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SPACE-LIKE AND TIME-LIKE HYPERSPHERES IN
REAL PSEUDO-RIEMANNIAN 4-SPACES WITH
ALMOST CONTACT B-METRIC STRUCTURES

Hristo Manevl[

Abstract. We considered the 4-dimensional pseudo-Riemannian spaces
with inner products of signature (3,1) and (2,2). The objects of investi-
gation are space-like and time-like hyperspheres in the respective cases.
These hypersurfaces are equipped with almost contact B-metric struc-
tures. The constructed manifolds are characterized geometrically.
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Introduction

The geometry of 4-dimensional Riemannian spaces is well developed. When
the metric is generalized to pseudo-Riemannian there are two significant cases:
the Lorentz-Minkowski space R3! and the neutral pseudo-Euclidean 4-space
R2?2. These spaces are object of special interest because of their importance
in physics. The space R3! has applications in the general relativity and the
space R??2 is connected to the string theory.

Hyperspheres in an even-dimensional space are known as a fundamental
example of almost contact metric manifolds (cf. [I]). We are interested in
almost contact B-metric structures, introduced in [4]. Almost contact B-metric
manifolds are the odd-dimensional counterpart of almost complex manifolds
with Norden metric (cf. [3[5]), where the almost complex structure acts as an
anti-isometry with respect to the metric. The investigation of almost contact
B-metric manifolds is developed by many works, for example [7, [8, 9 10} [T}, [12].

In the present work we consider space-like and time-like hyperspheres in
R3! and R?2, known also as 3-dimensional de Sitter and anti-de Sitter space-
times, respectively (cf. [2]). Our goal is to construct almost contact B-metric
manifolds on these hypersurfaces and to study their geometrical properties.
These explicit examples contribute for the study of the considered manifolds
in the lowest dimension.

The paper is organized as follows. In Sect. 1| we recall some preliminary
facts about the studied manifolds. In Sect. [2] we are interested in space-like
spheres in R*!. Sect. [3|is devoted to time-like spheres in R?2.
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1. Preliminaries

Let us denote an almost contact B-metric manifold by (M,p,€&,n,9), ie.
M is a (2n + 1)-dimensional differentiable manifold with an almost contact
structure (p,&,n) consisting of an endomorphism ¢ of the tangent bundle, a
Reeb vector field &, its dual contact 1-form 7 as well as M is equipped with
a pseudo-Riemannian metric g of signature (n 4 1,n), such that the following
algebraic relations are satisfied [4]:

eE=0, *=-Id+n®¢ nop=0, (=1,
gz, py) = —g(z,y) +n(x)n(y),

where Id is the identity. In the latter equality and further, z, y, z, w will
stand for arbitrary elements of X(M), the Lie algebra of tangent vector fields,
or vectors in the tangent space T, M of M at an arbitrary point p in M.

A classification of almost contact B-metric manifolds, consisting of eleven
basic classes Fi, Fa, ..., Fi1, is given in [4]. This classification is made with
respect to the tensor F' of type (0,3) defined by

F(a:7y’ Z) = g((vx@) Y, Z)7

where V is the Levi-Civita connection of g. The following properties are valid
in general:

F(z,y,2) = F(x,z,y)
(1.1) = F(z, ¢y, p2) + n(y) F (2, &, 2) + n(2)F(2,y,5),
F(z,0y,) = (Van)y = 9(Va&,y).

The intersection of the basic classes is the special class Fq, determined by
the condition F(z,y,z) = 0, and it is known as the class of the cosymplectic
B-metric manifolds.

Let {&; e} (i =1,2,...,2n) be a basis of T,M and let (g%/) be the inverse
matrix of (g;;). Then with F' are associated the 1-forms 0, 6%, w, called Lee
forms, defined by:

9(2) = gijF(ei’ €5, Z)’ 9*(2) = gijF(eiv PEj» z), w(z)=F(§¢& 2).

