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ON ¢-SYMMETRIC LP-SASAKIAN MANIFOLDS
ADMITTING SEMI-SYMMETRIC METRIC
CONNECTION
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Abstract. The object of the present paper is to study locally ¢-
symmetric LP-Sasakian manifolds admitting a semi-symmetric metric
connection and obtain a necessary and sufficient condition for a locally ¢-
symmetric LP-Sasakian manifold with respect to semi-symmetric metric
connection to be locally ¢-symmetric LP-Sasakian manifold with respect
to the Levi-Civita connection.
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1. Introduction

Analogously to the Sasakian manifolds, in 1989 Matsumoto [I2] introduced
the notion of LP-Sasakian manifolds. Again the same notion was studied by
Mihai and Rosca [[3] and they obtained many results. LP-Sasakian manifolds
were also studied by De et. al. [R], Shaikh et. al. ([IH], [18], [T7], [19]),
Taleshian and Asghari [27], Venkatesha and Bagewadi [?8] and many others.
The notion of a local ¢-symmetry on a 3-dimensional LP-Sasakian manifold
was studied by Shaikh and De [20].

In 1924 Friedmann and Schouten [I0] introduced the notion of a semi-
symmetric linear connection on a differentiable manifold. Then in 1932 Hayden
[T] introduced the idea of metric connection with torsion on a Riemannian
manifold. A systematic study of the semi-symmetric metric connection on a
Riemannian manifold has been given by Yano [29] in 1970. Also semi-symmetric
metric connection on a Riemannian manifold has been studied by Barua and
Mukhopadhyay [[], Binh [B], Chaki and Chaki [5], Chaturvedi and Pandey [6],
Shaikh and Hui [27], Sharfuddin and Hussain [P4] and many others. Recently
Shaikh and Jana studied the quarter-symmetric metric connection on a (k, y)-
contact metric manifold [23].

The study of Riemann symmetric manifolds began with the work of Cartan
[@]. A Riemannian manifold (M™,g) is said to be locally symmetric due to
Cartan [4] if its curvature tensor R satisfies the relation VR = 0, where V
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denotes the operator of covariant differentiation with respect to the metric
tensor g. As a weaker version of local symmetry, the notion of a locally ¢-
symmetric Sasakian manifold was introduced by Takahashi [?6]. Shaikh and
Baishya [[5] studied locally ¢-symmetric LP-Sasakian manifolds in the sense of
Takahashi,. The notion of locally ¢-symmetric manifolds in different structures
has been studied by several authors (see, [[], [I5], [IR], [21], [26]). An LP-
Sasakian manifold is said to be ¢-symmetric [[4] if it satisfies the condition

(L.1) #*(VwR)(X,Y)Z) =0

for arbitrary vector fields X, Y, Z and W on M.

In particular, if X, Y, Z, W are horizontal vector fields, i.e., orthogonal to
&, then it is called a locally ¢-symmetric LP-Sasakian manifold [286].

It is easy to check that an LP-Sasakian manifold is ¢-symmetric if and only
if it is locally symmetric or locally ¢-symmetric.

Recently De and Sarkar [d] studied ¢-Ricci symmetric Sasakian manifolds.
In this connection Shukla and Shukla [25] studied ¢-Ricci symmetric Kenmotsu
manifolds. An LP-Sasakian manifold is said to be ¢-Ricci symmetric [9] if it
satisfies

(1.2) ¢*(VxQ)(Y)) =0,

where @ is the Ricci operator, i.e., g(QX,Y) = S(X,Y) for all vector fields X,
Y.

If X, Y are horizontal vector fields then the manifold is said to be locally
¢-Ricci symmetric.

It is easy to check that an LP-Sasakian manifold is ¢-Ricci symmetric if
and only if it is Ricci symmetric or locally ¢-Ricci symmetric.

