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UNIQUENESS OF MEROMORPHIC SOLUTION OF A
NON-LINEAR DIFFERENTIAL EQUATION"

Abhijit Banerjee? and Goutam Haldar®

Abstract. In the paper we shall concentrate on the the uniqueness
property of the solution of a specific type of differential equation as ob-
tained from the conclusion of Briick Conjecture by radically improving,
extending and generalizing a result of Bhoosnurmath-Kulkarni-Prabhu.
Some examples have been given in the paper to show that one condition
in our main result is sharp and a number of examples have been exhibited
to show that one condition used in the paper is essential.
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1. Introduction, Definitions and Results

Let f and g be two non-constant meromorphic functions defined in the open
complex plane C. If for some a € CU {co}, f — a and g — a have the same
set of zeros with the same multiplicities, we say that f and g share the value a
CM (counting multiplicities), and if we do not consider the multiplicities then
f and g are said to share the value a IM (ignoring multiplicities).

A meromorphic function a is said to be a small function of f provided that
T(r,a) = S(r, f), that is T'(r,a) = o(T'(r, f)) as r —> oo, outside of a possible
exceptional set of finite linear measure.

In 1979 Mues and Steinmetz [T5] proved the following theorem.

Theorem A. [74] Let f be a non-constant entire function. If f and f/ share
two distinct values a, b IM then f = f.

In 1996, for one CM shared values of entire function with its first derivative
Briick proposed the following famous conjecture [4]:
Conjecture: Let f be a non-constant entire function such that the hyper order
p2(f) of [ is not a positive integer or infinite. If f and f, share a finite value

a CM, then ! :; = ¢, where ¢ is a non zero constant.
Briick himself proved the conjecture for a = 0. For a # 0 following result
was obtained in [4].
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Theorem B. [i] Let f be a non-constant entire function. If [ and [ share
the value 1 CM and if N(r,0; f') = S(r, f) then % is a monzero constant.

From the following example we see that it is impossible to replace the value
1 of Theorem B by simply a small function a(# 0, c0).

Example 1.1. Let f =1+ ¢ and a(z) = —

l—e—*"

By Lemma 2.6 of [7], [p. 50] we know that a is a small function of f.
Also it can be easily seen that f and f share a CM and N(r,0; f) = 0 but
f—a # ¢ (f —a) for every nonzero constant c. We note that f—a = e=* (f —a).
So in order to replace the value 1 by a small function some extra conditions
are required.

For entire function of finite order removing the condition N(r,0; f') = 0 in
Theorem B, Yang [I6] improved the same in the following manner.

Theorem C. [I@] Let f be a non-constant entire function of finite order and

let a(# 0) be a finite constant. If f, f*) share the value a CM then f;ki;a 18
a nonzero constant, where k(> 1) is an integer.

The following examples show that in Theorem B one can not simultaneously
replace “CM” by “IM” and “entire function” by “meromorphic function”.

Example 1.2. f(z) =1+ tanz.

Clearly f(z)—1 = tanz and f (z) —1 = tan? z share 1 IM and N (r,0; f') =
0. But the conclusion of Theorem B ceases to hold.

Example 1.3. f(z) = —2

l1—e—22"

Clearly f'(z) = _%' Here f— 1= 1t and f/ — 1 = — {20

1—e—2z (I—e—27)2"
Here N (r,0; f') = 0 but the conclusion of Theorem B does not hold.

Zhang [(8] extended Theorem B to meromorphic functions and also studied
the value sharing of a meromorphic function with its k-th derivative counter-
part.

Meanwhile, a new notion of scalings between CM and IM, known as weighted
sharing, appeared in the uniqueness literature. Below we are giving the defini-
tion.

Definition 1.4. [R, O] Let k be a nonnegative integer or infinity. For a €
C U {oo} we denote by Ej(a; f) the set of all a-points of f, where an a-point
of multiplicity m is counted m times if m < k and k + 1 times if m > k. If
Ei(a; f) = Ex(a; g), we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k then zj is
an a-point of f with multiplicity m (< k) if and only if it is an a-point of ¢
with multiplicity m (< k) and zp is an a-point of f with multiplicity m (> k)
if and only if it is an a-point of g with multiplicity n (> k), where m is not
necessarily equal to n.
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We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k.
Also we note that f, g share a value a IM or CM if and only if f, g share (a,0)
or (a,00) respectively.

If a is a small function we define that f and g share a IM or a CM or with
weight [ iff f —a and g — a share (0,0) or (0,00) or (0,1) respectively.

Though we use the standard notations and definitions of the value distri-
bution theory available in [[7], we explain some definitions and notations which
are used in the paper.

Definition 1.5. [I0]Let p be a positive integer and a € CU {o0}.