Now let us consider the case of the lowest dimension of the considered
manifolds, i.e. dim M = 3.
We introduce an almost contact B-metric structure (¢, &, 7, g) on M by

(1 2) per = 07 pey = €3, pe3 = —ea, g = €1,
n(er) =1, n(ez) = n(es) =0,
(1.3) gler,e1) = glea,e2) = —gles,e3) =1, gles,ej) =0, i #je{1,2,3}.

The components of F, 6, 6*, w with respect to the p-basis {e1,ea,es}
are denoted by Fj;r = Fl(e;, ej,ex), O = O(ex), 0 = 0" (er), wp = w(ex).
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According to [6], we have:

01 = Foo1 — F33q, 02 = Foog — Fiao, 03 = Foo3 — F3a0,
07 = Fa31 + F3o1, 05 = Fao3 + F39, 03 = Fooo + Fi3o,
w1 =0, wo = Fy2, w3 = F113.

If F° (s=1,2,...,11) are the components of F' in the corresponding basic
classes F then: [0]

Fl(z,y,2) = (1262 — 1:393) (y222 + y323) ,
Oz = Fgp = Fags, 3 = —F390 = —F333;

F*(z,y,2) = F*(z,y,2) = 0;

Fi(z,y,2) = 30 {a® (22 + y22") = 2® (y'2° +9°2)) },
1
5601 = Fo1p = Foo1 = —F313 = —Fi3y;
2 )

FS(xiy’Z) = Lo {a? (28 + y32Y) + 28 (y'2% + 922 ),
507 = Fb13 = Fo31 = F312 = F3a1;

(1.4) Fo(x,y,2) = F'(z,y,2) = 0;

F(z,y,2) = Ma? (422 + y221) + 27 (y'2° + P2) ],
A= Fy19 = Fyg1 = F313 = F33y;

FO(z,y,2) = p{a? (28 + 321) — 2® (y'2% + 9%2) ],
= Fy13 = Fy31 = —F319 = —F301;

F®x,y, 2) = va' (y22° +1°2%), v = F1a0 = Fi33;
F'(z,y,2) = 2 {(y?2' + y'2?) wo + (yP2" + y'2%) w3},
wo = Fia1 = Fuio, w3 = F131 = F113,

where z = 2%¢;, y = yjej, z = zFey. Obviously, the class of 3-dimensional

almost contact B-metric manifolds is
F1DFsPDFs D Fs® Fg D Fig @ Fi1-

Three natural connections on an arbitrary (M, ¢,£,n,g) are considered
in [7], i.e. linear connections which preserve ¢, &, 1, g. They are called a
pB-connection, a ¢-canonical connection and a @KT-connection. The ¢B-
connection is defined by

(1.5) Dy =Vay+ %{(Vmw) oy + (Van)y - €} —n(y) V.

The ¢-canonical connection is determined by an identity for its torsion with
respect to the structure tensors and the ¢KT-connection is characterized as
the natural connection with totally antisymmetric torsion.

Since the considered manifold is 3-dimensional and the class F3 @ F7 is
empty, then the ¢ KT-connection does not exist and the p-canonical connection
coincides with the pB-connection.

The square norm of Vg is defined in [7] as follows

(1.6) Ve|? = gijgksg((veigo) €k, (Vejtp) es)-
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An almost contact B-metric manifold having a zero square norm of Ve is
called an isotropic-cosymplectic B-metric manifold ([7]). Obviously, the equa-
lity ||[Ve||? = 0is valid if (M, ¢, €, 7, g) is a Fo-manifold, but the inverse impli-
cation is not always true.

The Nijenhuis tensor NV of the almost contact structure is defined as usual by

N = [p, ]+ dn®¢, where [¢, ¢l(x,y) = [pz, oyl +¢? [z, y] = ¢ [pz, 4] - ¢ [z, py]
for [z,y] = Vyy— Vya and dn is the exterior derivative of . According to [11],

the associated Nijenhuis tensor N has the following form N = {p, p}+(Leg)RE,

where {¢, p}(z,y) = {pz, 0y} + ¢*{z,y} — ploz,y} — o{z, oy} for {z,y} =
Vay + Vyz and Lgg is the Lie derivative of g with respect to &.