The object of the present paper is to study the locally ¢-symmetric and
locally ¢-Ricci symmetric LP-Sasakian manifolds admitting semi-symmetric
metric connection. The paper is organized as follows. Section 2 is concerned
with some preliminaries about LP-Sasakian manifolds and semi-symmetric met-
ric connections. Section 3 is devoted to the study of locally ¢-symmetric
LP-Sasakian manifolds admitting a semi-symmetric metric connection and ob-
tained a necessary and sufficient condition for a locally ¢-symmetric LP-Sasa-
kian manifold with respect to semi-symmetric metric connection to be locally
¢-symmetric LP-Sasakian manifold with respect to the Levi-Civita connection.
Section 4 deals with the study of locally ¢-Ricci symmetric LP-Sasakian man-
ifolds admitting semi-symmetric metric connection.

2. Preliminaries

An n-dimensional smooth manifold M is said to be an LP-Sasakian manifold
([r3], [m6]) if it admits a (1, 1) tensor field ¢, a unit timelike vector field &, an
1-form 7 and a Lorentzian metric g, which satisfy

(2.1) n() =-1, 9(X,8 =n(X), ¢X =X +n(X),
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(2.2) 9(dX,0Y) = g(X,Y) +n(X)n(Y), Vx&=9¢X,

(2.3) (Vxo)(Y) = g(X,Y)E+n(Y)X +2n(X)n(Y)E,

where V denotes the operator of covariant differentiation with respect to the
Lorentzian metric g. It can be easily seen that in an LP-Sasakian manifold,
the following relations hold:

(2.4) P =0, nop=0, rank p=n—1.
Again, if we take
QXY) =g(X,0Y)

for any vector fields X, Y, then the tensor field Q(X,Y) is a symmetric (0,2)
tensor field [I2]. Also, since the vector field 7 is closed in an LP-Sasakian
manifold, we have ([§], [2])

(2.5) (Vxn)(Y) = QX,Y), QX,6)=0

for any vector fields X and Y.
Let M be an n-dimensional LP-Sasakian manifold with structure (¢, &, 7, g).
Then the following relations hold ([iH], [I6]):

(2.6) R(X,Y)¢ =n(Y)X —n(X)Y,

(2.7) N(R(X,Y)Z) =n(X)g(Y, Z) —n(Y)g(X, Z),

(2.8) S(X,6) = (n—1)n(X),

(2.9) S(¢X,9Y) = S(X,Y) + (n = 1)n(X)n(Y),

(2.10) (Vw R)(X,Y)¢E = Q(Y, W)X — X, W)Y — R(X,Y)oW,
(2.11) (VwR)(X, )Y = QW, 2)X — g(X, Z)¢W — R(X,¢W)Z

for any vector fields X, Y, Z, where R is the curvature tensor of g.

Let M be an n-dimensional LP-Sasakian manifold and V be the Levi-Civita
connection on M. A linear connection V on M is said to be semi-symmetric if
the torsion tensor 7 of the connection V

(X,Y)=VxY —VyX — [X,Y]
satisfies

(2.12) T(X,Y)=nY)X —n(X)Y
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for all X, Y € x(M); x(M) being the Lie algebra of all smooth vector fields on

M. A semi-symmetric connection V is called semi-symmetric metric connection
if it further satisfies

(2.13) Vg =0.

A semi-symmetric metric connection V in an LP-Sasakian manifold is de-
fined by ([24],[29]):
(2.14) VxY = VxY +3(Y)X — g(X,Y)E.

If R and R are respectively the curvature tensor of the Levi-Civita con-

nection V and the semi-symmetric metric connection V in an LP-Sasakian
manifold, then we have [[4]

(2.15) R(X,Y)Z = R(X,Y)Z-a(Y,Z2)X +a(X,Z2)Y
- 9V, Z2)LX +g(X, Z)LY,

where « is a symmetric (0,2) tensor field given by

(2.16) a(X,Y) = (Txm)(¥) + 59(X,7),
(2.17) LX =Vxé+ %X =X — %X —n(X)¢
and

(2.18) g(LX,Y) = a(X,Y).

Lemma 2.1. [[d] In an LP-Sasakian manifold with semi-symmetric metric
connection V, we have

(2.19) R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0,
(2.20) g(R(X,Y)Z,U) = —g(R(Y, X)Z,U),
(2.21) g(R(X,Y)Z,U) = —g(R(X,Y)U, Z),
(2.22) g(R(X,Y)Z,U) = g(R(Z,U)X,Y).