(i) N(r,a;f |> p) (N(r,a; f |> p)) denotes the counting function (reduced
counting function) of those a-points of f whose multiplicities are not less
than p.

(i) N(r,a;f |< p) (N(r,a; f |< p)) denotes the counting function (reduced
counting function) of those a-points of f whose multiplicities are not
greater than p.

With the notion of weighted sharing of values, the results of Zhang [I¥]
were improved by Lahiri-Sarkar [[0]. In 2005, Zhang [I9] further extended
the result of Lahiri-Sarkar [M0] to a small function. Further investigations
analogous to Briick conjecture can be found in the work of Zhang and L [20],
Liu [01], Li and Yang [I2] et. al. So we see that the Briilick result and the
research which followed has a long history. Several special forms on the Briick
conjecture such as Nevanlinna deficiency, small functions, power functions etc.
were investigated by many authors.

If we carefully observe the conclusion of Briick’s result and the subsequent
ones, we see that for an appropriate constant or small function a, the relation
between a function f and its k-th derivative counterpart are determined by

f;ki;a = ¢ for some constant ¢ € C/{0}. In particular, if ¢ = 1 then f = f*),
which gives more specific form of the function.

To the knowledge of the authors K.T.Yu [I7] was the first to show that the
above specific type of relation between an entire or non entire meromorphic
function with its k-th derivative holds. Yu [I7] did not assume any restriction
on the growth of the function to serve his purpose, rather to achieve his goal
he resorted to the deficiencies of the value 0 of the function. We first recall the
results of Yu [I7]

Theorem A. Let f be a non-constant entire function and a(# 0,00) be a small
3
function of f. If f —a and f*) —a share the value 0 CM and 5(0; f) > =, then

4
f = f®), where k is a positive integer.

Theorem B. Let f be a non-constant non-entire meromorphic function and
a(Z£ 0,00) be a small function of f. If

i) f and a have no common poles.
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ii) f —a and f*) — a share the value 0 CM.
iii) 40(0; f) +20(o0; f) > 19 + 2k
then f = f*) where k is a positive integer.

Later Yu’s results have been improved, extended and generalized by many
authors such as Liu-Gu [i4], Lahiri-Sarkar [(0], Lin-Lin [I3], Banerjee []-[2],
Zhang [I9] etc.

In this paper we consider the uniqueness of a meromorphic function with
its derivative from a different angle than those stated so far. One can easily
observe that the conclusion of Briick’s conjecture is nothing but a differential
equation. So it will be interesting to know about the uniqueness property of
the solution of this type or more generalized differential equation of the same
form without any sharing conditions. In this direction, in 2007, Bhoosnurmath-
Kulkarni-Prabhu [B] made some progress. Before demonstrating their result we
first recall the following definition.

Definition 1.6. Let ng;,n1;,...,n; be non negative integers.
The expression M;[f] = (f)™0i (f1)™ ... (f*))" is called a differential mono-
k k
mial generated by f of degree d(M;) = >~ n;; and weight T'as; = D7 (i + 1)ng;.
i=0 i=0

¢
The sum P[f] = > b;M;[f] is called a differential polynomial generated
j=1

by f of degree d(P) = maz{d(M;) : 1 < j < t} and weight I'p = maz{Ty;, :
1 <j <t}, where T(r,b;) = S(r, f) for j =1,2,...,¢t.

The numbers d(P) = min{d(M;) : 1 < j < t} and k(the highest order of
the derivative of f in P[f]) are called respectively the lower degree and order
of P[f].

P[f] is said to be homogeneous if d(P)=d(P).

P[f] is called a Linear Differential Polynomial generated by f if d(P) = 1.
Otherwise P|[f] is called Non-linear Differential Polynomial. We denote by
Q = max {Ty, —d(M;) : 1 < j <t} = max {ny;+2no5+. . . +kng; 1 <5 <t

Extending some previous theorems, Bhoosnurmath-Kulkarni-Prabhu [8] ob-
tained the following theorem.

Theorem C. [3] Let f be a non-constant transcendental meromorphic function
such that N(r,o00; f) + N(r,0; f) = S(r, f). Let a = a(z) (# 0,00) be a small
meromorphic function and P[f] be a homogeneous differential polynomial in f.
Suppose that f satisfies the equation

cP[f]-f—(c—1)a=0,
where ¢ is a non-zero constant then f = P|f].

In this paper we shall improve, extend, generalize above result to a large
extent. The following theorem is the main result of the paper.
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Theorem 1.7. Let f be a non-constant meromorphic function such that N(r,0; f
|< k) = S(r,f) and P[f] be a differential polynomial in f. Let a = a(z)

(# 0,00) be a small meromorphic function. Suppose that f satisfies the equa-

tion

(1.1) cP[f]l—f—(c=1)a=0,

where c is a non-zero constant and P[f] contains at least one derivative. If

2d(P) > d(P), then f = P[f].