The corresponding tensors of type (0,3) on (M, ¢, &, n,g) are determined
by N(z,y,2) = g(N(z,y),2) and N(z,y,2) = g(N(z,y),z). From [LI], it is
known that the tensors N(z,y, z) and N (z,y, z) are expressed by F' as follows

N(z,y,2) = F(pz,y,2) — F(2,y, p2) + n(2)F(z, ¢y, §)

) ) — F(py, =, 2) + F(y, x, p2) — n(2)F(y, pz,§),
N(z,y,z) = F(pz,y,2) — F(z,y,92) + n(2)F(z, ¢y, §)

+ Fpy,x,2) — F(y,z,92) + n(2) F(y, p,§).

Let R = [V,V] = V[ 1 be the curvature (1,3)-tensor of V and the corre-
sponding curvature (0,4)-tensor be denoted by the same letter: R(z,y, z, w)
= g(R(z,y)z,w). The following properties are valid in general:

R(xvyaz7w) = _R(y7x7z7w) = —R(Jj,y,?,U,Z),

(18) R(z.y. 2 w) + Ry, 2.2, w) + R(z, .y, w) = 0.

The Ricci tensor p and the scalar curvature 7 for R and g as well as their
associated quantities are defined as follows

(19) p(yaz): g”R(e“yazvej)a p*(yaz) :g”R(emyazv(pej)»
T=g"ples,ej), T =g"p*(es,e5), T =g"p*(e;,pe;).

Each non-degenerate 2-plane o in T, M with respect to g and R has the
following sectional curvature

R(z,y,y,x)

(1.10) Heip) = S el y)

where {x,y} is an orthogonal basis of a.

A 2-plane « is said to be a p-holomorphic section (respectively, a &-section)
if @ = pa (respectively, £ € ).
2. Space-like hyperspheres in R3!

In this section we consider a hypersurface of the Lorentz-Minkowski space
R31. Let (-,-) be the Lorentzian inner product, i.e.

(z,y) = 2'y" + 2%y + 2%y — 2y,
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where z(2!, 22,23, 2%), y(y',v% y3,y*) are arbitrary vectors in R®!. Let us
consider a space-like hypersphere S} at the origin with a real radius r identifying
the point p in R3! with its position vector z, i.e.

(z,2) =%

It is parameterized by

1 2 1

z(r cosu’ cosu?, 7 cos u* sin u?

,rsinu! coshu?, rsin ! sinh u?’)7

where u!, u? u? are real parameters such as u' # %”(k € Z), u? € [0;27]. Then

for the local basic vectors 0; = % we have the following

(01,01) =12, (D2,05) = r?cos?ul, (03,05) = —r?sin®ul,
(0;,05) =0, i # j.
By substituting e; = m@- we obtain a basis {e;}, i € {1,2,3} as
follows
(2.1) e1 = 10, e2 = ;otur 02, €3 = rsmur 93

where e; = sgn(cosu'), g5 = sgn(sinu!). We equip it with an almost contact
structure determined as in . The metric on the hypersurface, denoted by
g, is the restriction of (-, -) on the sphere. Then {ej, e, e3} is an orthonormal ¢-
basis on the tangent space 1,57 at p € 53, i.e. for g;; = g(e;, €5), 4,5 € {1,2,3},
we have (L.3). Thus, we get that (S§,¢,&,n,9) is a 3-dimensional almost
contact B-metric manifold.

By virtue of we obtain the commutators of the basic vectors e;

(2.2) [e1,ea] = %tanuleg, le1,es] = —% cotules, [e2, e3] = 0.
Using the well-known Koszul identity for V of g we get

Ve,€1 = —%tanuleg, Ve,€2 = %tanulel,

2.3
(2:3) Ve,€1 = %cot ules, Ve,€3 = %cot ule;

and the other components are zero.
Let us compute the components of the natural connection denoted by D in

(1.5). Then, using (1.2), (1.3), (L.5), (2.3), we establish that
(2.4) D.e; =0, ije{1,23}

According to (1.2)), (1.3)) and (2.3)), we obtain the value of the square norm
of Vy as follows

2
(2.5) Vel = —72(tan2 ut + cot? ut).