Lemma 2.2. [@] In an n-dimensional LP-Sasakian manifold the Ricci tensor
S and scalar curvature ¥ with respect to the semi-symmetric metric connection
V are given by

(2.23) S(X,Y)=5X,Y)— (n—2)a(X,Y) —ag(X,Y)
and
(2.24) r=r—2(n-1a,

where a = tr. «, S and r denote the Ricci tensor and scalar curvature of the
Lewi-Clivita connection V respectively.
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Lemma 2.3. [[d] Let M be an n-dimensional LP-Sasakian manifold with the
semi-symmetric metric connection V. Then we have

(2:25) g(R(X,Y)Z,€) = n(R(X,Y)Z) = (Vxm)(Z)n(Y) = (Vyn)(Z)n(X),

(2.26) R(&, X)§ = —Vx& = X +n(X)¢ - ¢X,
(2.27) R(X,Y)& = n(X)Vy€ —n(Y)VxE,
(2.28) R(&, X)Y = n(Y)Vxé — (Y, Vx£)E,
(2:29) $(x,9) = (5 —a)n(x),

(2.30) S(6X,6Y) = S(X,Y)+ (g - a)n(X)n(Y)

- (n=2)a(X,Y)—-ag(X,Y)
for arbitrary vector fields X, Y and Z.
From (22), (E33), (Z3), (Z14) and (E714), we get

(2.31) (VwR)(X,Y)¢ = R(X,Y)W —R(X,Y)¢W + a(X,W)Y
— a(YYW)X +g(X, W)LY — g(Y,W)LX
+ aY,oW)X —a(X, W)Y + Q(Y,W)LX
- QX W)LY + g(X, W)Y —g(Y, W)X
+ g, W)eX — g(X, W)gY +Q(Y, W)X
— QXY + Q(X, W)Y — QY, W)X
+ n(X)[g(Y, W) —QY,W)|¢
- n(V)[g(X, W) — (X, W)J¢

for arbitrary vector fields X, Y and W. Also from (E14), (Z14) and (22211),

we have
(2.32) g(VwR)(X,Y)Z,U) = —g(VwR)(X,Y)U, Z).

From (E17) we have

(2.33) a(X,§) = %n(XL

(231 (Viwa) (X&) = 50(W, X) ~ a(X, 610),



68 Absos Ali Shaikh and Shyamal Kumar Hui
(2.35) (VwL)(X) = [g(W,X)—-QW, X)]¢

+ (X)W = oW] + 2n(X)n(W)E.
Again by the virtue of (2233) - (2233) we have from (E14) and (EI3) that

(2.36) (VwR)(X,Y)Z

= (VwR)(X,Y)Z — g(R(X,Y)Z, W)+ [g(W.Y) — QW,Y)n(Z)X
+ [g(W, Z) = W, Z)n(Y) X + 20(Z)n(W)[n(Y)X — n(X)Y]

+ a(Y, Z)[g(X, W)§ n(XOW] + [QW, X) — g(W, X)In(Z2)Y

+ [QW, Z) — g(W. Z)In(X)Y + (X, Z)[n(Y)W — g(Y, W)¢]

~ (¥, 2){g(W, X) =~ AW, X) ~ a(X, W)YE + n(X){5 W — 61 + 2(1)¢)]
+ 9(X, Z2){gW,Y) = QWY) — a(Y, W)}{ + W(Y){%W — oW + 2n(W)E}].
By the virtue of (E233) and (E233) it follows from (EId) that
(237)(VxS)(Y,2) = (VxS)(Y.2) - [S(X.Y) +a(X.Y)]n(Z)

b BelX.2) + (n - 290X, Z2)n(Y)

- (n=2)[g(X,Y) - X, Y)[n(Z) — da(X)g(Y, Z).
Also from (E8) we have
(2.38) (VxS)(Y.€) = (n— DQAX, Y) — S(Y, 6X).
3. Locally ¢-symmetric LP-Sasakian manifolds admitting

semi-symmetric metric connection

Definition 3.1. An LP-Sasakian manifold M is said to be locally ¢-symmetric
with respect to a semi-symmetric metric connection if its curvature tensor R
satisfies the condition

(3.1) F(VwR)(X,Y)2) =
for all horizontal vector fields X, Y, Z and W.