The following example shows that under the condition 2d(P) < d(P), the
conclusion of Theorem [I1 ceases to hold.

Example 1.8. Let f = e* and P[f] = (f )2 ff +2f —1. Then d(P) =0,

d(P) = 2. Here f # P[f]. We note that Pj[cf]1 172

However in the following example, we see that when 2d(P) = d(P), the
conclusion of Theorem [T holds.

Example 1.9. Let f = e¢* and P[f] = ()2 — ff + f. Then d(P) = 1,

d(P) = 2. Here f = P[f]. We note that for any small function a, P{ﬁia =1.

So the following question is inevitable.
Question 1.10. Is the condition 2d(P) > d(P) sharp in Theorem [[7 ?

Following examples show that N(r,0; f |< k) = S(r, f) can not be removed
in Theorem [I1.
Example 1.11. Let f = e?*+ %, where b is a non- zero constant and P[f] = f.

Then 2d(P) > d(P). Here f # P[f]. We note that P[f] =1

Example 1.12. Let k¥ > 3 and let b # 1 be a (k — 1)th root of unity. Let
f= ebz —|—b— 1 and P[f] = f®. Then 2d(P) > d(P). Here f # P[f]. We note
that [ = =73 L£1.

Example 1.13. Let f = eb* + bblz + b2 , where b # 0, 1 is a constant,
a(z) = z and P[f] = f'. Then 2d(P) > d(P). Here f # P[f]. We note that
P{ﬂga = % 7& L.

Example 1.14. Let f = 2%/ + %, a(z) = 2z - % and P[f] = f. Then

2d(P) > d(P). Here f # P[f]. We note that [f] - =2.
Example 1.15. Let f = e — 1 and P[f] = f f (1 —i)e* +i. Then
d(P) =1=d(P). Here f # P[f]. We note that P[f] = L

Example 1.16. Let f = ¢™* + z and P[f] = f + f = 2¢ % + z. Then
d(P) =1=d(P). Here f # P[f]. We note that

P[f] 2'

We see that under the hypothesis of Theorem [[7, the condition N (r,0; f |<
k) = S(r, f) can not be removed. So we pose the following open question:

Question 1.17. Can the condition N(r,0;f |< k) = S(r, f) be removed in
Theorem [I-1 7
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2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [i] Let f be a meromorphic function and P[f] be a differential
polynomial. Then

m (r, 2ILY < @p) - apym (v, 2 ) + S0, 1),
(v 7 f

Lemma 2.2. Let f be a meromorphic function and P[f] be a differential poly-
nomial. Then we have

N (r,oo; P,[f] )
fdp)

< (Pp —d(P)) N(r,00; f) + (d(P) — d(P)) N(r,0; f |> k +1)
+QN(r,0; f |> k+1) +d(P)N(r,0; f |< k) + S(r, f).

Proof. Let zo be a pole of f of order 7, such that b;(z0) # 0,00;1 < j < t.
Then it would be a pole of P[f] of order at most rd(P)+ T'p — d(P). Since z

is a pole of fE(P ) of order rd(P), it follows that zg would be a pole of fgg’]) of

order at most I'p — d(P). Next suppose 2; is a zero of f of order s(> k), such
that b;(z1) # 0,00;1 < j < t. Clearly it would be a zero of M;(f) of order
s-ngj+(s—1)ny+...+ (s —k)ng; = s-d(M;) — (I'ng; — d(M;)). Hence 2 is

M;[f]
FaP)

a pole of of order

s+ d(P) —s-d(M;) + (T, — d(M;)) = s(d(P) — d(M;)) + (Ca, — d(M;)).

P[f]

Face) of order at most

So z; would be a pole of

max{s(d(P) — d(M;)) + (Tar; — d(M;)) : 1 < j < )} = s(d(P) — d(P)) + Q-

If 21 is a zero of f of order s < k, such that b;(21) # 0,00 : 1 < j < ¢ then it

would be a pole of ;;E'g) of order sd(P). Since the poles of ;E’Q) come from the

poles or zeros of f and poles or zeros of b;(z)’s only, it follows that

N (r,oo; Ii[f] )
fap)

< (Tp —d(P)) N(r,00; f) + (d(P) — d(P)) N(r,0; f [> k +1)
+Q N(r,0; f |> k+1) +d(P)N(r,0; f |< k) + S(r, f).