Taking into account (L.2)), (1.3) and (2.3), we compute the components Fj
of F' with respect to the basis {ej, e2,e3}. They are

1 1
(26) F213 = F231 = —; tanul, F312 = F321 = ; cot ul
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and the other components of F' are zero.

Using and , we find the basic components N;;x = N(e;, ej,ex)
and ]@-jk =N (e;,€j,er) of the Nijenhuis tensor and its associated tensor,
respectively,

Nizy = —No1o = Nigg = —Naiz = —(cotu! + tanu'),
N122 = N212 = Nizz = Na13 = L(cot u' + tanul),
Nogy = — N3z = — 2 tanu!,

as well as their square norms, according to (1.6)), as follows

27) N2 = 5 (cot? u! + tan? u! +2),
' [N||? = & (cot? u' + 9tan? u' +2).
Bearing in mind (1.4 and (2.6)), we establish the equality
(2.8) F(z,y,2) = (F° + F°)(2,y, 2),

where F° and F* are the components of F in the basic classes F5 and Fy,
respectively. The nonzero components of F> and F with respect to {e1, e2, 3}
are the following

5 _ F5 5 _ g5 _1 1
Fig = Fogy = Fyip = Fiyy = 507 = QT(CO'CU —tanu'),

2.9
(29) F2913:F2931:_F??12— F321—M——*(C0tu +tanu)

Let us remark that the above components of F° and F° are nonzero for all
values of u! in its domain. By virtue of (2.8), (2.9) and (1.1]), we get that

(2.10) =0,  Ve&=0.
Using the equalities (1.3), (2.2) and (2.3), we compute the components
Rijke = R(ei,ej, ek, eq) of the curvature tensor R with respect to {ei, ez, e3}.

The nonzero components are given by the following ones and the symmetries

of R in (|1.8)

1
(2.11) Ri921 = —Ri331 = —Razze = ok

By virtue of (| , and , the basic components p;i = p(e],ek)

and pj, = p (e],ek) of the RICCI tensor p and its associated tensor p*,
spectively, as well as the values of the scalar curvature 7 and its associated
curvatures 7%, 7** are the following

— _ _ 2 * o oox 1
P11 = P22 = —P33 = 7, P23 = P32 = 72,
r=5, T =0, T =2

T T

Moreover, using (|1.3), (1.10) and (2.11]), we obtain the basic sectional cur-
vatures k;; = k(e;,e;) determined by the basis {e;,e;} of the corresponding
2-plane as follows

1
(212) k12 = klg = ]fgg = ’/‘72
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Let us remark that (1.3, (2.11) and (2.12)) imply the following form of the

curvature tensor
1
(2.13) R(z,y, z,w) = {9y, 2)g(z, w) — g(z, 2)g(y, w)}.

Bearing in mind the above results, we establish the truthfulness of the
following

Theorem 2.1. Let (S3,0,&,1,9) be the space-like sphere in the Lorentz-Min-
kowski space R3?1 equipped with an almost contact B-metric structure. Then

1. the manifold is in the class F5 & Fg but it belongs neither to Fs nor Fg
and it is not an isotropic-cosymplectic B-metric manifold;

2. the pB-connection which coincides with the @-canonical connection van-
ishes in the basis {e1,ea,€3};

3. the square norm of Vi is negative;
4. the square norms of the Nijenhuis tensor and its associated are positive;
5. the contact form n is closed and the integral curves of & are geodesic;

6. the manifold is a space-form with positive constant sectional curvature.

Proof. The proposition (1) follows from (2.5)), (2.8) and (2.9)). The truthfulness

of the propositions (2), (3), (4), (5), (6) follows from €4), €3), €7, E10),
(2.13]), respectively. O

3. Time-like hyperspheres in R??

In [4], it is considered a unit time-like hypersphere S in (R?"*2 J G, where
R2"+2 is a complex Riemannian manifold with a canonical complex structure
J and a Norden metric G. There is introduced an almost contact B-metric
structure on S in appropriate way by means of J and G. The constructed
hypersphere with the considered structure belongs to the class Fy & Fs.