We now consider a locally ¢-symmetric LP-Sasakian manifold with respect
to a semi-symmetric metric connection. Then by the virtue of (E) it follows
from (B) that
(3.2) (VwR)(X,Y)Z +n((Vw R)(X,Y)Z)¢ = 0.

Using (E232) in (BX2), we get

(3.3) (Vw R)(X,Y)Z = g(VwR)(X, V)¢, 2)¢.
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In view of (2230) it follows from (B=3) that

(VwR)(X.Y)Z = [g(R(X, Y)W, Z) = g(R(X.Y)9W, Z) + a(X,W)g(Y. Z)
(3.4) — a(Y,W)9(X,2) + g(X, W)a(Y, Z) — g(Y,W)a(X, Z)
+ oY, oW)g(X,Z) — a(X,¢sW)g(Y, Z) + QUY, W)a(X, Z)
— QX,W)a(Y, 2) +g(X, W)g(Y, 2) = g(Y. W)g (X, Z)
+ (Y. W)QUX, Z) - (X, W)Q(Y. Z) + QY. W)g(X, Z)
QUX,W)g(Y,Z) + UX,W)QUY, Z) — QUY,W)QUX, Z)|¢

for all horizontal vector fields X, Y, Z and W. Next, let us assume that in an
LP-Sasakian manifold, the relation (82) holds for all horizontal vector fields
X,Y, Z and W. Then it follows from (P=38) that (84) holds and consequently
the manifold is locally ¢-symmetric with respect to a semi-symmetric metric
connection. This leads to the following:

Theorem 3.1. An LP-Sasakian manifold is locally ¢-symmetric with respect
to semi-symmetric metric connection if and only if the relation (BA) holds for
all horizontal vector fields X, Y, Z and W.

In view of (E=32), it follows from (B™2) that
(3:5) (VwR)(X,Y)§ = 0.
From (EZ31) and (B3) it follows that

(3.6) R(X,Y)W — R(X,Y)¢W
= g, W)X —g(X, W)Y + g(X, W)pY — g(Y,W)pX
+ QX W)Y — QY, W)X +Q(Y,W)pX — Q(X, W)Y
+ Y, W)X — a(X,W)Y + g(Y,W)LX — g(X, W)LY
+ a(X,¢W)Y —a(Y, ¢W)X 4+ Q(X, W)LY — Q(Y,W)LX

for horizontal vector fields X, Y and W. Contracting (81), we get

37 S W)-SY,oW) = (n—1+a-9)g(Y,W)—QY,W)]
+ (0 =2)a, W) —aY, W],

where ¢ = tr. 2 and a = tr. a. Hence we can state the following:

Theorem 3.2. In a locally ¢-symmetric LP-Sasakian manifold with a semi-
symmetric metric connection, the curvature tensor and the Ricci tensor are
respectively given by (BB) and (B72).

We now consider a locally ¢-symmetric LP-Sasakian manifold with the Levi-
Civita connection. Then in [[H], Shaikh and Baishya proved that
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Theorem 3.3. An LP-Sasakian manifold (M™, g) is locally ¢-symmetric with
respect to the Levi-Civita connection if and only if the following relation
(38) (VwR)(X,Y)Z
2{Y, W)g(X, Z) - X, W)g(Y, Z)}
QY, 2)g(X, W) = Q(X, Z)g(Y, W)
2{Q(Y, Z)n(X)n(W) = X, Z2)n(Y)n(W)} — g(¢R(X, Y)W, Z)|¢
nX)QW, 2)Y — g(Y, Z)¢W — R(Y, ¢W)Z]
- n(Y)[QW,2)X - g(X,Z)oW — R(X,¢W)Z]
— 2R, W)X — QX W)Y} - 6R(X, Y)W — (Y. W)pX
+ 9(X,W)oY]+ 2{n(Y)oX — n(X)oY In(Z)n(W).

holds for arbitrary vector fields X, Y, Z, W € x(M).

Now we take a locally ¢-symmetric LP-Sasakian manifold with respect to
a semi-symmetric metric connection. Then the relation (B3) holds for any
horizontal vector fields X, Y, Z, W.