Lemma 2.3. [@] Let P[f] be a differential polynomial. Then

T(r, P[f]) <TpT(r, f)+ S(r, f).
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Lemma 2.4. Let f be a non-constant meromorphic function and P[f] be a
differential polynomial. Then S(r, P[f]) can be replaced by S(r, f).

Proof. From Lemma E23 it is clear that T'(r, P[f]) = O(T(r, f)) and so the
lemma follows. O

Lemma 2.5. Let f be a non-constant meromorphic function and P[f] be a
differential polynomial. Then

N (r,0; P[f])

IN

d(Pgi(;;l(P)m <r, Pl ) + (Tp —d(P)) N(r,o0; f)

+(d(P) = d(P)) N(r,0; f > k + 1) + QN(r,0; f |> k +1)
d(P)N(r,0; f |< k) +d(P) N(r,0; f) + S(r, f).

Proof. For a fixed value of r, let By = {6 € [0,2n] : |f(re?)| < 1} and E3 be
its complement. Since by definition

for every j = 1,2,...,t, it follows that on F;

t f(i) nij éomjfg(f’) t k f(i) nij
HOESSCT ) (L SSET IE-
Jj=1 = j=1 1=1
Also we note that
1Pyt

fdPy — fdP) P[f]’

Since on FEjy, ﬁ < 1, we have

il
1

- = cze+—/1og+ ——df
/ f(rei®) ( |f(r €i9)|d(P)

Eo
1 i
/log b, (= |d0+Z/log do

<
1= lE‘
—i-g/long e“’)] do
by
7 1 1
< %/log+ P[f(rem)}‘de—’—s(nf) m (7", P[f]) + S(r, f)

0
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So using Lemmas 2, 22 and the first fundamental theorem we get

N(r,0; P[f])

N ~fa(P) d(P)N(r,0;
T, 00; P[f] + ( ) (T’ 7f)

o BE) o ) e s

@(P) — d(P))m ( }) T (Tp — A(P) N(r.00: f)
F@(P) — d(P)) N(,0:F [> k+1) + QN(r.0: [ b + 1)
FA(PIN(r,0: ] |< k) + d(P)N(r,0; f) + S(r. f)

(r
@p) —dr) (1 o

d(P) m (T’ P[f]) + (FP —d(P)) N(r,oo,f)
((P d(P)) N(r,0; f |> k+ 1)+ QN(r,0; f |> k+1)

) —
+d(P)N(r,0; f |< k) + d(P)N(r,0: f) + S(r, f).

IN

IN

IN

IN

3. Proof of the theorem

Proof of Theorem [[71. We know from (I0) that P[f]
¢ # 1, since otherwise we have nothing to prove. This 1mplies f—aand P[f]—a
share (0, 00). LetF—gandG P([lf.ThenF—l—f“G—lzw.
Since f—a and P[f]—a share (0, 00) it follows that F', G share (1, 00) except the
zeros and poles of a(z). If 2o (a(z0),b;(20)) # 0,00 : 1 < j <) is a pole of f of
order r then we know it is a pole of P[f} of order max{rd(M;)+ (T r;; —d(M;)) :
1 < j <t}, which is a contradiction. So

= ¢. We assume that

N(r,o0; f) < N(r,oo;a)—l—N(T,O;a)—l-Z N(hoo;bj)—&—z N(r,0;b;) = S(r, f).
j=1 j=1

and so o

N(r.c0: F) = S(r. /).
Suppose z1 (a(z1),b;(z1)) # 0,00 : 1 < j < t) is a zero of f of multiplicity
s > k+ 1. Clearly it would be a zero of P[f] of order

k
min  {(s+1)d(M;) =Ty, : 1< j <t} =min{) (s —i)n;; : 1< j <t}
=0
> d(P) =1,

which contradicts the fact that ¢ # 1. Hence N(r,0; f |> k+1) = S(r, f). So
from the given condition we know that

N(r,0; f) <EN(r,0; f [< k) + N(r,0; f [> k+ 1) = S(r, f).
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Since%:cﬁ%:c,weget

G-1=2F_).

C

1
F=c (G—1+>
c

(3.1) N(r,O;F)N(r,li;G)JrS(r,f).

As ¢ # 1, we have

and so

So by the second fundamental theorem, Lemma B2, (8d) and noting that

N(r,00;G) = N(r,00; F) + S(r, f), we get

(3.2) T(r,G)
< N(r,00;G)+ N(r,0;G) + N(r,1 — %;G)—FS(T,G)
< N(r,0;P[f]) + N(r,0: f) + S(r, f)
< N(r,0; P[f]) + S(r, f).

Hence by Lemma 223 we have

2d(P) — d(P)

3.3) d(P)

T(r, P[f]) < 5(r, f).

Since 2d(P) > d(P) (83) leads to a contradiction.
This proves the theorem. O
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