaδb

⇒ bβaδb = b.

Hence b is a regular element.
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The proof of the following theorem is similar to Theorem 4.17

Theorem 4.18. Let M be a Γ−semiring with unity 1. If a, b ∈ M, b is right
invertible, aδb is an idempotent, where aδ1 = a, δ ∈ Γ then a is a regular
element.

Theorem 4.19. A pre-integral Γ−semiring is an integral Γ−semiring.

Proof. Let M be a pre-integral Γ−semiring. Suppose a, b ∈ M,α ∈ Γ, aαb =
0, b ̸= 0 ⇒ aαb = 0αb ⇒ a = 0. Hence M is an integral Γ−semiring.

Theorem 4.20. If M is a field Γ−semiring with 1α1 ̸= 0 for all α ∈ Γ,M is
a pre-integral Γ−semiring.

Proof. Let M be a field Γ−semiring with 1α1 ̸= 0 for all α ∈ Γ. Suppose a ̸= 0
and aαb = aαc, where a, b, c ∈ M,α ∈ Γ. There exists δ, β ∈ Γ such that
1δb = b and 1βc = c.

⇒ aα(1δb) = aα(1βc)

⇒ (aα1)δb = (aα1)βc.

If a ̸= 0 then there exists β ∈ Γ such that a−1βa = 1. Suppose aα1 = 0. Then
a−1βaα1 = 0 i.e. 1α1 = 0. Therefore aα1 ̸= 0. Then there exist γ ∈ Γ, d ∈ M
such that dγ(aα1) = 1

aαb = aαc

⇒ dγ(aα1)δb = dγ(aα1)βc

⇒ 1δb = 1βc

⇒ b = c.

Hence the field Γ−semiring M is a pre-integral Γ−semiring .

Theorem 4.21. Any commutative finite pre-integral Γ−semiring M is a field
Γ−semiring M .

Proof. Let M = {a1, a2, · · · , an} and 0 ̸= a ∈ M,α ∈ Γ. We consider the n
products aαa1, aαa2, · · · , aαan. These products are all distinct, since aαai =
aαaj ⇒ ai = aj . Since 1 ∈ M, there exists ai ∈ M such that aαai = 1. There-
fore a has multiplicative inverse. Hence any commutative finite pre-integral
Γ−semiring M is a field Γ−semiring.

Theorem 4.22. Let M be a Γ−semiring with unity 1 and zero element 0. If I
is an ideal of the Γ−semiring M containing an invertible element then I = M.

Proof. Let I be an ideal of M containing an invertible element u. Let x ∈ M.
Then there exists α ∈ Γ such that xα1 = x. We have xαu ∈ I, since I is an
ideal. Since u is an invertible element, there exist δ ∈ Γ, t ∈ M such that
uδt = 1 ⇒ xαuδt = xα1 = x ∈ I. Hence I = M.
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Theorem 4.23. Every field Γ−semiring with 1α1 ̸= 0 for all α ∈ Γ is an
integral Γ−semiring.

Proof. Let a, b ∈ M and aαb = 0, α ∈ Γ and a ̸= 0. Since a ̸= 0 there exists
β ∈ Γ such that a−1βa = 1.

aαb = 0 ⇒ a−1β(aαb) = a−1β0

⇒ (a−1βa)αb = 0

⇒ 1αb = 0 = 1α0

By Theorem 4.20, b = 0. Hence M is an integral Γ−semiring.

Theorem 4.24. M is a field Γ−semiring with 1α1 ̸= 0 for all α ∈ Γ if and
only if M is an integral, simple and commutative Γ−semiring.

Proof. Let M be a field Γ−semiring. Let I be a nonzero ideal of field Γ−se-
miring M. Every nonzero element of M is an invertible. By Theorem 4.22,
we have I = M. Therefore the field Γ−semiring M contains no nonzero ideals
other than M . Hence such a field Γ−semiring is a simple Γ−semiring. By
Theorem 4.23, M is an integral Γ−semiring.

Conversely, suppose thatM is an integral, simple and commutative Γ−semi-
ring. Let 0 ̸= a ∈ M,α ∈ Γ. Consider aαM, aαM ̸= {0}, since M is an integral
Γ−semiring. Clearly aαM is a nonzero ideal of M ⇒ aαM = M, since M is
a simple Γ−semiring. Therefore, there exists b ∈ M such that aαb = 1. Hence
M is a field Γ−semiring. Since it is integral, we have 1α1 ̸= 0.
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