_Let X, Y, Z, W be arbitrary vector fields of x(M). We now compute

(Vgew R) (02X, $*Y)¢?Z in two different ways. Firstly, by the virtue of (2-1),
it follows from (B2) that

+ 4+

(3.9) (V ¢2WR)( P> X, $°Y)p* Z

= [9(R($*X,¢*Y )’ W, Z) — g(R(¢° X, ¢°Y )$° W, ¢° Z)
+ a(@®X, " W){g(Y, Z) +n(Y)n(Z)}
— (Y, W){g(X, Z) + n(X)n(2)}
+ a(@’Y, ¢’ Z){g(X, W) +n(X)n(W)}
— a(¢®X,¢* Z){g(Y, W) + (Y )n(W)}
+ a(®Y, $*W){g(X, Z) + n(X)n(2)}
— a(¢*X, O W){g(Y, Z) + n(Y)n(2)}
QY W)a(¢’X,$*Z) — Q(X, W)a(s?Y, ¢ Z)

+ +

{9(X, W) +n(X)n(W)Hg(Y, Z) +n(Y)n(2)}
— {9V, W) +n(Y)n(W)Hg(X, Z) +n(X)n(Z)}
+ {gY, W) +n(Y)n(W)}QX, Z) — {g(X, W) + n(X)n(W)}Q(Y, Z)
+ {9(X, 2) + n(X)n(Z2) YUY, W) = {g(Y, Z) + n(Y)n(Z2)}QUX, W)
+ QX W)Y, Z) - Y, W)Q(X, Z)]¢.
(2

From

(3.10) 9(¢°X,€) = g(¢?Y.€) = g(¢*Z,§) = 0

and hence ¢?X, ¢?Y, ¢?Z are horizontal vector fields of x(M). Then by the
virtue of (EI) it follows that

(3.11) R(¢*X,¢°Y)¢*W = R(X, Y)W 4+ {n(Y)X —n(X)Y}n(W)
+ {9V, W)n(X) — g(X, W)n(Y)},

) we have
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(3.12) R(¢*X,¢*Y)¢*W = R(X,Y )W + {QY, W)n(X) — (X, W)n(Y)}¢,

(313) A X, W) = (X, W) + Zn(X)n(W).
In view of (B) - (B13), (BM) yields

(3.14)  (VeewR)(¢*X,¢°Y)¢?Z
= [9(R(X, Y)W, Z) = g(R(X, Y)W, Z) + a(X, W ){g(Y, Z) + n(Y)n(Z)}
— a(Y,W){g9(X, Z) + n(X)n(Z)} + %{U(X)Q(Y’ Z) =n(Y)g(X, Z)}n(W)
+ a(Y, Z)g(X, W) — a(X, Z)g(Y, W) + l{n(Y)g(X, W) —n(X)g(Y,W)}n(Z)

A
+ {n(X)a (Y Z) =) X, Z)}n(W) + (Y, oW)g(X, Z) — a(X, oW )g(Y, Z)
+ {n(X)a(Y, oW) = n(Y)a(X, oW )in(Z) + QY, W)X, Z) — UX, W)a(Y, Z
+ %{W(X)Q(K W) = n(Y)QX, W)in(Z) + g(X,W)g(Y, Z) — g(Y,W)g(X, Z)
+ g(Y,W)QUX, Z) — g(X,W)QY, Z) + {n(Y)UX, Z) = n(X)QY, Z) }n(W)
+ QY,W)g(X, Z) — UX, W)g(Y, Z) + {n(X)QY, W) —n(Y)QUX, W)}n(Z)
+ QX W)Y, Z) — Y, W)X, Z)]¢.

By the virtue of (1) we have

(3.15)  (VpewR)(¢*X,¢°Y)$*Z = (VwR)(¢*X,4°Y)$°Z
+ n(W)(VeR)(*X, ¢°Y)¢°Z.

Now, for any horizontal vector fields X, Y and Z, we have from (B2) that
(3.16) (VeR)(X,Y)Z =0,

which implies that

(3.17) (VeR) (%X, ¢?Y )% Z = 0.