In this section we use a different approach for equipping a time-like hyper-
sphere in R?"*2 for n = 1 with an almost contact B-metric structure.

Let us consider the neutral pseudo-Euclidean 4-space R*2. Let (-,-) be the
inner product defined by

(z,y) = z'y' +2%y® — 2%y® —aty?
for arbitrary vectors x(x!, 22, 23, 2%), y(y',v%, v3,y*) in R*»2. Let us consider

a time-like hypersphere H; at the origin with a real radius r identifying the
point p in R??2 with its position vector z, i.e.

(z,2) = —r?.
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It is parameterized by

2 2 3

z(rsinh u! cosu?, rsinh ! sinw?, r cosh ut cos u?, r cosh u' sin u3),

where u!,u% u® € R such as u' # 0. Then, for the local basic vectors 9;, we

have the following

<81, 61> = ’I“Q, <82, 82> = 7‘2 Sinh2 Ul, <63, 83> = —7‘2 COSh2 ul,
(0:,0;) =0, i # j.

Similarly as in the previous section, we substitute e; = W@i and we
obtain an orthonormal basis {e;}, i € {1,2, 3}, as follows
1= %81, €2 = 82, €3 = 83,

€
rsinh ul r cosh ul!

where € = sgn(u'). As for S3, we introduce an almost contact B-metric struc-
ture on H; determined by and (L.3). Hence, we get that (H},»,&,n,9)
is a 3-dimensional almost contact B-metric manifold.

By similar way as for S3 we obtain successively the following results:

[e1,e2] = —1 cothules, [e1, €3] = —1 tanhu'es, [e2,e3] =0,
v _ 1 h 1 _ 1 h 1
ex€1 = ; cothu eg, Ve,€2 = —; cothue,
Ve,e1 = %tanhuleg, Ve,e3 = %tanhulel,
(3.1) Deej =0,  i,je{1,2,3),
(3.2) IVel? = —T%(tanh2 u' 4 coth? ul),
F213 = F231 = %cothul, F312 = F321 = %tanhul,
Nizo = —Naiz = Nz = —Nawz = izar
N122 = N212 = N133 = Nai3 = et

N221 = —N331 = (COth'LL —l—tanhu )

(3.3) IN|?> = 4 (coth® u! + tanh® u! + 2),
' |N[|2 = % (3coth® u! + 3tanh® ul + 2),
(3.4) F(z,y,2) = (F* + F)(2,y,2),
(3.5) Fig = Fyyy = Fjyp = Fy, = 307 = 5-(cothu' + tanhu'),

Fjig = Fiyy = —Fjip = —Fip = p = 5 (cothu' — tanhu?),

(3.6) dp=0, V=0,
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1
(3.7) Ri221 = —Ris31 = —Ragza = k12 = k13 = kaz = — 3,
— — _ 2 ko ok 1
P11 = P22 = —pP33 = — i3, P23 = P32 = 7z
TZ—T%, ™ =0, T**z—r%.

Similarly to the case of S, the obtained results could be interpreted in the
following

Theorem 3.1. Let (H},¢,&,m,9) be the time-like sphere in the space R*?
equipped with an almost contact B-metric structure. Then

1. the manifold is in the class F5 & Fg but it belongs neither to Fs nor Fy
and it is not an isotropic-cosymplectic B-metric manifold;

2. the pB-connection which coincides with the p-canonical connection van-
ishes in the basis {e1,ez2,e3};

the square norm of Vi is negative;
the square norms of the Nijenhuis tensor and its associated are positive;

the contact form n is closed and the integral curves of € are geodesic;

S v

the manifold is a space-form with negative constant sectional curvature.

Proof. The proposition (1) follows from (3.2)), (3.4) and (3.5]). The truthfulness

of the propositions (2), (3), (4), (5), (6) follows from (3.1, (3.2), (3.3), (3.6),
(13.7)), respectively. O
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