Using (B14) in (BTH) we obtain

(3.18) (Vorw R)(° X, °Y)9?Z = (Vw R)(#° X, 6°Y )$* 2.

In view of (E), we have

(Vw R)(¢*X, ¢*Y)¢*Z

(VwR)(X.Y)Z +0(Z)(VwR)(X,Y)¢
n(Y)(VwR)(X,€)Z +n(Y)n(Z)(Vw R)(X,€)¢
N(X)(VwR)(E,Y)Z +n(X)n(Z2)(VwR)(E,Y)Z.

(3.19)

+ +
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Using (2538) in (B19) we get

20) (VwR)(#°X.°Y)6’Z

= (VwR)(X,Y)Z ~ n(Z)R(X,Y)6W —n(Y)R(X.0W)Z + n(X)R(Y. 6W)Z

ZHQY, W)X = X, W)Y} + (Y)W, 2)X —n(X)Q(W, Z)Y]
{ (Y.0W)X —a(X,6W)Y} +0(Y)a(Z,6W)X —n(X)a(Z,6W)Y

= 1) {a(Y, Z)W —n(W)a(¥. 2)&} +n(Y )n(Z){a(X, W)E — a(X, 6W)e)

(X2, W)E — a(Y 6W)e} — n(X)g(Y, Z)IW — n(W)g(¥, Z)e)

(Y ){g(X, 2)W —n(W)g(X, Z)¢}-
From (BOR) and (B20) we get

(3:21) (Voew R)(¢°X, 6°Y)6°Z

= (VwR)(X,Y)Z = n(2)R(X,Y )W — n(Y)R(X,¢W)Z + n(X)R(Y,¢W)Z
+ %[ (Z{QY, W)X = QX, W)Y} +n(Y)QUW, Z)X — n(X)QUW, Z2)Y]
= (Z){aY, oW)X — (X, oW)Y} +0(Y)a(Z, oW) X — n(X)a(Z,oW)Y
= n(X){aY, 2)W —n(W)a(Y, Z)¢} + n(Y)n(Z){a(X, W)€ — a(X, oW)E}
= n(X)n(Z){a(Y,W)§ — oY, oW)E} — %U(X){Q(Y» 2)W —n(W)g(Y, Z)&}
1

+ 50 Hg(X, 2)W = 5(W)g(X, Z)¢}.

From (BT4) and (BZZ0) we obtain

(3.22) (VwR)(X,Y)Z
9J(R(X, Y)W, Z) — g(R(X,Y)¢W, Z)

b a(X W)Y Z) — oY, W)g(X, Z)

+ alY, 2)g(X, W) — a(X, 2)g(Y, W)

£ )g(X, W)~ n(X)g(¥, W) n(2)

- n(Y)n(W) (X, Z) +aY,oW)g(X, Z) — a(X, oW)g(Y, Z)

+OQY W)X, Z) — X, W)a(Y, Z)

£ LRI — V)X, W) }n(2)

+g(X W)Y, Z) — (Y W)g(X, Z) + (Y, W)Q(X, Z) — g(X, W)Q(Y, Z)
£ RAX, Z) - (O, Z)n(W)

+ QUY,W)g(X,Z) — QX,W)g(Y, Z)
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+ o+ o+

+ +

+

{(n(X)QY. W) = n(Y)UX, W)}n(Z)
QX, WIQ(Y, Z) - QY W)X, Z)|¢
WERCCY)OW + 7 )ROG GW)Z —X)R(Y, 6W)7Z
S ()Y, )X — (X, W)Y)

(Y)W, 2)X — (X)W, Z)Y]
n(Z){a(Y.6W)X ~ a(X,0W)Y}

()

(

DO =

n(Y)a(Z, pW) X + n(X)a(Z,pW)Y
W(X)aY, )W + S n(X)g(¥, Z)IW —n(¥)g(X, 2)V}.

73

Thus in a locally ¢-symmetric LP-Sasakian manifold with respect to a semi-
symmetric metric connection, the relation (B222) holds for any X, Y, Z, W €

xX(M).

Next, if the relation (822) holds in an LP-Sasakian manifold with respect
to semi-symmetric metric connection then for any horizontal vector fields X,
Y, Z, W, we obtain the relation (Bd) and hence the manifold is locally ¢-
symmetric with respect to semi-symmetric metric connection. Thus we can
state the following:

Theorem 3.4. An LP-Sasakian manifold (M™, g) is locally ¢-symmetric with
respect to a semi-symmetric metric connection if and only if the relation (B22)
holds for any vector fields X, Y, Z, W € x(M).

In view of (EZ38), (B22) yields

(3.23)

+ o+ o+ o+

+

907, Y) — oW, Y )(2)X + [, Z) — (W, Z)}n(¥) X
22 (X)Y — 1Y) X] + [alY, Z)n(X) - a(X. Zn(¥ )W
(90, X) ~ O, X)](2)Y + oW, 2) ~ (W, Z)n(X)Y

(v, m<n1 W]~ (X, Z)(Y) [5W ~ W]
mZﬂﬂX,)wV+n(ﬂﬂX¢WWZ NX)R(Y, 6W)Z
SR, 2) =00V, 2)X
WZHOLY, W)X — (X, W)Y
WZ){a(Y, W)X — a(X,6W)Y)

)a(Z W)X+ (X)alZ W)Y
W(X)al¥, Z)IV + L {n(X)g(¥, 2 — n(¥ )g(X, Z)IV}

[

(VwR)(X,Y)Z
(

2{n(X)g(Y, Z) =n(Y)g(X, Z)}n(Y) — g(R(X,Y)oW, Z)
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b9, W)~ n(X)g(¥, W) n(2)

— A )a(X, Z) + oY, oW)g(X, Z) — a(X, oW )g(Y, 7)
LY W)X, Z) — QX, W)alY, Z) + g{n(X)Q(Y W)

— )X W) IN(Z) + gV W)X, Z) — g(X, W)Y, 2)
b V)X, 2) ~ a0, Z2) (W) + 2(2Y, W)g(X, 2)
QX W)g(Y, 2)} + QX WY, 2) ~ Y, W)X, 7)€

This leads to the following;:

Theorem 3.5. In a locally ¢-symmetric LP-Sasakian manifold with respect
to asemi-symmetric metric connection, the relation (B223) holds for any vector
fields X, Y, Z, W € x(M).

From (BR) and (B23), we can state the following:

Theorem 3.6. A locally ¢-symmetric LP-Sasakian manifold is invariant under
a semi-symmetric metric connection if and only if the relation

[QWY) = g(WY)In(Z2)X + [QW, Z) — g(W, Z)In(Y) X
+ 20(Z)n(W)In(X)Y = n(Y)X] + [aY, Z)n(X) — a(X, Z)n(Y)]W
+ [g(W, X) = W, X)In(2)Y + [g(W, Z) = W, Z)]n(X)Y

1[ (Y, Z)n(X) — g(X, Z)n(Y)IW +n(2)[g(Y, W)X — g(X, W)¢Y]

= 5 X)W, 2)Y —n(Y)QW, 2)X - n(2){QY, W)X - X, W)Y}]
+ 1(Z2){aY, oW) X — a(X, oW)Y'} = n(YV)a(Z, W)X + n(X)a(Z, W)Y

+ n(X)a(Y, Z)W + §{n(X)g(Y, Z)W —n(Y)g(X, Z)W}

N~ N

+ [2{77(X)9(Y, Z) =n(Y)g(X, Z)In(Y) + %{U(Y)Q(X W) =n(X)g(Y, W)}n(Z)

= (Y )n(W)a(X, Z) + a(Y, oW)g(X, Z) — a(X, oW)g(Y, Z) + QY, W)a(X,
= QX W)a(Y, Z) + ;{ﬂ(X)Q(Y W) =n(Y)QX, W)in(Z) + (Y, W)QUX,
= 9(X,W)Q(Y, Z) + {n(Y)QUX, Z) = n(X)Q(Y, 2)}n(W) + QY, W)g(X, Z)
— Q(X, W)g(Y, Z) + X, W)Q(Y, Z) = Y, W)X, Z)|¢ = 0

holds for arbitrary vector fields X, Y, Z, W € x(M).

4. Locally ¢-Ricci symmetric LP-Sasakian manifolds
admitting semi-symmetric connection

Definition 4.1. An LP-Sasakian manifold M is said to be locally ¢-Ricci
symmetric with respect to the semi-symmetric metric connection if its satisfies

Z)
Z)
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the condition
(41) P (VxQ)(Y)) =0

for horizontal vector fields X and Y, where Q is the Ricci-operator with respect
to the semi-symmetric metric connection V, i.e. ¢(QX,Y) = S(X,Y) for all
vector fields X, Y.

Let us take an LP-Sasakian manifold, which is ¢-Ricci symmetric with
respect to semi-symmetric metric connection V. Then by the virtue of (1) it
follows from (B that

(VxQ)(Y) +n((VxQ)(Y))E =0
from which it follows that
(4.2) (6){§)(Y,Z) =0

for all horizontal vector fields X and Y and Z.
Let X, Y, Z be arbitrary vector fields of x(M). We now compute

(Vg2x8)(9°Y, ¢°2)

in two different ways. Since ¢2X, ¢?Y, ¢>Z are horizontal vector fields for all
X,Y, Z e x(M), from (E32) we have

(4.3) (Vg2x 8)(9?Y, 67 Z) = 0

for all X, Y, Z € x(M). By the virtue of (E1) we get

(44)  (Vpx8) (@YY, 0°Z) = (VxS)(8*Y, ¢*Z) + n(X)(VeS)(9%Y, ¢°2).

Now for any horizontal vector fields Y and Z we have from (B22) that
(VeS)(Y, Z) =0,

which implies that

(4.5) (VeS)(6°Y,¢%Z) =0

for arbitrary vector fields Y, Z € x(M).
Using (B33) in (B4) we get

(4.6) (V2 x 8)(¢%Y, ¢*Z) = (Vx S) (7Y, 6°Z).
In view of (E1), we get

47) (Vx8) (@Y, ¢°2) = (VxS)(Y,2)+n(Y)(VxS)(ZE)
+ (Z)(VxS)(Z,&) +n(Y)In(Z)(Vx §)(E,€).
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Using (2537) in (E22) we get

(4.8) (Vx9)(4°Y,¢%Z)

(VxS)(Y, 2) =n(2)S(Y, ¢X)
]+

L a(V)[S(X. Z) - S(Z.6X)] + n(Y)a(X, 2)
+ (20— D)y(X) — da(X)(Y)0(2)

T (- D2)QAX,Y) — (10— Bn(Y)AX, 2)
b (- ()X, Z) - da(X)g(Y, Z).

(4.9)(Vx9)(Y,2) = n(Z
a(X, Z) = [(2n = 1)n(X) — da(X)|n(Y)n(Z)

)
S, ¢X) —n(Y)[S(X, Z) = 5(Z,¢X)]
(
(22X, Y) + (n = 3)n(Y)QUX, Z)

n—5n(Y)g(X, Z) + da(X)g(Y, Z).

Thus in a locally ¢-Ricci symmetric LP-Sasakian manifold with respect to
a semi-symmetric metric connection, the relation (E9) holds for any X, Y,
Z € x(M).

Next if the relation (BX9) holds in an LP-Sasakian manifold with respect to
a semi-symmetric metric connection then for any horizontal vector fields X, Y,
Z with tr.oc = constant, we obtain (Vx.5)(Y, Z) = 0 and hence the manifold is
locally ¢-Ricci symmetric with respect to a semi-symmetric metric connection.
Thus we can state the following:

Theorem 4.1. An LP-Sasakian manifold (M™, g) is locally ¢-Ricci symmetric
with respect to a semi-symmetric metric connection with tr.a. = constant if and
only if the relation (EX) holds for any vector fields X, Y, Z € x(M).

Putting Y = ¢ in () and using (E538), we get
(4.10) S(X,Z) = 2n-2)QX,Z2)—-a(X,2)
- (n—*) (X, 2) + (2n = )n(X)n(2)
for any vector fields X, Z € x(M).
This leads to the following:

Theorem 4.2. In a locally ¢-Ricci symmetric LP-Sasakian manifold with re-
spect to a semi-symmetric metric connection, the Ricci tensor is of the form
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